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On one solution of a periodic boundary value problem for a
hyperbolic equations

In a rectangular domain, we consider a boundary value problem periodic in one variable for a system
of partial differential equations of hyperbolic type. Introducing a new unknown function, this problem is
reduced to an equivalent boundary value problem for an ordinary differential equation with an integral
condition. Based on the parametrization method, new approaches to finding an approximate solution to an
equivalent problem are proposed and its convergence is proved. This made it possible to establish conditions
for the existence of a unique solution of a semiperiodic boundary value problem for a system of second-order
hyperbolic equations.
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Introduction

Boundary value problems for hyperbolic equations arise when studying the processes of transverse
vibrations of a string, longitudinal vibrations of a rod, electrical vibrations in a wire, torsional vibrations
of a shaft, gas vibrations, etc. [1-3].

To date, well-known methods are used to solve the problems under consideration, such as the
Fourier method, the method of successive approximations, methods of function theory, variational
methods, numerical methods, etc. [4-9]. This makes it possible to obtain various solvability conditions
for boundary value problems for hyperbolic equations and construct analytical or approximate solutions
[10-16].

In [17-20], such problems were solved by introducing functional parameters. Using this method,
sufficient conditions were obtained for the correct solvability of nonlocal boundary value problems for
systems of hyperbolic equations with a mixed derivative in terms of the initial data, and algorithms
for finding their solutions were proposed. Based on the equivalence of the correct solvability of a
boundary value problem with data on the characteristics for systems of linear hyperbolic equations
and the correct solvability of a two-point boundary value problem for a family of systems of ordinary
differential equations, a criterion for the correct solvability of the problem under study is established.

In this paper, we propose an algorithm where, in contrast to works [18-21|, there is no need to
find the Goursat or Cauchy problem at each step of the algorithm. In addition, when compared with
the algorithm proposed in [22-23], this approach is more simplified. But despite this, the approximate
solution is more accurate. The main characteristic of this algorithm is the effective verifiability of
the conditions for their applicability and the ability to use it to find solutions with a given accuracy.
This approach can be applied to problems of the third and fourth orders [24, 25| and obtain verifiable
conditions.

On Q = [0, X] x [0,Y] the semiperiodic boundary value problem is considered

02z 0z
920y —A(x,y)%JrB(fv,y)erf(w,y), (z,y) € Q, (1)
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2(0,y) = »(y), yel0,Y], (2)
2(z,0) = 2(z,Y), xze€]0,X], (3)

where (n x n) - matrices A(z,y), B(x,y), n-vector function f(x,y) are continuous on 2, n-vector
function ¢(y), is continuously differentiable on [0, Y], there is a condition of agreement ¢(0) = ¢(Y),
n
12z, y)|| = max |zi(z, y)|, [|A(z,y)|| = max Zl |aij (2, y)|.
i=1,n i=1n j=
Let C(Q2, R™) be the spaces of functions z :  — R™ which are continuous on €.
The function z(z,y) € C(Q, R"), with partial derivatives %{;’Jy) e C(Q,R"), % e C(Q,R"),

%ﬁ;’y) € C(Q, R") is called the classical solution to the problem (1)—(3), if it satisfies the system (1)
for all (x,y) € Q and boundary conditions (2), (3).

2 Main results

We introduce the functions u(z,y) = %, to find a solution and the problem (1)-(3) we write

as
ou

oy Az, y)u+ B(z,y)z(z,y) + f(z,y), (z,9) €Q, (4)

u(z,0) =u(x,Y), x€]0,X], (5)

x

2(@,y) = o(y) + / ul(é,y)de. (6)

0

Problems (1)—(3) and (4)—(6) are equivalent in the sense that if the function z(z,y) is a solution to

problem (1)—(3), then the pair (u(z,y), 2(z,y)) will be a solution to problem (4)-(6), and vice versa,

if the pair u(x,y), z(x,y) is a solution to problem (4)—(6), then z(x,y) will be a solution to problem

(1)~(3).

To solve problem (4)—(6) we will apply the parameterization method. For the step h > 0: Nh =Y

N

we partition [0,Y) = J [(r —1)h,rh), N = 1,2, .... In this case Q is divided into N parts. By wu,(z,y)
r=1

we denote the restrictions of the functions u(z,y) on Q, = [0, X] x [(r — 1)h,rh), 7 =1, N. Then

problem (4), (5) will be equivalent to the boundary value problem

Ouy
5y = A yyn(e.y) + By)s(ny) +f@y), @y) €0 r=TN, ()
ul(way) — lim UN(CB,y) =0, z¢€ [OvX]v (8)
y—Y -0
Im  us(z,y) = ust1(z,y), z€[0,X], s=1,N—-1, (9)
y—sh—0
zr(z,y) = o(y) + /ur(f,y)da (z,9) €Qr, r=1,N. (10)
0

where (9) is the condition for the continuity of functions in the internal partition lines. Problems

(1)=(3) and (7)—(10) are equivalent. If z(z,y) - solution of problem (1)—(3), then the system of
its restrictions z(z, [y]) = (z1(z,y), z2(x,y), ..., 28 (2, y)), w(z, [y]) = (ui(z,y),ua(z,y), ..., un(z,y)),

where u,(x,y) = W? r =1, N will be a solution to problem (7)—(10).
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By Ar(x) we denote the function w,(x,y) for y = (r — 1)h, i.e. \.(z) = uy(z, (r — 1)h) and make a
replacement v, (z,y) = u,(z,y) — \-(z),r = 1, N. We get an equivalent boundary value problem with
unknown functions A, (x):

‘?;Z = A(z,y)vr(z,9) + Az, y) A (2) + B(z,y)20 (2,9) + f(2,9), (2,9) € Q,r =L, N, (11)
vp(z,(r—1)h) =0, z€][0,X], r=1,N, (12)
A(x) — An(z) — y_l}{/rl_ovN(x,y) =0, z€]0,X], (13)
As(z) + yﬁlisrfrlliovs(x,y) —Ast1(z) =0, z€]0,X], s=1,N—-1. (14)
alog) =)+ [uEndt [A©d @y e, r=TN. (15)
0 0

Problems (7)-(10) and (11)—(15) are equivalent in the sense that if the system of pairs {u,(z,y),
zr(z,y)}, 7 = 1, N, is a solution to the problem (7)—(10), then the system {\.(z) = u,(x, (r — 1)h),
ve(x,y) = ur(z,y) — ur(z, (r — 1)R), 2z-(x,y)}, » = 1, N, is a solution to the problem (11)-(15), and
vice versa, if the pair {\.(x),v.(7,9),2(z,y)},r = 1,N, is a solution to problem (11)—(15) , then
{\(2) +vr(2,9), 20 (z,y)},7 = 1, N, will be a solution to problem (7)-(10).

Problem (10), (11) at fixed A.(z), v (x,y), 2z-(x,y) is a family of Cauchy problems for ordinary
differential equations, where z € [0, X], and is equivalent to the integral equation

o) = / Al m)or () + / Al m)dn - M) + / (B(a,m)z(x.m) + f(a,m))dn. (16)
(r—1)h (r—1)h (r—1)h

Passing to the limit at y — rh — 0 in (16) and substituting into (13), (14) instead of lirhn Ovr(l’,y),
t—rh—

r =1, N, their corresponding right-hand sides for unknown functions \,(z),r = 1, N, we get a system
of functional equations:

Y Y
A(z) = Aw() - / A, n)on(,m)dn + / Al n)dn - An(z)+
(N=1)h (N—1)h
Y
b [ B + g = o
(NZ1)h

sh sh
M(z) + / A, m)os(z, n)dn + / A, m)dn - As(2)+

(s—1)h (s—1)h
sh
+ / Be,n)zs(en) + fem)ldn — Asr(@) =0, s=T,N L.
(s—=1)h

We write the resulting system of equations in the following form

Q(z,h)\(x) = =G (x,h,v) — F(x,h, 2), (17)
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where

_ 2h
0 I+ [ A(z,n)dn ... 0 0 7
h

(N-1h
0 0 oo I+ [ A(x,n)dn -1
(NZ2)h

Nh

— [ A(z,n)vn(z,m)dn
(NZ1D)h
h

gA(x,n)vl(x,n)dn

B 2h
G(z,h,v) = [ Az, n)ve(z,n)dn ’
h

(N—1)h

[ Az, n)vn-_1(z,n)dn
(N=2)h

Nh

- f [B(:L‘an)zN(xvn) +f($,77)]d77
(N=1)h

1B ) (an) + F(e,m)ldn

F(xz,h,z) = h

[B(x,n)22(2,n) + f(z,n)]dn

(N=1)h

f [B(xan)zN—l(:U’n)+f(xa77)}d77
(N2)h

I is an identity matrix of dimension n.

To find a solution to a system of three functions {\.(z),v.(z,y), z-(x,y)}, r = 1, N, we have a
closed system consisting of equations (17), (16), (15).

Suppose that the matrix Q(z, h) is invertible for all = € [0, X].

Taking 27(«0) (z,y) = ¢(y), r = 1, N, as the initial approximation, we find the solution of the boundary

value problem (11)—(15) as the limit triple sequences {)\gk) (x), k) (z,y), 2P (x,y)},
k=1,2,..., determined by the following algorithm:
A) Assuming that z,.(z,y) = zq(nk_l) (z,y), r =1, N, we find k—th approximations /\ﬁ’“) (z), Uﬁk) (z,9)

r =1, N, as the limit of sequences )\gk’m)(:v), vﬁk’m)(:c, y)r=1,N, m=0,1,2,..., defined as follows:

AED () = AED (), o0 (2, y) = o D(a,y),

AR () = —[Q(, b)Y (G(:c, hyv &™) 4+ F(x, b, z(k_l))),
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Yy Yy
oD (g y) = / A, oo™ () + / A, m)dy - AED () +
(r=1)h (r—1)h

Yy
+ / [B(x,n) 2% (z,n) + f(z,n)]dn,
(r—1)h
)

m-+1 ( 7('k7m+1)( (k)

those. pair system sequence {Aﬁk’ x,y)}, for m — oo converges to {/\sk) (x),vr ' (x,9)},

r=1,N,
B) The functions zﬁk) (xz,y),r =1, N, are determined from the relations

x),v

x

2B (a,y) = oly) + / o (€, y)de + / A (6)de.
0

0

The conditions of the following statement ensure the feasibility and convergence of the proposed
algorithm, as well as the unique solvability of problem (11)—(15).
Theorem 1. Let (nN x nN) matrix Q(z, h) be invertible for all x € [0, X] and the inequalities

D [Q(z, MM < v(=, h); 2) q(a,h) = ha(z)( 1+ v(m,h)hoa(m)> <p<l,

where a(z) = sup ||A(z,y)||. Then there is a unique solution to problem (11)-(15) and fair assessments
ye(0,Y]

a) max |A\i(z) = AV (2)] + max  sup [of(x,y) — ol (@, y)|| <
r=1,N r=1,N (z,y)€Q,

< o5 exo [ ote.maeac ) [ ote.magmax{d mae ol ma 17l
0 0

b) max sup |z (z,y) — zﬁ”(ﬂ%y)ll <

r=1,N ye[0,Y]
< [ max [[]A*(€) = AD(©)]ld¢ + [ max  sup v} (€, y) — vV (€, y)lde,
r=1,N r=1,N (z,y)eQ,
0 0
where 3(x) = S[%py} |B(z,y)|l, 0z, h)= l—q%x,h)h<1 +7(z, h) + a(z)y(z, h)h>-
ye b

Proof. Under assumptions about the data of the problem, the inequalities take place

|G, b, v)|| < a(x)h max  sup v, (z,y)]],
1=1,N ye[O’Y]

1E (2, by p) || < hB(x) max  sup ||z, (z, )| +h max ||f(z,y)].
I=1,N ye[0,Y] (z,y)eR

The following estimates follow from the algorithm:

max A0 ()] gwm,h)h(ﬁ(xm)max{ max_o(y), max |f<x,y>||},
r=1.N y€[0,Y] (z,y)eQ

max sup va«l’”(x,y)llSh<1+oz(x)7(w7h)h>(ﬁ(w)+1)max{ max_lo(y), max uf(x,y)n}.
r=1,N y€[0,Y] y€[0,Y] (z,y)EQ
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The following estimates follow from the algorithm:

max [\ (z) = ALY (@) < a(@)y(z, h)h max sup [ol"D (2, y)]),

r=1,N r=1,N y€[0,Y]

max sup [[vl"?(z,y) — v (z,9)|| < q(z,h) max sup [0V (2,y)|.

T:LN ye[()?Y} T:17N yE[O,Y]

Let’s establish the inequality

max A" (z) — A (2)|| < @)y (@, h)h max sup [T (2,y) — o™ (2, )],
r=1,N r=1,N y€[0,Y]

max sup [l (2, ) — oL (2, 4)]] <

r=1N yel0,Y]

< ha(@)[1 + a(@)y(z, A)A] max sup [0 D(z, ) — o) (, )| <
r=1,N y€[0,Y]

< g(z,h) max sup |Jol"™ D (z,y) — ol (2, y)]].
r=1,N ye[O,Y]

By virtue of the inequality ¢(z, h) < 1, the sequences pim T (x,y) converge uniformly as (z,y) € €, to

s )(l’ y) and the convergence of the sequence of systems of functions AlLmF2) (x) to functions Agl)(a@)
continuous on z € [0, X] for all r =1, N.

max A7) (2) — A (@) <
r=1,N

max AN (2) = ALY (@)]| 4 4 max A (@) = A (@) <
r=1,N r=1,N

<D la(z. Wl a(z)y(z, h)h max sup oD (z,y)],

= r=T,N ye[0,Y]

max sup [lo"" ) (2, y) — oM (z, y)|| <

r=1,N y€[0,Y]
< max sup [[ol"™ (2, y) — oD (@ )| 4+ max sup [Jolh? (2, y) — oD (@, )| <
r=1,N ye[0,Y] r=1,N y€[0,Y]
m+1 ‘
<> la(z, b))V max sup otV (2, y)ll.
j=1 r=1,N ye[0,Y]

max sup [[o"" ) (2, y)| <

r=1,N y€[0,Y]
m+1 '
< 3l 1+ (e 0n ) (50) + ) mas{ e 1ol s LGl

m—+1
g%NHAT (z)]| < ]E:O lq(z,h)[y(z, h)h(B(x) + 1) ma {yggy] @), (;g?eng(x,y)H}
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Passing to the limit as m — oo we obtain the estimates:

s D (z (@, Wh(Bz) +1)
T:LNH)\T @)l = == ) {

max [lo()]l. max ||f<x,y>||},

y€[0,Y] " (zy)eQ

max sup Hvﬁl)(x,y)HS
r=1,N y€[0,Y]

1+a(w)7(fmh)h> (B(:L")H)maX{ max o), max IIf(w,y)Il},

y€[0,Y] (z,y)eQ

Sl—ql@c,mh<

max AL ()] + max sup [|of” (z, y)]| §9($ah)(5(ﬂf)+1)ma><{ max |[o(y)|, max Hf(w,y)ll}a
r=1,N r=1,N y€[0,Y] y€[0,Y] (z,y)eQ

x T

max sup [[zY(z,y) — o(y)|| < [ max [[AD(€)]|de + [ max sup [ofV(€,y)|dE <
r=1,N y€[0,Y] 5 r=1,N 5 r=1,N y€[0,Y]

yG[O,Y] (1‘ y)EQ

</ e<§,h><ﬁ<5>+1>d§max{ mas o) o uf@:,wu}.
0

The following estimates follow from the algorithm:

max [|AP (z) = AP (2)[| < y(w, h)hB(x) max  sup [2{)(z,y) — @(y)]),
r=1,N r=1,N y€[0,Y]

max sup [[ol* (2, y) — o> (2, y)|| < hB(x)[1 +v(2, h)ha(z)] max sup |2V (2, y) — o(y)]|
r=1,N y€[0,Y] r=1,N ye[0,Y]

The following estimates follow from the algorithm:

max [|A>?) (z) = APV (2)]| < a(z)y(e, h)h max sup [[v®) (2, y) — v (z,y)]],
r=1,N r=1,N y€[0,Y]

max sup (022 (,y) — v (2, y)] < gle.h) max sup [ol2D(z,y) — o0 (@, y)|
r=1,N y€[0,Y] r=1,N y€[0,Y]

Let’s establish the inequality

max AP (@) = AP (2)|| < (@, hha(zr) max sup o™ (z,y) = o™ (2, )],

i
r=1,N r=1,N y€[0,Y]

max sup [0 (2, y) — o (2, y)|| < gla,h) max sup (o7 (@, y) — o™ (@, ).

T:1,N yG[O,Y] T:LN yE[O,Y]

By virtue of the inequality ¢(x,h) < 1, the sequences vﬁz’mﬂ)(m, y) converge uniformly as (z,y) €
Q, to v!? (z,y) and the convergence of a sequence of systems of functions A,(?’mﬂ)(x) to functions

AP (x) continuous on x € [0, X] for all r =1, N.
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max [ AZ™H) (z) = AP0 (2)]| <
r=1,N

<Y lg(@, h)Pa(z)y(z, h)h max  sup [[v>)(z,y) — vV (2, y)| + max AP (x) = AP ()],
=0 r=1,N ye[0,Y] r=1,N

max sup [[o™ ) (z,y) — 02 (z,y)| < lg(@, )P max sup oD (z,y) — v (z,y)|.
r=1,N ye[0,Y] =0 r=1,N y€[0,Y]

Passing to the limit as m — oo we obtain the estimates:

max [|AP (z) = A ()| <

r=1,N
1
< ————a(z)y(z,h)h max sup vV (z,y) — vV (2,y)|| + max [A>D(z) - AE(2)| <
1 —gq(z, h) r=1,N ye[0,Y] r=1,N
1
< ————a(@)y(z, )hhB(x)[1 + y(z, h)ha(z)] max sup ||z (z,y) — o(y)||+
1 —q(z,h) r=1,N ye[0,Y]

+y(z, h)hB(z) max sup |2V (z,y) — @(y)|| <
r=1,N ye[0,Y]

< y(x, W)hA(x) max sup =0 (xz,y) — o),
1= (o ) (z,h) ()T:LNyE[OvY]H (z,y) — )|l

max sup ol (z,y) — vV (z,y)|| < max sup [li* (z,y) — v (2, y)| <

r=1,N ye[0,Y] 1—q(z.h) r—T N yeoy] "
1

< ——hB(z)[1 + v(z,h)ha(zr)] max sup z,(.l) z,y) — e,

1= g(a.h) (@)[L +~(z, h)ha( )]TZLNyE[O’Y]H (z,y) — )l

max [|A®) (2) = AP ()] + max sup o) (z,y) — vl (2,y)|| <

T
r=1,N r=1,N y€[0,Y]

< 0(x,h)B(x) max sup |27 (z,y) = ¢(y)],
r=1,N ye[O,Y]

x

max sup |2 (z,y) — 2V (z,y)| < /9(§7h)ﬂ(§) max sup [2(¢,y) — @(y)l|dE.
r=1,N y€[0,Y] J

r=1,Ny€[0,Y]
At the k -th step, we obtain the estimates:

max A (@) = AP ()| <
r=1,N

q(, h) (k) (k—1)
< v(x,h)hB(x) max sup |z (z,y) — 2, z, Y|,
T e RS(E) max sup [0, 0) = D )]

max_ sup v (z,y) — o (2, y)|| <
r=1,N yE[O,Y]

1
< —hB(x)|1 +v(x, h)ha(x)] max sup zqu) T,y —zy(qk_l) z, )|,
A e max swp 120z p) )|
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max [A') (@) = A (2)]| + max sup oD (@, y) — o (@, y)] <

r

r=1,N r=1,N ye[0,Y]

T

< 0. m3(a) [ (max||A£’f><£>—A£’“—l><s>H+ max sup ||v$’“><5,y>—vﬁ’“—%,y)n)ds,

r=1,N r=1,N y€[0,Y]

max sup ||zFY (z,y) — 2% (2, y)| <
r=1,N yG[O,Y]

T

< / ( max [AFTD(€) — AP (€)[| + max  sup Hvﬁk“)(é,y)—vﬁ’“)(&y)\\)dé
0

r=1,N r=1,N y€[0,Y]

Let’s establish the inequalities

max [\ (z) = AP (2)]| + max sup (o (2, y) — oY (@, y)|| <

r

r=1,N r=1,N y€[0,Y]
O(x, h)B(x i kop
< AR foe.moerac) [ ((max N+ max swp o€ Jae
k! r=1,N r=L,N y€[0,Y]
0 0
max N () - AD (@) + max sup o () — oDz, y)]| <
r=1,N r=1,N (m,y)eQT
k—1 1 z j =
< Oz, )B(2) .,< / e<f,h>5<f>d5) / e<s,h>dsmax{ mex [lo(y), mex \f(x,wn}.
s 7' y€[0,Y] (z,y)EQ
J 0 0
max sup |20 (@) — 20 (2, y)l| <
TZl,NyG[O,Y]
< [ max [AF(€) = AD(©)[lds + [ max sup [T (€ y) — vV (&, y)lldE
5 r=1,N ) r:l,N(x7y)eQT

Passing to the limit as £k — oo, we obtain the estimates of Theorem 1. The uniqueness of the
solution of this problem is proved by contradiction. Theorem 1 is proved.

The proof is complete.

If instead of v, (z,y) we substitute the corresponding right side of equality (16) and repeating this
process v(v = 1,2,...) times we get

ve(x,y) = Gur(z,y,vr) + Dyr(z,y) N (§)dE + For(,y, 21), (18)
where
Yy Nv—2 Mv—1
Gon(@,9,0r) = / Al m)-.. / Az, 1) / A, 1)or (e, ) diydigy—..ds,

(r—1)h (r—=1)h (r—1)h
v—1 Yy Ui

Dyr(z,y) =Y / Az, m)... / A(x,mj+1)dnjsa...dn,
=00 "1)n (r—1)h
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Yy
Furlosyzn) = [ 1BGmn)anam) + Sl +
(r—1)h
Mj—1 15
+Z / Az, m). / A(z,m;) / [B(z,nj4+1)2r (@, nj4+1) + f(2,mj41))]dnjp1dn;...dn.
i= 1r 1)h (r—1)h

Passing to the limit at y — rh — 0 in (18) and substituting in (13),(14) instead of . liI})ln Ovr(ac,y),
—rh—

r = 1, N, the corresponding right-hand sides for the unknown functions \,(z), r = 1, N, we obtain the
system of functional equations:

Qy(w,h))\(iﬂ) = —Gy(x,h, U) —F(:L’, h, Z)v (19)
where
QV('r’ h) =
I 0 0 I — Dyn(z,Nh)
I+ Dyy(z,h) I 0 0
- 0 I+ Dya(z,2h) ... 0 0 :
0 0 I‘{'DV(N—I)(:E, (N —1)h) —I
—GVN(x,Nh,’UN) — ,,N(x,Nh,zN)
Gui(z, h,v1) Fo(x,h,z21)
Gy(x,h,v) = Gra(z,2h,v9) , F,(x,h,2)= Fo(x,2h, 29)
Gyn-1)(z, (N = 1)h,on-1) Fyn-1y(z, (N = 1)h, 2n-1)

I is an identity matrix of dimension n.

To find a solution to a system of three functions {\.(z),v.(z,v), z-(x,y)}, r = 1, N, we have a
closed system consisting of from equations (19), (18), (15).

Suppose that the matrix @, (z, h) is invertible for all z € [0, X].

Taking z( )( y) = ¢(y), r = 1, N, as an initial approximation we find the solution of the boundary

value problem (11)—(15) as the limit of the sequence of the system of triplets {/\,(nk) (x), k) (x,y), k) (xz,y)},

k=1,2,..., determined by the following algorithm: A) Assuming that z,(z,y) = zﬁkil)(x y),r=1,N,

we find k—th approximations A )( ), o) (z,y) r =1, N, as the limit of sequences Al (z), piem) (z,9)

r=1,N, m=0,1,2,..., defined as follows:
A (@) = AED (@), o (@,y) = o V(a,y),

AEmED) () = —[Q, (z, h)] <G,,(:c, h, ™) 4 F(z, h, z(kl))>,

oEm ) (2 y) = Gy, y, 05 ™) + Dy, y) NFT(E)dE + Fop(, y, 257D),

those pair system sequence {)\T ’ Jrl)(ar;), Uq(nk7m+1)(l‘, y)}, for m — oo converges to {/\gk) (x), o (z,y)},

r=1,N.
B) Functions zﬁk) (xz,y),r =1, N, are determined from the relations

xz

B (2,y) = o(y) + / o (€, y)de + / A (€)de.
0

0
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The conditions of the following statement ensure the feasibility and convergence of the proposed
algorithm, as well as the unique solvability of problem (11)—(15).

Theorem 2. Let for some choice of steph > 0: Nh =Y, N = 1,2, ..., and the number of substitutions
v, v € N, matrix Q,(x, h) of dimension (nN x nN) is invertible for all x € [0, X| and the inequalities
hold:

D 1Qu (@, M) < v (x, h); )

2) g (x, h) = LA (1 + (b)Y “m“”j) < <1, where a(z) = sup [|A(z,y)].

il
J=1 y€[0,Y]

Then there is a unique solution to problem (11)—(15) and fair assessments

a) max |\ (z) = AV (2)[| + max  sup o (z,y) — ol (2,y)] <
r=1,N r=1,N (z,y)eQ,

<)o) esn ([ outens©de) [ o6 mdemax{ max e, max 17},
0 0

b) max sup |z (z,y) — Zﬁl)(fU,y)H <

r=1,N y€[0,Y]
< [ max A9 = AV(©lld + [ max  sup vr(&,y) — oD (& )| dE,
r=1,N r=1,N (z,y)€Q,
0 0
where B(x) = sup |[Bz,y)ll, Ou(z,h) = J@,m(lmu,h) > WW)‘
y€[0,Y] =0

The proof of Theorem 2 is similar to the proof of Theorem 1.
By virtue of the equivalence of problems (1)-(3) and (11)—(15), Theorem 1 implies
Theorem 3. Let the conditions of Theorem 1 be satisfied. Then problem (1)-(3) has a unique
solution z*(z,t) and the estimate
).
Ox -

< max{1+ XM(h)(8+1), M(h)(B+ 1)}maX{ max |[|o(y)[l, max !f(%y)ll},
y€[0,Y] (z,y)€Q

max < max |z"(z max
{ o 2"l

Y1 (h)hX 1 (WhBX

h 1
) (1 + 71 (R)h(a + BX)e? WW) :
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T. . Tokmaramberosa, H.T. Opymbaesa

Axademur E.A. Boxemos amuwindazv, Kapazandv yrusepcumemi, Kapazanow, Kaszaxcman

I'umep6os1aJIbIK, TeHAEy /Iep VIIIIH NePUOATHIK IMeTTIK eCcenTiH Oip
mIermiMi TypaJibl

TikOGYpBIMITHI 00JIBICTa TUIIEPOOJIATIBIK, THITI AepOec TYBIHABLIB AudDepPEeHITnaIIbIK, TeHAeYIep Kylieci
yIIiH 6ip aflHBIMAJIBIIAH TOYeJIi MEePUOIATHI MIEKAPAJbIK, €Cell KapaCThIPBLIALI. ABTOpsap kKaHa 6eJrici3
(BYHKIUSHBI €HTi3€ OTBIPBIN, OYJI €CenTi MHTErpaJiIbIK MapThl Oap KapamaiibiM auddepeHInaiIbK, TeH-
Jey YIIMH SKBUBAJIEHTTI IeKapasblk ecenke keariperdi. [lapamerpsey omici Herisinge SKBUBaJIEHTTI ecenTiH,
2KYBIK, IIEITIMIH TaOy/IbIH YKaHa TOCLIIep] YChIHBLIBIN, OHBIH >KMHAKTBLIBIFBI J12J1esaenei. Byn exinmr perTi
runepOoJIaIbIK, TEHIEYIep Kyiecl YImiH »KapThllail MepUOATHIK, MIEKapaJIbIK, ecenTiy bipereil mremrimi 6ap
JKargaiiapapl aHbIKTayFa MYMKIH/IIK Oep/ii.

Kiam cesdep: merTik ecer, rumepOOJIAIbIK, TEHIEYIED, AJITOPUTM, TAPAMETPJIEY OICI, KYBIK, IITEITIM.

T. . Tokmaram6erosa, H.T. Opymbaena

Kapazandunckul yrusepcumem umenu axademura E.A. Byxemosa, Kapazanda, Kazaxcman

O06 omHOM pellleHnN IEPUOANYECKO KpaeBoii 3aJja9u AJIs
TUIepo0JInYIecKOoro ypaBHEHUS

B mpsimoyrospHORT 0bs1acTi pacCMOTpeHa MEPUOJUTIECKas [I0 OFHON IIEPEeMEHHOI KpaeBas 3ajada JJIs CH-
creMbl udpepeHnuaIbHbIX YPABHEHU B YACTHBIX [IPOU3BO/IHBIX MUNIEPOOJIMIECKOro THIla. ABTOPBI BBOJIs
HOBYIO HEU3BECTHYIO (DPYHKIINIO, JAHHYIO 33Ja49y CBOJAT K dKBUBAJEHTHON KpaeBOil 3ajatde JJid OOBIKHO-
BeHHOTO JAudHEPEHITNATLHOTO YPABHEHNST C MHTETPAJIBLHBIM ycaoBueM. Ha ocHOBe MeToa mapamMeTpu3anum
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IIPEIJIOXKEHBI HOBbBIE ITOIXO/IbI HAXOXKIEHUS IIPUOJIM?KEHHOI'O PEIeHNs] SKBUBAJIEHTHON 33/1a91 U JIOKa3aHa
€ro CXOJIMMOCTh. JTO MO3BOJIUIO YCTAHOBUTE YCJIOBUsI CYIIECTBOBAHUsI €IMHCTBEHHOTO PEIIEHUS TIOJIYTePU-
OMYECKON KPAeBOil 33/1a9M JIJIsi CUCTEMbBI TUIIEPOOINIECKAX YPABHEHUI BTOPOTO MOPSIKA.

Karoueswie caosa: KpaeBas 3a7ada, FrUIepOOINIECKIe yPABHEHNUsI, aJITOPATM, METO/] IapAMETPH3AIH, [IPH-
OJIMKEHHOE PEITIeHIIE.
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