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Asymptotic behavior of solutions of sum-difference equations

In this study, we present an investigation of the asymptotic behavior of solutions of sum-difference equations.
Based on some mathematical inequalities, we have obtained our results. The obtained results can apply to
some fractional type difference equations as well.

Keywords: asymptotic behavior, oscillation, nonoscillation, difference equation, Caputo fractional difference
operator.

Introduction

In alignment with the extensive interest in the research of difference/differential equations which
has demonstrated high potential for real life applications, the determination of qualitative behavior of
solutions of them have also received significant attention amongst researchers [1-16].

In [15], the authors have investigated the positive solutions of the following equation

cA%y(t) =dt+a)+ f(t+a,z(t+ a)),
y(O) = Co,

where 0 < a < 1, ¢A® is Caputo-like delta fractional difference operator, d is a positive sequence.
The authors consider the some particular cases of y(t) for the above equation. In [16], the authors have
studied the nonoscillatory solutions of the following fractional difference equations

cA%y(t) =e(t+a)+ ft+a,z(t+a)),
y(O) = €0,

where 0 < a < 1, ¢ A® is Caputo-like delta fractional difference operator. Considering some particular
cases of y(t), they have obtained some nonoscillatory solutions for the equation.
Motivated by the idea in [12-16], in this article, we study the oscillatory behavior of the following
difference equations of the form
{ Ay(t) =e(t+a) -3 (t—s—1)Vk{t+a,s+a)f(s+a,y(s+a)) )
y(0) = co,

where t e Nj_, 0 < a <1, N, ={t,t+1,t+2,...}, f: Ny x R —» R, k and e are sequence. By a
solution y(t) of Equation (1), we mean a real-valued sequence y satisfying Equation (1) for ¢t € Ny,
with ¢y € Nj. A solution y of Equation (1) is called oscillatory if it has arbitrarily large zeros, otherwise
it is called nonoscillatory. Equation (1) is called oscillatory if all of its solutions are oscillatory.
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1 Background materials

In this section, we present some background materials.

Definition 1. [17] The generalized falling function is defined by

T(t+1)

t(")_i
Tt—r+1)

for any ¢, » € R for which the right hand-side is defined. Here I' denotes the Euler’s gamma function.
We also use the standard extensions of the domain of this rising function by defining it to be zero
whenever the numerator is well defined, but the denominator is not defined.

Lemma 1. [18] Assume that § > 1 and v > 0, then

[t(—’Y)]ﬁ F(l + 5’7) t(—/B’Y)’ te Nl-

A1 +7)

Definition 2. [19] Assume y : N, — R and v > 0. Delta fractional sum of y is defined by

t—v
—y 1 v
Aa y(t) = T (l/) Z(t -8 1)( l)y(s)v t € Ngyo.

Lemma 2. [20] Let p € R\ {...,—2,-1,0}, a € R, v > 0 and (t — a)* : Na+p — R. Then,

I(p+1)

v (B
Actult =)™ = 5005

atp (t—a)#*) fort e Natputv-

Lemma 3. [16] Let0<a§1,p>1,p(a—1)+1>0and’y:2—oz—%.Thenonehas

t—s—1)P P >(t—s—1+a+p(l—a)—1)rP

and
()PP > (s p(a—1)+ )PP

where
teNpands e {l-(pa—p),2—(pa—p), - ,t—=2—(pa—p)}.

Lemma 4. |21] Assume that X and Y are nonnegative real numbers, then
XF—(1-k)YP—kXY* 1 <0, for 0<k<1,

where the equality holds if and only if X =Y.

Lemma 5. [22] Assume that m and x be nonnegative sequences and ¢ be a nonnegative constant.

If
z(t)<c+ > m(s)z(s) fort>0.
s=0

Then, the following inequality holds

t
x (t) < cexp <Zm(s)> , fort>0.
s=0
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2  Main results

We assume that there exist positive sequences a, h,m and v > 0, 0 < § < 1 are real numbers such
that

0 <k(t,s) <a(t)h(s) forallt > s >0 (2)

and

0<yf(ty) <t 'm(t)|y°** for all y # 0 and ¢ > 0. (3)

Furthermore, there exist real numbers M; > 0 and M such that

la(t)] < My (4)
and for every T'> 0
1 t—a 1 t—«o
—Mggliggftge(s+a)Sliﬁgptge(s+a)§M2. (5)

For the sake of convenience, we denote

t—1l—a
g1 (1) :== Z (t—s—1) D (s 4+ )0V 10 (s 4 @) m 10 (s + ) K0 (s 4+ @),
—1—

S «

where v is a postive sequence.

Theorem 1. Assume that ¢ be a conjugate number of p > 1, p < 1/(1—a),y=1—a+1/q and
the conditions (2)—(5) and

limsup ¢1 () < o0

t—o0

hold. Then every nonoscillatory solution of Equation (1) satisfies

lim sup < 00

t—o00

ly(®)]
t

Proof. Assume that y be a nonoscillatory solution of (1), say y (t) > 0 for all t € Ny, where ¢ is a
postive integer. Let

ti—1—«
ki :=max {|f(t,y(t))] : t € Ny} > 0 and ko := k1 Z (t1 —s — 1)@ Vs +a)>0.

s=1—a
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From Equation (1) and our conditions, we have

t1—1l—«
Ayt) =e(t+a)— 3 (t—s— D@Dkt a5+ a)f (5 +a,y(s + a))
s=l-«
t—1—«a
SN s DOkt s+ a)f (s 4 oy(s + @)
s=t1—«
t1—1—a
<et+a)+ Y, (—s—1)VE(t+a,5+0a)|f(s+a,y(s+a))
s=l—«
t—1—-«
+ Y (t—s-1D Dkt +a,s+a)|f(s+ay(s+ )
s=t1—«
t1—1—«
<eltta)tkat+a) Y (h—-s—-1)Vh(s+a)
s=l—«
t—1l—a
+a(t+ ) Z (t—s—1)@b (s+o<)(7_1)h(s+a)m(s+a)y5(s+a)
s=t1—«
<e(t+a)+ kea(t + «)
t—1—-«
tat+a) Y {(t —s— 1)@ D (54 )07V
s=t1—«
X (h(s+a)m(s+a)y5(s+a) —v(s+a)y(s+oz))}
t—1—-«
+a(t+a) Z t—s—1)D(s+a)" Vo(s+a)y(s+a).
s=t1—«
) olsta 1/(6-1) )
Setting X = h'/% (s + a)ml/3 (s + )y (s), ¥ = (Grmesidigre;)  and 8 = 6, then using

the above lemma, we deduce that
his+a)m(s+a)y’ (s+a)—v(s+a)y(s+a) < Ao 0 (s+a)m1 7 (s + ) K7 (s 4+ ),
where A\; = (1 — 6) 6%/ (1=9) Hence we have

Ay(t) <e(t + a) + koM,

t—1—«
+ MM Z (t—s—1)D(s+ a)w*l) V170 (s ) mM1 0 (s 4+ a) B0 (s + @)
s=t1—«
t—1—a
+ M, Z t—s—1)D(s+a) 0 Vos+a)y(s+a).
s=t1—«

Summing both sides from ¢; to t — 1 and interchanging the order of the summation, we get

t—1

AL Myt
y(t) <y (t) + ko My (t— 1)+ D e(s+a) + =——gi (t)
s=t1
Mt t—1l—«
+ = Z t—s—1)D(s+a)0Vos+a)y(s+a).
« s=t1—«
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That is

t—1—-«
YOS A+ ST (s = 1) s+ )0 D u (s a)y (s + ), (6)

s=t1—«

where Ay =y (t1) + koM (t — t1) + ES 4 e(s+a)+ %gl (t) . By applying the Holder’s inequality
and lemmas, we have

tza:l (t—s—1) V(s +a) 0 Du(s + a)y(s + a)
s—tl_ia_l , Y i 1/q
< [ _Z ((t —5— 1)(0‘_1)) ((s + oz)(w_l)) ] [ _Z v(s + a)y?(s + Oz)}

1/p  t—(pa—p+1)

- [(F(l —pa+p))<F(1 —m+p)>

72— a) P2 — ) [8212(;”;,) ((t —5— 1)(pa—p)> ((3)(1?7—13) )} 1/p
t—a—1 1/q
[ _Z vi(s+ a)yl(s + oz)}

and then we have

t—a—1
S (t— 5 — 1@ D(s +a)0Du(s + a)y(s + )
s=t1—«

[T —pa+p)\ (TQL—py+p) )] (ro—p+1) () - e ‘ 1/q
< ( 02 o )( TG ) [A e (1) )} L;av (s +a)y (s+a)}
_ _<F(1 — pa —i—p)) I'l—py+p) ] —1)+1] P — 1/p

72 - a) 72 —7) Fp('y +pla—1)+2]
t 1 1/q
Uq(8+04) W(s+a)|

t—a t—a—1 1/q

Z (t—s—1)Ds+a) 0 Dm(s + )z (s +a) < Ny [ Z vi(s+a)yl(s+a)|

where

Llp(y—1) +1]
Clp(y = 1) + p(a — 1) + 2]

1
_[(FA=pa+p)\ (TA—-py+p)
Nl_[( IP(2 — a) )( TP(2 — ) >

Thus (6) becomes

1

K.t t—a— 1/q
Z/()<A2t+1[ Z Us + a)yl(s + a)

i

where, in view of the hypothesis of the theorem, Ag is an upper bound for

—1
y(tl) k'QMl (t—tl) 1 ¢ )\1M1
i " *ZG(SWLOZ)‘F g1 (1)

s=t1
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and K1 = M7 N;7. Then we have

t—a—1 1/q

y (1) Ky

TS Ayt D> (s +a)y(s + a)
s=t1—«

Hence we get
t—a—1 1/q\ ¢
y()\? Ky
<t> < | A2+ o SZtZI:_a vi(s+a)yl(s+ )

By applying the elementary inequality (A + B)? <2971 (A9 4 BY) for A, B > 0, we have

qt ~1
w(t) <2971 AL 4 2071 ( - ) vq(s + a)yi(s + a)
s=t1—
q t—a—
_ _ +a)\?
— 94 lAq 2q1 1 q..q y(s
5+ 5 Z (s +a)vi(s+ ) Teta
s=t1—«
t—a—1
— 94-1 44 g—1 ﬁ N a(
207 AT + 2 - Z (s+a)vi(s+ a)w (s + a),

where w (t) = y? (t) /t9. If we apply the Lemma 5, we have the following result

t
lim sup M < 00.
t—o0

This completes the proof.
Theorem 2. In addition to the hypothesis of Theorem 1, suppose that

lim a(t) = 0.

t—00
If for every p € (0,1) we have

t—1

pt + Z e(s+ a)

s=1—«

lim inf = 00,
t—o0

t—o00

t—1
= —00, limsup [,ut— Z e(s+ a)

s=1-«
then Equation (1) is oscillatory.

Proof. Let y be a nonoscillatory solution of (1). Then we may assume that y (¢) is eventually positive
for all t € Ny, where g is a postive integer. Proceeding as in the proof of the above theorem, we have
the following inequality

t—1
y () <y(tr) + koM (t—t1) + Ze(s—l—a)
s=t1
t—a—1 1/q
MMyt Klt
() 9(
+ o 91 ( Szl:av s+a)yl(s+ a)

From our conditions, we can make M; as small as we please by increasing the size of t; if necessary.
And also considering Theorem 1, we have

s <yl)— 3 elsta)+ Y els+a)+ o (7)
=1
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where 7' > 1. Taking infimum and limit as ¢ — oo in (7), respectively. Then we obtain a contradiction
with the fact that y (¢) is eventually positive of Equation (1). The proof when y (¢) is eventually negative
is similar.

3  Conclusions

In this study, we present an investigation of the asymptotic behavior of solutions of sum-difference
equations. Based on some features of the discrete calculus and mathematical inequalities, we have
obtained our results. The obtained results can apply to some fractional type difference equations as
well. If we consider

1
E(t+o,s+0) = ——

I(a)’
1 t—a (1)
e(t+a)=yo+ (o) (t—s— (s + )
8:1 —a
we may write from Equation (1) that
t—a
Ay(t) = yo Z (t—s—1) " Vg(s+a)—fls+ayls+a))], 0<a<l.

s:l e

It is not difficult to see that this equation is equivalent to the fractional difference equation. Here, one
can notice that the obtained results can be rewritten for the fractional difference equations.
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X. Amurysen, E. 2Kan

Caxapus xoadanbarv, 2vinvimdap yrnusepcumemi, Caxapus, Typrus
AMBIpBIMIAaPAbIH, KOCBIHIBICHI TE€HJIEeYJIepiHiH MIeNIiMIepiHiH,
ACUMIITOTUKACBHI
MakaJjaga »KyMbICTa afbIPBIMIAP/bIH KOCHIHIBICHI TEHJIEYJIEPIHIH IMIeNiMIEePIHIH aACUMIITOTHKAJIBIK, ©3re-

PYiH 3epTTey YCHIHBLIFaH. ByJ1 HOTHMXKeIep Keibip MaTeMaTHKAaJIbIK, TEHCI3IIKTep HEri3iHIe aJIbIHFaH. AJIbI-
HFAH HOTHUXKeJepi OeJiek TunTeri Keitbip muddepeHInaiapK TeHIeyaepre 1e KOIIanyFa 0oIa bl
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Kiam cesdep: acuMITOTHKA, OCHMILIALUS, OGEHOCIMIUIAIMS, albIPbIMABIK, TeH ey, KamyToHblH GeJekTi
AfBIPBIM/IBI OIIEPATOPHI.

X. Amurysen, E. 2Kan

Vuusepcumem npuxaadnoixr nayx Caxapvs , Caxapos, Typuyus

AcumMmnToTHKA pelneHunii ypaBHEeHUIT CyMMbI pa3HOCTe

B craTbe MBI IpesicTaBIeHO HCCIEIOBAHIE ACUMIITOTUYECKOTO IIOBEJEHNSI PEIIEHNil YPaBHEHNUN CYMMBI Pa3-
Hocreil. Ha ocHOBe ompenesieHHBIX MaTeMaTUYECKUX HEPABEHCTB HAMH IIOJIYUYEHBI PE3YJIbTATBI, KOTOPbIE
MOKHO TIPUMEHHUTb M K HEKOTOPBIM Pa3HOCTHBIM YPABHEHHUSAM JAPOOHOTO THIA.

Kmouesvie cao6a: aCUMOTOTAKA, OCIIAJLIANNS, HEOCIUIISIINS, PA3HOCTHOE yPABHEHUE, OMEpaTop APOOHOH
pasHoctu KamyTo.
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