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Construction of stochastic differential equations of motion
in canonical variables

Galiullin proposed a classification of inverse problems of dynamics for the class of ordinary differential
equations (ODE). Considered problem belongs to the first type of inverse problems of dynamics (of
the three main types of inverse problems of dynamics): the main inverse problem under the additional
assumption of the presence of random perturbations. In this paper Hamilton and Birkhoff equations are
constructed according to the given properties of motion in the presence of random perturbations from
the class of processes with independent increments. The obtained necessary and sufficient conditions for
the solvability of the problem of constructing stochastic differential equations of both Hamiltonian and
Birkhoffian structure by the given properties of motion are illustrated by the example of the motion of an
artificial Earth satellite under the action of gravitational and aerodynamic forces.

Keywords: stochastic differential equation, class of processes with independent increments, stochastic equations
of Hamiltonian and Birkhoffian structures, the main inverse problem.

Introduction

At present, the theory of inverse problems of dynamics in the class of ODEs is fully developed [1-9]
and goes back to the Yerugin’s fundamental work [10]. In [10], there is constructed a set of ODE that
have a given integral curve.

Methods for solving inverse problems of dynamics are generalized to the class of Ito stochastic
differential equations in [11-19].

Let the set

A(t): Mz, 2,t) =0, A€ R™, x€ R", (1)

be given. It is required to construct a set of stochastic equations of Hamiltonian and Birkhoffian
structure

p 0H
k— 7 >
Op
: __§H+U, p0)f, (k=T (2)
pk - aC_Ik; k’] Qapa ) - 9

=Tyiby, (5,0=T1,2n, p=T,n+r) (3)

ORi(z,t) ORi(2t)] . [9B(21) N ORy(z,1)
92 82 |7 2 ot

so that the set (1) is an integral manifold of the constructed stochastic equations of the Hamiltonian
(2) and Birkhoffian structure (3).

Here {&1(t,w), ..., & (t,w)} and {¥1(t,w), ..., Ynir(t,w)} are systems of random processes with
independent increments that can be represented as a sum of Wiener and Poisson processes [20]:
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1) € = & + [c(y)PO(t, dy), where & is a Wiener process, PV is a Poisson process, P°(t,dy) is
the number of the jumps of P? in the interval [0, ] that fall onto the set dy, c(y) is a vector function
mapping the space R?™ into the space R" of the values of the process £(t) for all t;

2) Y =o+ f YPO(t, dv), v is a Wiener process, P is a Poisson process, P°(t, d7) is the number
of the jumps of P in the interval [0,¢] that fall onto the set dv, &(y) ¢(y) is a vector function mapping
the space R?" into the space R™*" of the values of the process ¥(t) for all t; B = B(z,t) is a Birkhoff

function, W = (W;;) Birkhoff tensor with components W;; = 8R§S’t) - aRéS’t) )

The stated problem was solved for the class of ODEs in [21]. In particular, the stochastic Helmholtz
problem, i.e., the problem of constructing equivalent stochastic equations of the Lagrangian, Hamiltonian,
and Birkhoffian structures by a given second order stochastic Ito equation was considered in [22].
In |23, 24], the above problem of constructing stochastic equations of the form (2) and (3) by a
given integral set (1) is considered under the assumption that systems {&(¢,w), ..., & (t,w)} and
{1(t,w), ..., Ynir(t,w)} are systems of independent Wiener processes (as a special case of random
processes with independent increments).

Let us give the scheme of solving the set problems: at the first step by the quasi-inversion method
[3] in combination with Yerugin’s method [10] and by virtue of stochastic differentiation of the complex
function in the case of processes with independent increments [20] by the given set (1) the second order
Ito differential equation

i = flx,i,t) + oz, &, t)E (4)

is constructed so that the set A(t) is an integral manifold of the constructed equation (4). Further, at the
second step, equivalent stochastic equations of Hamiltonian and Birkhoffian structures are constructed
by the constructed stochastic equation (4).

1 Construction of stochastic Hamiltonian equation (2) by the given properties of motion (1)

Previously, by virtue of the Ito formula for stochastic differentiation of a complex function, the
equation of perturbed motion

oX O\ oA oA

A= ZZid S f+ 81+ So 4 S5+ =0 5
ot T aat T ag! TS S Gt (5)
, _ 192X A T
is compiled. Here S; = - ool’; following [20], : D, D = oo" is understood as a vector,
T 12

the elements of which are the traces of the products of matrices of the second derivatives of the
corresponding elements A, (z,,t) of the vector A(z,4,t) with respect to the components & and the

matrix D .
02\ 9*\ 9\,
—:D=|tr | —=D D :
9 [’”(a:r? ) ’”(aaﬂ )] ’

Sy = /{)\(x,dt +oc(y), t)— Nz, z,t) + g;\ac(y)} dy;

So= [NGo.i + oclu). ) = Aa. 1P (t.dy).
Further, in order for the set (1) to be an integral manifold of equation (4), we introduce arbitrary
Yerugin functions [10]: a vector function A = A(\, z, &,t) and a matrix B = B(\, x, &, t) with properties
A(0,z,2,t) =0, B(0,z,&,t) = 0, and such that

A=A\, i,t) + B\, z, &, t)E. (6)
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Equations (5) and (6) imply the following equalities

D fea—D 23555,

gi ot

=B,
Frad

To determine the desired functions f and o from relations (7), we use the following statement:
Lemma 1 [3; 12-13]. The set of all solutions of the linear system

(7)

Hv = g7H = (h,uk)uv = (/Uk)ag = (gu)nu’ = 17m7k = 17n7m S n, (8)

is determined by the expression
v=ovl +vY, (9)

where the rank of the matrix H equals to m. Here « is a scalar value,

€1 €n
hi1 hin,
T
v = [HC] = [hl...hmcm+1...cn_1] = hml hmn
Cm+1,1 -+ Cm+1n
Cn—11 -+ Cn—1pn

is the cross product of vectors h, = (h,) and arbitrary vectors ¢, = (cyx),p = m+1,n —1; e are

unit vectors of space R", vT = (v])
0 1 0
h11 hik hin
T
VU = hm1 hmk hmn y VY = H+g,
Cm+171 cm+l,n Cerl,n
Cn_171 cn—l,k cn—l,n

where HT = HT(HHT)~!, H is the matrix transposed to H.
By Lemma 1, using (8), (9) we determine the form of the vector function f and the columns o; of

the matrix o

12D\ oM\ "t ON O\,
o)) ON\ T Je—
0; = S9; |:8.%‘C:| + (8.7)) B;, (l = 1,7”) . (11)
Here 0; = (014,09, . . ., Jm)T denotes the i-th column of the matrix o = (0,5), (1/ =1,n, j=1, 7") .

B; = (B, B, - - -, Bmi)T is the i-th column of the matrix B = (B,;) , (u =1,m, j= 1,7“). By s1, 592
are denoted arbitrary scalar quantities.

The forms of the vector function f (10) and matrix ¢ (11) imply the general form of the set of
second-order Ito differential equations (4) with a given integral manifold (1)

. o)) O\ T oN O\,
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O\ N T O\ N\ T :
+ <321 |:81UC:| + <ax) Bl, cee SQT |:aJ,‘C:| + (81‘) BT‘) é

To construct the Hamilton function, we first introduce a new variable y, = &; and rewrite the
constructed equation (4) in the form

x‘k = Yk, 3
{ Yk = fr (2, y,t) + ogj (z,y,1) & (12)

Here the vector function f = (f1, f2,..., fn)? and matrix columns o = (01,09, ...,0,) have the form
(10), (11), respectively.
. g R o 0, forj=1,n,
Then, using 2 = { Yk G = { Jr vi= { g forj=n+1,n+2,...,n+m,

p= (pr;) = < Onxn Onxm ) , 0 = (ok;) we rewrite equation (12) in the form

Opnxn  Onxm

2= Gr (2,1) + g (2,1) ¥j. (13)
: _ a, k=1,n _ _ Onxn  Inxn
Further, using v, = { Dhn ken+ln+2. . .20 and ¢ = (pry) = < L O )
OH
_ N Onxn Onxm o — _ OH )
p = (prj) = , , and also taking into account Opg = | Yr»=— |, We rewrite
Onxn Onxm -4 81/1/
I
the stochastic equation of the Hamiltonian structure (2) in the form
OH -
e — Pk =— = Dk Vj- 14
Uk = Pk~ = Pty (14)
If we introduce the inverse matrix (wpy) = (@p) "+ = ( Onxn —Inxn > for (pr,) and vector zp =
Ian Oan
Wty = (PR k=ln then equation (14) is transformed to the equivalent equation
kvt qk;_n, k:n+1,2n ) q q q
. OoH .
Wykk = 5 = WykPujVj- (15)
2

Consider the problem of indirect representation of equation (13) in the form of an equation of the
Hamiltonian structure (15), i.e., using some matrix I' = (’y’j), consider the relation

. ; . OH .
" (Zk — G — Mkﬂ/Jj) = Wukdk — 5~ WukPujY;

or =

Corir — Du(2,1) = Yo pinjihj = Wukie — 9, WrkPvi¥s (16)
where C,p =75 D, (z,t) = vFGy.
To fulfill the identity (16) it is necessary the conditions
0H

Cor = Wrk, DV(Z7t) = _57 (17)
Vﬁuk’] = WykPrj, (V> k=1,2n, j=1,n+ ’I?’L) ) (18)
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75 = Wyk (19)

to be satisfied. From relations (16) and conditions (17)-(19), ug; = py; follows. This entails the
fulfillment of the equality o%; = o} 5, (k=1,n, j=1,m).

Theorem 1. For the indirect construction of Hamiltonian structure stochastic equation (2) by the
given set (1) so that the set (1) is an integral manifold of equation (15), it is necessary and sufficient
that conditions (17)—(19) be satisfied.

2 Construction of the Birkhoffian structure stochastic equation (3)
by the given properties of motion (1)

To solve the problem, consider the relation
Corzi — Dy(z,t) — ,uvjd}j =

_ [ORk(2,t)  ORy(z,t) 5 0B(z,t) N OR,(z,1)
o 0z, 0z, " 0z, ot

:| _Tlljwja (Vﬂ'{: 1a2n7 ]: 17n+m) (20)

(20) is fulfilled identically under the following conditions

o :{ Cn=T. (21)

ORy(2,1)  ORy(z,t) D — 0B(z,t) n OR,(z,1)
0z, 0z Y 0z, ot

Theorem 2. To construct the Birkhoffian structure stochastic equation (3) by the given set (1), so
that set (1) is an integral manifold of equation (3), it is necessary and sufficient that conditions (21)
are satisfied.

3 Example

Consider the stochastic problem of constructing Hamilton and Birkhoff functions for a given
property of motion by the example of the motion of an artificial Earth satellite under the action
of gravitational and aerodynamic forces [25].

Let the properties of motion

A(t):A=60%+a10% +az =0, A€ R! (22)
be given. Then the equation of perturbed motion (5) takes the form

A =200+ 20100 + Sy + So + S3 = 200 + 2010 f + Sy + So + S5 + 20100, (23)

where S1 = ay0?, Sy = [ {2alac(y) [40 + ac(y)]} dy, S3=[ {2alac(y) 40 + ac(y)]} PO(t,dy).

Let us introduce the scalar Yerugin functions a = a()\,e,é,t), b= b()\,Q,é,t) with the property
a(0,0,0,t) = b(0,6,0,t) = 0 and such that the relation

A =a\(8,0,t) + b6, 6,t)¢ (24)

takes place. In our example from relations (23), (24), it follows that a set of equations (4) is written as
0= f(0,0,t)+0(0,0,t)¢ and it has the integral manifold (22) if f and o have, respectively, the forms

= a0’ + 016’ +a2) —200 — 1 — Sy =S5 _ b(E* +nf® + )

(25)
20&10 20&19
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Following [25], we write the equation of motion of an artificial Earth satellite under the action of
gravitational and aerodynamic forces in the form

where 6 is pitch angle, fand & have the forms

f=Qisin20 — Q[g(6) +nb], &= Q5[g(9) +nb].

Before constructing the Hamilton and Birkhoff functions, we first construct the Lagrangian by (26).
In (26), relations (25) should be taken into account, which ensure the integrality of the given set (22).
From f = f, o0 = &7, it follows that the four parameters Q, §,n, [, determining the dynamics of satellite
motion, must satisfy the following relations
(02 + 16% + as) — 200 — Sy — Sy — S3 = 2016 {Qz sin 20 — Q[g(6) + ne’]} :
b(0% + a10% 4 an) = 2010Q5[g(0) + nd).
Then, considering definition [26] and the action of random perturbations, equation (26) admits an

indirect analytic representation in terms of a stochastic equation with a Lagrangian structure if there
exists a function A such that the identity

oL oL . " .
dl — ) — = —0'(0,0,) = hlf — f — 27
(%) - % - e.0é=nii- 1 - oq @0
. . 0l ol
takes place. We find the function h = h(t) from the Helmholtz condition [26; 107] 26~ ot
9%, which is necessary and sufficient for constructing the Lagrange equation equivalent to the

scalar equation [ (0, 9,t)9 + 12(6, é,t) = 0. In particular, function h = e~ " satisfies this condition.
Substituting h in (27), we get

82Lé+ 82L9-+ &L IL /é
a0z " oo agat ot

eI~ f—of] =

Then we construct the desired Lagrangian in the form

L= e—Qnt[ééQ _ Q(%lcos 20+G), G= / 4(6)d6), (28)

which provides an indirect representation of equation (27) in the form of the Lagrangian structure
equation
d oL 0L .
— - = =950, 0)E.
Using the Lagrange function (28) and the Legendre transform, we define the Hamilton function as
) ) oL ) )
H = x0 — L(0,0,t) H=0(0..) Since x = % then x = e 90 and therefore § = €97y, Then the

canonical equation corresponding to the stochastic Lagrangian structure equation (27) will take the
form

a‘—‘?)H,
b - ) (29)
X__%—FO-()Xa )5)
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where o= o’(6,6,t) 6=0(0,.1)» @nd the Hamilton function is defined as

1
H = 56Q”tx267Q77tb(0). (30)

To solve the problem of representing the Birkhoffian by a given equation (26), we use Theorem 2.
According to the above constructed equation (29) and Hamilton function (30) from relations (21) for
C = < g g > functions R,(v = 1,2), R = (R1, R2) and B are defined as R = {x, (1 + ¢)0},B =
$peQM\ 2 — e=@n'h(6), where ¢ is an arbitrary constant.
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M.BI. Tiney6eprenos'?, I'K. Bacummmal?, C.P. Ceiicenbaena'??

! Mamemamuxa ocone mamemamuranvs; modesvdey urncmumymol, Aamame, Kaszaxcman;
2 .
On-Dapabu amwvindazer Kasax yammok ynusepcumemi, Aamamoi, Kasakcemar;
3F. Jloyxees amoimdaess Aamamo, snepzemuka sicone batiranvic yrusepcumems, Aavmamuo, Kasaxeman

KaHoHIBIK aifHbIMAJIbLIAPAaFhl KO3FAJIBICTHIH, CTOXaCTUKAJIBIK
anddepeHInaJIIbIK TeHAeYJIePiH KYPY

A.C. Tajmuy/ine [UHAMUKAHBIH KE€Pi €CeNTepiHiH KIacCUPUKAIUSICHIH KapamnaibiM 1uddepeHInaIIblK TeH-
Ieyaep KiachblHZa ycbiHabl. Makagama KapacThIPBLIATHIH €Cell NUHAMWKAHBIH Kepi ecenTepinin Oipinmmi
TypiHe KaTaapl (JUHAMUKAHBIH Kepl ecelrrepiHiy Herisri yur Typiniy iminge) Ke3jaeiicox Typrkinepaiy 6ap
6OJIyBI TypaJibl KOCBIMIITA, GoJzKaMIaFrbl Heri3ri kepi ecenke. CoubiMen 6ipre [amumabron kome Bupxodd
TeHeyIepl Toyesici3 ecymresepi 6ap mporecTep KIachiHaH Ke3efCOK TYypTKisep 6ap GoaraH Ke3je KO3fa-
JIBICTBIH, OepijireH KacueTTepiHeH KyPaCThIPbLIFaH. AJl ajbIHFaH KO3FaJbICTBIH GeplireH KacuerTepi yIniH
Tamunbronapik Ta, BupxoddTHIK Ta KypbUIBIMILI CTOXACTUKAJBLIK TEHJEYIepiH Kypy ecebiHiH Imermimin
Taby YIIMH aJBIHFAH KAXKETTi JK9HE JKeTKIMIKTI MapTTaphbl aybIPJIbIK, KYIITEPIHIH KoHE adpOIMHAMIKAIIBIK,
KYIITepiHiH ocepinen zKepiy »KacaHpl cepiriHiH KO3FaJIbICHI MBICAJIBIHIa KOPCETIIrEeH.

Kiam ceadep: cToXacTUKAJIBIK, JUdEPEHITUANIBIK, TEHIEY, TOYeJICi3 eciMInesi yaepicrep Kjachl, ['aMuiib-
TOHJIBIK, kKoHe BupxoddTHIK KYPHUIBIMIBI CTOXACTUKAJIBIK, TEHIEY/IeD, HETI3T1 Kepi ecerr.

M.I. Tney6eprenos™?, I' K. Bacumna®?, C.P. Ceiicenbaesal?

L Mnemumym mamemamuky, U Mamemamuieckozo modeauposanus, Aamamol, Kasaxcman;
2 Kasazcrkutl nayuonarvrod yrusepcumem umeny Aav-Dapabu, Armame, Kaszazcman;
3 Anmamuncruti ynueepcumem snepzemuru u ceasu umeny 1. Jaykeesa, Aamamo, Kazazcman

ITocTpoenne croxacTudyeckux auddepeHna IbHbIX YPaBHEHUIA
JBU>KEHUdA B KAHOHUYECKUX IepeMeHHbIX

A.C. TagmymmabiM 6bLIa TIpeIoXKeHa KIacCuMUKAIHs 0OOPATHBIX 3a/1a9 JUHAMUKY B KJIacCe OOBIKHOBEH-
HBIX auddepeHmatbHbIX ypaBaenuit. Y paccMaTpuBaemasi B HACTOsIINEH paboTe 3a1a9a OTHOCUTCS K TIep-
BOMY THITy OOPATHBIX 33189 JIMHAMHUKH (M3 TPEX OCHOBHBIX TUIIOB OGPATHBIX 387184 JUHAMAKN) — OCHOBHOM
obpaTHOIl 3a/lade IIpU JOIOJHUTEILHOM IIPEIIIOJIOKEHNN O HAJIMYHHU CJIydailHbIX BO3MylleHuil. B crarbe
cTposiTcst ypaBHeHust [amubToHa n Bupkroda mo 3alaHHBIM CBOMCTBAM JIBUYKEHUs IPU HAJIUIUN CJTydaii-
HBIX BO3MYIIEHUI M3 KJIACCA IPOIECCOB C HE3ABHCHUMBIME NpupalieHusMu. VY mosydeHHbIe HEOOXOIUMbIE
U JOCTATOYHBIE YCJIOBUsA PAa3PEHIMMOCTH 33Ja49d ITOCTPOCHUsA CTOXACTUYECKUX ypPaBHEHUU KaK TaMHJIbTO-
HOBOM, Tak U OMPKrodUAHOBOU CTPYKTYPHI MO 3aJaHHBIM CBOWCTBAM JIBUKEHUs TPOUJIIFOCTPUPOBAHBI HA
[pUMepe JBUKEHUsI UCKYCCTBEHHOT'O CIIyTHUKA 3€MJIM TI0JI JIECTBUEM CUJI TATOTEHUS U adPOJUHAMUIECKUX
CcHIL.

Karoueswie caosa: croxacrudeckoe quddepeHipaabHoe ypaBHEHNE, KJIacC IPOIECCOB ¢ HE3aBUCUMBIMHY 1P~
pAIeHUSIMHU, CTOXaCTUIECKOE YPAaBHEHNSI TAaMUJIBTOHOBON M OMPKrOMUAHOBON CTPYKTYD, OCHOBHasi 0O6paT-
Has 3aJa4a.
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