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Solving Volterra-Fredholm integral equations by natural cubic spline
function

Using the natural cubic spline function, this paper finds the numerical solution of Volterra-Fredholm integral
equations of the second kind. The proposed method is based on employing the natural cubic spline function
of the unknown function at an arbitrary point and using the integration method to turn the Volterra-
Fredholm integral equation into a system of linear equations concerning to the unknown function. An
approximate solution can be easily established by solving the given system. This is accomplished with the
help of a computer program that runs on Python 3.9.
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Introduction

Integral equations can be used to express a variety of mathematical physics topics. Some of these will
be examined and treated explicitly as examples. It would be nearly impossible to compile a list of such
applications. To say that integral equations play a role in practically every area of applied mathematics
and mathematical physics is an understatement; because, the literature on integral equations and their
applications is extensive.

Many researches have been conducted in recent years, with the results revealing the interaction
of Fredholm integral equation, Volterra integral equation, Volterra-Fredholm integral equation, and
numerical solutions of these three types of the integral equation.

The linear Volterra-Fredholm integral equations (VFIEs) of the following type were taken into
consideration in this work:

T b
u(z) = f(z) + )\1/ K(z,t)u(t)dt + )\2/ L(z,t)u(t)dt, (1)

where the functions f(z), and the kernels K (x,t) and L(z,t) are known L? analytic functions and Ay,
Ag are arbitrary constants, z is variable and u(z) is the unknown continuous function to be determined.
Numerous applications in the fields of physics, fluid dynamics, electrodynamics, and biology include the
use of these equations. These integral equations are a reduction of several boundary value formulations
using Neumann, Dirichlet, or boundary conditions. Additionally, they offer mathematical models for
the spread of an epidemic as well as a host of other physical and biological problems.

Since the analytical solution to VFIEs generally does not exist outside of special cases, the numerical
method is the most successful and efficient way to solve these issues. In order to solve VFIEs, a
number of numerical and approximative techniques have been developed, including the linear and
quadratic spline functions by Salim, et.al. [1,2], Taylor polynomial by Yalcinbacs and Sezer [3];
Yalcinbas [4], the least square method and Chebyshev polynomials by Dastjerdi and Ghaini [5].
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Also, Lagrange collocation method by Wang [6], Series solution, successive approximation method and
method of successive substitutions by Saeed and Berdawood [7], trigonometric Functions and Laguerre
Polynomials by Hasan and Sulaiman [8], Touchard Polynomials (T-Ps) method by Al-Miah and Taie
[9]. Some iterative numerical methods by Micula [10], Taylor polynomial by Didgara and Vahidi [11].
For additional information, the reader might turn to the following references and the references given
there: (Jerry [12], Atkinson [13], Lange and Herbert [14], Kaminaka and Wadati [15], Ladopoulos [16],
Corduneanu [17], Saeed and Aziz [18] and Jaber and Alrammahi [19]).

Equation (1) will be studied in this work using the natural cubic spline function. The rest of this
paper is structured as follows. Our approach is introduced in Section 2 for solving Equation (1). We
examine various numerical examples proving the viability of our method in Section 3. Some conclusions
will be made in Section 4.

1 Description of the method
In this section, we solve Equation (1) by using the quadratic spline function (Cheney and Kincaid

[20], Saeed et. al. |21]). The unknown function u(x) in (1) is approximated by the quadratic spline
function S(x). In the interval [z;, z;11], the quadratic spline function is defined by the following formula:

Si(x) = Ai(2)S; + Bi(x)Siy1 + Ci(z)S; + Di(x)Si, 1, (2)

where A;(x) = 1-37 40 1o (o) " Bilo) = 1-Ai(a), Cilo) = et b () = =tist)emt)

and h = 41 — x; for all i = 0, 1 - ,n — 1. Now substituting (2) in (1) and letting = = x;, we get
z; b
S = fit )\1/ K(@i)S(®)+ % [ L 0S(0de
IT2 pain

Fl@) + M Z / K (24, 0)[A;(1)S; + Bj(t)Sje1 + C;(1)S} + D;(1)S))dt

=0 J

+/ Z K(l’i, t) [Ai_l(t)SZ’_1 + Bi_l(t)SZ’ + C’iSZ{,l + Dl(t)S;]dt]
Ti_1

1 T2 Tn=b
+ Ao / (SUZ, )So( )dt + / (l‘l, )Sl( )dt + -+ / L(Ii, t)Sn_l(t)dt]
To=0a x1 Tn—1
Jj=t—2
IJ+1 , ,
flai) + M E:/ K (24, t)[Aj()S; + B;(t)Sjs1 + Cj(t)S; + D;(t)S) )t

+/ Z K(ml, t) [Az;l(t)sz;l + Bifl(t)si + Ci‘s’z{—l + Dz(t)S;]dt]
T

+ A2 [/“‘1 L(zi,t)[Ao(t)So + Bo(t)S1 + Co(t)Sh + Do(t)S]dt

+/m(%nmmﬁ+&@$+a@ﬂ+m@$w+m

x1

+ / " LA (0501 + Baa (0050 + Corr (G (0)S',_, + Dy — l(t)sé]dt] |

Tn—1
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By computing the integrals in the above equation using the trapezoidal rule, we get

i—1
h h
Si=fi+ 5(/\1K,‘0 + )\QLZ'())SO + hZ(/\lKij + )\QLZ‘j)Sj + §(A1Kii + )\QL“‘)Si,
Jj=1

(3)

fort=0,1,--- ,n.
In this way, Equation (3) constructs a system of linear equations concerning to the unknown function
S;. Briefly, this system can be rewritten as follows:

CcS=F (4)
where
So fo
S h
s=|"|. r=|"]. c=[a a o Coor Cal,
Sn In
i 1— %Loo i [ _)\ZhL01 ]
—2(2M K19 + Ao L1o) 1— (BN K1 +2X2 L)
o — 2 (X1 K20 + A2 Lag) o —2(3\1 K21 +2X2La1)
0= | —2(AKs0 + A2Lgo) | V= —h(M K31+ Aala) |2
| —5 (M Ko + A1 Lno) | —h(M K1 + AoLn1)
[ —AohLgs i i *)\ZhLO(n—l) ]
—B(2X2L12 — A1 K1) —AohLy(n_1)
1-— Q(A1K22 + 2XaL92) _)‘QhLQ(n—l)
Co= | _np C
2= —5(3)\1K32 + 2/\2L32) ’ ’ n—1 = )
: 1= 2(MK(n_1)(n-1) + 222 L(n—1)(n-1))
| —h(MKn2 + AoLy2) | — 2N EKn-1) + 222 Ly (1))
and
_ —%Lon -
*%Lln
_Nghp,
C, = 2
—2 L 1)
_1 - %()\1 (K’rm + )\QLnn)_

In the sequel, using a standard rule to the resulting system yields an approximate solution of

Equation (1) as S;(x) given by Equation (2).

2 Numerical examples

In this section, we present three examples to illustrate the efficiency and accuracy of the proposed
method. The computed errors e; are defined by e; = |u; — S;|, where w; is the exact solution of Equation
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(1) and S; is an approximate solution of the same equation. Also we compute Least square error (LSE)
which is defined by formula = > (u; — S;)? and all computations are performed using the Python

prograim.

Ezxample 1. Consider the linear Volterra-Fredholm integral equation

u(z) =

LU2

2

Tx

— - 424

2

/Ox u(t)dt + /01 xu(t)dt.

The exact solution to this equation is given by u(x) = x + 2.

Table (1) demonstrates LSE obtained from applying our method to Example (1) for n = 5.

The Numerical Results for Example (1) with n =5

X; Uq Sz |u1 — Szl \ui — SZ|2

0 2 2 0 0

0.2 |22 2167670 0.323298 0.00104522
0.4 | 2.4 | 2.369779 0.302205 0.00091328
0.6 | 2.6 | 2.533617 | 0.06738252 0.00454041
0.8 | 2.8 | 3.0875551 | 0.2875513 0.08268795

1 3 | 3.0788111 | 0.0788111 0.00621119
LSE 9.5398050 x 1072

Ezxample 2. Consider the linear Volterra-Fredholm integral equation

u(z) = 2c08(z) — 1+ /O "o — ()t + /0 " u(tydt.

The exact solution to this equation is given by u(x) = cos(x).

Table (2) demonstrates LSE obtained from applying our method to Example (2) for n = 5.

The Numerical Results for Example (2) with n =5

0 1 0.9020653 0.0979346 9.59119752 x 103
£ 0.8090169 0.80093654 | 0.00808045 6.52937193 x 1077
2?” 0.3090169 0.38139274 | 0.07237575 5.23824911 x 1073
%’r —0.3090169 | —0.15642311 | 0.15259389 2.32848948 x 102
4?” —0.8090169 0.8466296 0.0376126 1.41470781 x 1073
s —1. —0.9488828 0.0511172 2.61296767 x 103
LSE 4.22073106838 x 102

Example 3. Consider the linear Volterra-Fredholm integral equation

5

x
u(z) = 10 + 223

b
2 10

1'2

2

3z

T 1
/O(w+t)u(t)dt+/0 (z — t)u(t)dt.

The exact solution to this equation is given by u(z) = 223 + 1.

Table (3) demonstrates LSE obtained from applying our method to Example (3) for n = 5.
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Table 3
The Numerical Results for Example (3) with n =15
z; u; Si lui — Si u; — Sif”
0 1 0.9320698 0.0679302 0.00461451
0.2 | 1.016 | 0.91835798 | 0.09764202 0.00953396
0.4 | 1.128 | 0.99225104 | 0.13574896 0.01842778
0.6 1.432 | 1.24719269 | 0.18480731 0.03415374
0.8 | 2.024 | 1.83381163 | 0.19018837 0.03617162
1 3 2.72882412 | 0.27117588 0.07353636
LSE 1.76437975899 x 10!
Table 4
LSE for different values of n for Examples (1)—(3)
LSEn 10 20 30 40 50

Example 1 | 2.02193681 x 1072 [ 5.21316981 x 10> | 2.36837446 x 10~> | 1.348919901 x 10~ > | 8.7012926 x 10~ *

Example 2 | 3.03911660 x 107> | 1.87835246 x 10~ 7 | 3.79028932 x 10~ ° | 1.24158506 x 10" | 5.28945050 x 10~ °

Example 3 | 1.95064939 x 102 | 2.31413450 x 10~ ° | 6.752544397 x 10~ 7 | 2.82826976 x 10~* | 1.44203795 x 10~ *

3 Conclusion

In this paper the cubic spline function is used to solve linear Volterra-Fredholm integral equations,

and it is a powerful numerical approach. The numerical results in the present section demonstrate that
the proposed method can successfully tackle the Volterra-Fredholm type problem. Table (4) shows that
the proposed method has extremely good stability; as n increases, the error decreases at first and then
stabilizes. We also conclude that we have high accuracy when the exact solution is a trigonometric
function. The present method can be easily extended to systems of Volterra-Fredholm integral equations
and systems of Volterra-Fredholm integro-differential equations. The current method may be simply
extended to Volterra-Fredholm integral equations and Volterra-Fredholm integro-differential equations.
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C.X. Camum!, K.X.@. 2Ksamep?, P.K. Caun?

L Cynetiman yrusepcumeminiy, neziszi Ginim 6epy woaredorci, Cyaetimanus, Hpax;
2 Cynetiman ynueepcumeminiy, HcapamoLabemany evanmoaps Koaedsici, Cysetimanua, Upak;
3 XK apamuaviemany goaomoaps, koasredsics, Caraxaddur yrusepcumemi, pbun, Upak
Pl bl t

Boabreppa-®pearosbM mHTErpajaablK TeHJeyepiH KyOThIK,
crTaifH-yHKIUACHIMEH TIETITy

MakaJsaga Taburu KyOTBIK CILTaiiH-(DyHKIMSICHIH KOJIJIAHBII eKiHmi TekTi Bosbreppa-®pearonbm apasiac
WHTErpaJIJIbIK, TeHJIeYJIePIHIH caHbIK mremrimi Tabblirad. ¥ CHIHBLIFAH 9/iC epKiH HyKTee b6esricis dyHKIs-
HBIH TabUru KyOTHIK CITaiH-QyHKIMSACHIH KOJIIaHyTa »Kone Boapreppa-PpearobyM nHTErpaiablk TEHAEYin
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Oesriciz yHKIUsIFa KATBICTBI ChI3BIKTHIK TEHJIEYJIEp »KyHeciHe TypJeHIipy VIIH HHTerpajiay SJiCiH KOoJI-
JaHyFra HerizzesnreH. Byur xKyiteHi miemnry apKpuUIbl XKybIK, Ientivi Taby onait. Byran Python 3.9-ma »xymbic
icTeHTIiH KOMIIBIOTEPJIK OargapiaamMa apKbLIbl KOJI »KEeTKi3iaei.

Kiam cosdep: Bosbreppa nHTErpasablK TeHaeyi, @pearosbsM MHTErpaablK TeHAeYl, CraaiH-dyHKIUICH.

C.X. Cammm!, K.X.@. 2Ksamep 2, P.K. Canun®

L Koanedorc 6asoeozo obpasosarus Cyaetimancrozo yrusepcumema, Cysetimarus, Upar;
2 . .
Konnedoe ecmecmsennmr nayx Cyaetimarckozo ynusepcumema, Cyaetimanus, Hpax;
3 Konnedoc ecmecmesennox nayrk, Ynusepcumem Canaxadduna, Dpbunv, Hpax

Pentenne naTerpaapubix ypaBaeHunii Boabreppa-®pearoabma c
IMMOMOIIHIO €CTECTBEHHOI KyOu4deckoii crijiaifH-yHKIIun

B craTpe ¢ ucnospzoBannem yHKINN HATYPAJIBHOIO KyOMYECKOTO CIJIaiiHa HAMIeHO UHUCJIEHHOE pelleHne
CMEIIaHHBIX MHTErpaJbHbIX ypaBHeHu#t Bonbreppa-Ppenronmbma Broporo poja. [Ipemiaraembrit MmeTos oc-
HOBaH Ha IPUMEHEHNH eCTECTBEHHON KyOndecKoil crutaitH-pyHKIMY HEN3BECTHOM (DYHKITNN B IPOU3BOJILHOMN
TOYKE U METO/Ia HHTEIPUPOBAHUS /Il IPe0OPa30BaHUs NHTErPAJILHOrO ypaBHeHus Bosbreppa-Ppenroiasma
B CHCTEMY JIMHEHHBIX yPaBHEHUI OTHOCUTETLHO HEM3BECTHON dyHKImY. [1pubnkeHHOe perenne Jerko mo-
JIyYUTD, PEIIUB JAHHYIO CUCTEMY. DTO JOCTUTAETCS C IOMOIIBI0 KOMIIBIOTEPHOH MporpamMmbl, paborarorei
na Python 3.9.

Kmouesvie caosa: nHTErpasibHOE ypaBHeHre Bosibreppa, nHTerpaiibHoe ypasHenune Ppesrosnbma, CrjiaiH-
bYHKITHS.
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