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Construction of stochastic differential equations of motion
in canonical variables

Galiullin proposed a classification of inverse problems of dynamics for the class of ordinary differential
equations (ODE). Considered problem belongs to the first type of inverse problems of dynamics (of
the three main types of inverse problems of dynamics): the main inverse problem under the additional
assumption of the presence of random perturbations. In this paper Hamilton and Birkhoff equations are
constructed according to the given properties of motion in the presence of random perturbations from
the class of processes with independent increments. The obtained necessary and sufficient conditions for
the solvability of the problem of constructing stochastic differential equations of both Hamiltonian and
Birkhoffian structure by the given properties of motion are illustrated by the example of the motion of an
artificial Earth satellite under the action of gravitational and aerodynamic forces.

Keywords: stochastic differential equation, class of processes with independent increments, stochastic equations
of Hamiltonian and Birkhoffian structures, the main inverse problem.

Introduction

At present, the theory of inverse problems of dynamics in the class of ODEs is fully developed [1–9]
and goes back to the Yerugin’s fundamental work [10]. In [10], there is constructed a set of ODE that
have a given integral curve.

Methods for solving inverse problems of dynamics are generalized to the class of Ito stochastic
differential equations in [11–19].

Let the set
Λ(t) : λ(x, ẋ, t) = 0, λ ∈ Rm, x ∈ Rn, (1)

be given. It is required to construct a set of stochastic equations of Hamiltonian and Birkhoffian
structure 

q̇k =
∂H

∂pk
,

ṗk = −∂H
∂qk

+ σ′kj(q, p, t)ξ̇
j ,

(
k = 1, n

)
;

(2)

[
∂Ri(z, t)

∂zl
− ∂Rl(z, t)

∂zi

]
żi −

[
∂B(z, t)

∂zl
+
∂Rl(z, t)

∂t

]
= Tlµψ̇µ, (i, l = 1, 2n, µ = 1, n+ r) (3)

so that the set (1) is an integral manifold of the constructed stochastic equations of the Hamiltonian
(2) and Birkhoffian structure (3).

Here {ξ1(t, ω), . . . , ξk(t, ω)} and {ψ1(t, ω), ..., ψn+r(t, ω)} are systems of random processes with
independent increments that can be represented as a sum of Wiener and Poisson processes [20]:
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1) ξ = ξ0 +
∫
c(y)P 0(t, dy), where ξ0 is a Wiener process, P 0 is a Poisson process, P 0(t, dy) is

the number of the jumps of P 0 in the interval [0, t] that fall onto the set dy, c(y) is a vector function
mapping the space R2n into the space Rr of the values of the process ξ(t) for all t;

2) ψ = ψ0+
∫
c̃(y)P̃ 0(t, dγ), ψ0 is a Wiener process, P̃ 0 is a Poisson process, P̃ 0(t, dγ) is the number

of the jumps of P̃ 0 in the interval [0, t] that fall onto the set dγ, c̃(y) c(y) is a vector function mapping
the space R2n into the space Rn+r of the values of the process ψ(t) for all t; B = B(z, t) is a Birkhoff
function, W = (Wil) Birkhoff tensor with components Wil =

[
∂Ri(z,t)
∂zl

− ∂Rl(z,t)
∂zi

]
.

The stated problem was solved for the class of ODEs in [21]. In particular, the stochastic Helmholtz
problem, i.e., the problem of constructing equivalent stochastic equations of the Lagrangian, Hamiltonian,
and Birkhoffian structures by a given second order stochastic Ito equation was considered in [22].
In [23, 24], the above problem of constructing stochastic equations of the form (2) and (3) by a
given integral set (1) is considered under the assumption that systems {ξ1(t, ω), ..., ξr(t, ω)} and
{ψ1(t, ω), ..., ψn+r(t, ω)} are systems of independent Wiener processes (as a special case of random
processes with independent increments).

Let us give the scheme of solving the set problems: at the first step by the quasi-inversion method
[3] in combination with Yerugin’s method [10] and by virtue of stochastic differentiation of the complex
function in the case of processes with independent increments [20] by the given set (1) the second order
Ito differential equation

ẍ = f(x, ẋ, t) + σ(x, ẋ, t)ξ̇ (4)

is constructed so that the set Λ(t) is an integral manifold of the constructed equation (4). Further, at the
second step, equivalent stochastic equations of Hamiltonian and Birkhoffian structures are constructed
by the constructed stochastic equation (4).

1 Construction of stochastic Hamiltonian equation (2) by the given properties of motion (1)

Previously, by virtue of the Ito formula for stochastic differentiation of a complex function, the
equation of perturbed motion

λ̇ =
∂λ

∂t
+
∂λ

∂x
ẋ+

∂λ

∂ẋ
f + S1 + S2 + S3 +

∂λ

∂ẋ
σξ̇, (5)

is compiled. Here S1 =
1

2

∂2λ

∂ẋ2
: σσT ; following [20],

∂2λ

∂ẋ2
: D, D = σσT is understood as a vector,

the elements of which are the traces of the products of matrices of the second derivatives of the
corresponding elements λµ(x, ẋ, t) of the vector λ(x, ẋ, t) with respect to the components ẋ and the
matrix D

∂2λ

∂ẋ2
: D =

[
tr

(
∂2λ1
∂ẋ2

D

)
, . . . , tr

(
∂2λm
∂ẋ2

D

)]T
;

S2 =

∫
{λ(x, ẋ+ σc(y), t)− λ(x, ẋ, t) +

∂λ

∂ẋ
σc(y)

}
dy;

S3 =

∫
[λ(x, ẋ+ σc(y), t)− λ(x, ẋ, t)]P 0(t, dy).

Further, in order for the set (1) to be an integral manifold of equation (4), we introduce arbitrary
Yerugin functions [10]: a vector function A = A(λ, x, ẋ, t) and a matrix B = B(λ, x, ẋ, t) with properties
A(0, x, ẋ, t) ≡ 0, B(0, x, ẋ, t) ≡ 0, and such that

λ̇ = A(λ, x, ẋ, t) +B(λ, x, ẋ, t)ξ̇. (6)
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Equations (5) and (6) imply the following equalities
∂λ

∂ẋ
f = A− ∂λ

∂t −
∂λ
∂x ẋ− S1 − S2 − S3,

∂λ

∂ẋ
σ = B.

(7)

To determine the desired functions f and σ from relations (7), we use the following statement:
Lemma 1 [3; 12–13]. The set of all solutions of the linear system

Hv = g,H = (hµk), v = (vk), g = (gµ), µ = 1,m,k = 1, n,m ≤ n, (8)

is determined by the expression
v = αvT + vυ, (9)

where the rank of the matrix H equals to m. Here α is a scalar value,

vT = [HC] = [h1...hmcm+1...cn−1] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

e1 ... en
h11 ... h1n
... ... ...
hm1 ... hmn
cm+1,1 ... cm+1,n

... ... ...
cn−1,1 ... cn−1,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
is the cross product of vectors hµ = (hµk) and arbitrary vectors cρ = (cρk),ρ = m+ 1, n− 1; ek are
unit vectors of space Rn, vT = (vTk )

vTk =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 ... 1 ... 0
h11 ... h1k ... h1n
... ... ... ... ...
hm1 ... hmk ... hmn
cm+1,1 ... cm+1,n ... cm+1,n

... ... ... ... ...
cn−1,1 ... cn−1,k ... cn−1,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, vυ = H+g,

where H+ = HT (HHT )−1, HT is the matrix transposed to H.
By Lemma 1, using (8), (9) we determine the form of the vector function f and the columns σi of

the matrix σ

f = s1

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+(
A− ∂λ

∂t
− ∂λ

∂x
ẋ− S1 − S2 − S3

)
, (10)

σi = s2i

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

Bi, (i = 1, r
)
. (11)

Here σi = (σ1i, σ2i, . . . , σni)
T denotes the i-th column of the matrix σ = (σνj),

(
ν = 1, n, j = 1, r

)
.

Bi = (B1i, B2i, . . . , Bmi)
T is the i-th column of the matrix B = (Bµj) ,

(
µ = 1,m, j = 1, r

)
. By s1, s2

are denoted arbitrary scalar quantities.
The forms of the vector function f (10) and matrix σ (11) imply the general form of the set of

second-order Ito differential equations (4) with a given integral manifold (1)

ẍ = s1

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+(
A− ∂λ

∂t
− ∂λ

∂x
ẋ− S1 − S2 − S3

)
+
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+

(
s21

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

B1, . . . , s2r

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

Br

)
ξ̇.

To construct the Hamilton function, we first introduce a new variable yk = ẋk and rewrite the
constructed equation (4) in the form{

ẋk = yk,

yk = fk (x, y, t) + σkj (x, y, t) ξ̇j .
(12)

Here the vector function f = (f1, f2, . . . , fn)T and matrix columns σ = (σ1, σ2, . . . , σr) have the form
(10), (11), respectively.

Then, using zk =

{
xk
yk

, Gk =

{
yk
fk

, ψj =

{
0, for j = 1, n ,

ξj−n, for j = n+ 1, n+ 2, . . . , n+m,

µ = (µkj) =

(
0n×n 0n×m
0n×n σn×m

)
, σ = (σkj) we rewrite equation (12) in the form

żk = Gk (z, t) + µkj (z, t) ψ̇j . (13)

Further, using νk =

{
qk, k = 1, n
pk−n, k = n+ 1, n+ 2, . . . 2n

and ϕ = (ϕkν) =

(
0n×n In×n
−In×n 0n×n

)
,

p = (pkj) =

(
0n×n 0n×m
0n×n σ′n×m

)
, and also taking into account

 ∂H

∂pk
− ∂H
∂qk

 =

(
ϕkν

∂H

∂νν

)
, we rewrite

the stochastic equation of the Hamiltonian structure (2) in the form

ν̇k − φkν
∂H

∂νν
= pkjψ̇j . (14)

If we introduce the inverse matrix (ωkν) = (ϕkν)−1 =

(
0n×n −In×n
In×n 0n×n

)
for (ϕkν) and vector zk ≡

ωkννν =

(
−pk, k = 1, n
qk−n, k = n+ 1, 2n

)
, then equation (14) is transformed to the equivalent equation

ωνkżk −
∂H

∂zk
= ωνkpνjψ̇j . (15)

Consider the problem of indirect representation of equation (13) in the form of an equation of the
Hamiltonian structure (15), i.e., using some matrix Γ =

(
γkν
)
, consider the relation

γkν

(
żk −Gk − µkjψ̇j

)
≡ ωνkżk −

∂H

∂zν
− ωνkpνjψ̇j

or
Cνkżk −Dν(z, t)− γkνµkjψ̇j ≡ ωνkżk −

∂H

∂zν
− ωνkpνjψ̇j , (16)

where Cνk = γkν ; Dν(z, t) = γkνGk.
To fulfill the identity (16) it is necessary the conditions

Cνk = ωνk, Dν(z, t) = −∂H
∂zν

, (17)

γkνµkj = ωνkpνj ,
(
ν, k = 1, 2n, j = 1, n+m

)
, (18)
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γkν = ωνk (19)

to be satisfied. From relations (16) and conditions (17)–(19), µkj = pνj follows. This entails the
fulfillment of the equality σkj = σ′kj ,

(
k = 1, n, j = 1,m

)
.

Theorem 1. For the indirect construction of Hamiltonian structure stochastic equation (2) by the
given set (1) so that the set (1) is an integral manifold of equation (15), it is necessary and sufficient
that conditions (17)–(19) be satisfied.

2 Construction of the Birkhoffian structure stochastic equation (3)
by the given properties of motion (1)

To solve the problem, consider the relation

Cυkżk −Dυ(z, t)− µυjψ̇j ≡

≡
[
∂Rk(z, t)

∂zν
− ∂Rν(z, t)

∂zκ

]
żκ −

[
∂B(z, t)

∂zν
+
∂Rν(z, t)

∂t

]
− Tνjψ̇j , (ν, κ = 1, 2n, j = 1, n+m). (20)

(20) is fulfilled identically under the following conditions

Cνk =

[
∂Rκ(z, t)

∂zυ
− ∂Rυ(z, t)

∂zκ

]
, Dν =

[
∂B(z, t)

∂zυ
+
∂Rυ(z, t)

∂t

]
, µ = T. (21)

Theorem 2. To construct the Birkhoffian structure stochastic equation (3) by the given set (1), so
that set (1) is an integral manifold of equation (3), it is necessary and sufficient that conditions (21)
are satisfied.

3 Example

Consider the stochastic problem of constructing Hamilton and Birkhoff functions for a given
property of motion by the example of the motion of an artificial Earth satellite under the action
of gravitational and aerodynamic forces [25].

Let the properties of motion

∆ (t) : λ = θ2 + α1θ̇
2 + α2 = 0, λ ∈ R1 (22)

be given. Then the equation of perturbed motion (5) takes the form

λ̇ = 2θθ̇ + 2α1θ̇θ̈ + S1 + S2 + S3 = 2θθ̇ + 2α1θ̇f + S1 + S2 + S3 + 2α1θ̇σξ̇, (23)

where S1 = α1σ
2, S2 =

∫ {
2α1σc(y)[4θ̇ + σc(y)]

}
dy, S3 =

∫ {
2α1σc(y)[4θ̇ + σc(y)]

}
P 0(t, dy).

Let us introduce the scalar Yerugin functions a = a(λ, θ, θ̇, t), b = b(λ, θ, θ̇, t) with the property
a(0, θ, θ̇, t) ≡ b(0, θ, θ̇, t) ≡ 0 and such that the relation

λ̇ = aλ(θ, θ̇, t) + bλ(θ, θ̇, t)ξ̇ (24)

takes place. In our example from relations (23), (24), it follows that a set of equations (4) is written as
θ̈ = f(θ, θ̇, t) + σ(θ, θ̇, t)ξ̇ and it has the integral manifold (22) if f and σ have, respectively, the forms

f =
a(θ2 + α1θ̇

2 + α2)− 2θθ̇ − S1 − S2 − S3
2α1θ̇

, σ =
b(θ2 + α1θ̇

2 + α2)

2α1θ̇
. (25)
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Following [25], we write the equation of motion of an artificial Earth satellite under the action of
gravitational and aerodynamic forces in the form

θ̈ = f̃(θ, θ̇) + σ̃(θ, θ̇)ξ̇, (26)

where θ is pitch angle, f̃and σ̃ have the forms

f̃ = Ql sin 2θ −Q[g(θ) + ηθ̇], σ̃ = Qδ[g(θ) + ηθ̇].

Before constructing the Hamilton and Birkhoff functions, we first construct the Lagrangian by (26).
In (26), relations (25) should be taken into account, which ensure the integrality of the given set (22).
From f = f̃ , σ = σ̃, it follows that the four parameters Q, δ, η, l, determining the dynamics of satellite
motion, must satisfy the following relations{

a(θ2 + α1θ̇
2 + α2)− 2θθ̇ − S1 − S2 − S3 = 2α1θ̇

{
Ql sin 2θ −Q[g(θ) + ηθ̇]

}
,

b(θ2 + α1θ̇
2 + α2) = 2α1θ̇Qδ[g(θ) + ηθ̇].

Then, considering definition [26] and the action of random perturbations, equation (26) admits an
indirect analytic representation in terms of a stochastic equation with a Lagrangian structure if there
exists a function h such that the identity

d

(
∂L

∂θ̇

)
− ∂L

∂θ
− σ′(θ, θ̇, t)ξ̇ ≡ h[θ̈ − f − σξ̇] (27)

takes place. We find the function h = h(t) from the Helmholtz condition [26; 107]
∂l2

∂θ̇
=

∂l1
∂t

+

θ̇
∂l1
∂θ

, which is necessary and sufficient for constructing the Lagrange equation equivalent to the

scalar equation l1(θ, θ̇, t)θ̈ + l2(θ, θ̇, t) = 0. In particular, function h = e−Qη t satisfies this condition.
Substituting h in (27), we get

e−Qη t[θ̈ − f − σξ̇] =
∂2L

∂θ̇2
θ̈ +

∂2L

∂θ̇∂θ
θ̇ +

∂2L

∂θ∂t
− ∂L

∂t
σ′ξ̇.

Then we construct the desired Lagrangian in the form

L = e−Qηt[
1

2
θ̇2 −Q(

1

2
l cos 2θ +G)], G =

∫
g(θ)dθ, (28)

which provides an indirect representation of equation (27) in the form of the Lagrangian structure
equation

d

dt

∂L

∂θ̇
− ∂L

∂θ
= e−Qηtσ(θ, θ̇)ξ̇.

Using the Lagrange function (28) and the Legendre transform, we define the Hamilton function as

H = χθ̇ − L(θ, θ̇, t)
∣∣∣θ̇=θ̇(θ,χ,t) . Since χ =

∂L

∂θ̇
, then χ = e−Qηtθ̇ and therefore θ̇ = eQηtχ. Then the

canonical equation corresponding to the stochastic Lagrangian structure equation (27) will take the
form 

θ̇ =
∂H

∂χ
,

χ̇ = −∂H
∂θ

+
_
σ (θ, χ, t)ξ̇,

(29)
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where
_
σ= σ′(θ, θ̇, t)

∣∣∣θ̇=θ̇(θ,χ,t) , and the Hamilton function is defined as

H =
1

2
eQηtχ2e−Qηtb(θ). (30)

To solve the problem of representing the Birkhoffian by a given equation (26), we use Theorem 2.
According to the above constructed equation (29) and Hamilton function (30) from relations (21) for

C =

(
ϕ 0
0 ϕ

)
functions Rυ(υ = 1, 2), R = (R1, R2) and B are defined as R = {χ, (1 + ϕ)θ}, B =

1
2ϕe

Qηtχ2 − ϕe−Qηtb(θ), where ϕ is an arbitrary constant.
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Канондық айнымалылардағы қозғалыстың стохастикалық
дифференциалдық теңдеулерiн құру

А.С. Галиуллин динамиканың керi есептерiнiң классификациясын қарапайым дифференциалдық тең-
деулер класында ұсынды. Мақалада қарастырылатын есеп динамиканың керi есептерiнiң бiрiншi
түрiне жатады (динамиканың керi есептерiнiң негiзгi үш түрiнiң iшiнде) кездейсоқ түрткiлердiң бар
болуы туралы қосымша болжамдағы негiзгi керi есепке. Сонымен бiрге Гамильтон және Бирхофф
теңдеулерi тәуелсiз өсушелерi бар процестер класынан кездейсоқ түрткiлер бар болған кезде қозға-
лыстың берiлген қасиеттерiнен құрастырылған. Ал алынған қозғалыстың берiлген қасиеттерi үшiн
Гамильтондық та, Бирхоффтық та құрылымды стохастикалық теңдеулерiн құру есебiнiң шешiмiн
табу үшiн алынған қажеттi және жеткiлiктi шарттары ауырлық күштерiнiң және аэродинамикалық
күштерiнiң әсерiнен Жердiң жасанды серiгiнiң қозғалысы мысалында көрсетiлген.

Кiлт сөздер: стохастикалық дифференциалдық теңдеу, тәуелсiз өсiмшелi үдерiстер класы, Гамиль-
тондық және Бирхоффтық құрылымды стохастикалық теңдеулер, негiзгi керi есеп.
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Построение стохастических дифференциальных уравнений
движения в канонических переменных

А.С. Галиуллиным была предложена классификация обратных задач динамики в классе обыкновен-
ных дифференциальных уравнений. И рассматриваемая в настоящей работе задача относится к пер-
вому типу обратных задач динамики (из трех основных типов обратных задач динамики) — основной
обратной задаче при дополнительном предположении о наличии случайных возмущений. В статье
строятся уравнения Гамильтона и Биркгофа по заданным свойствам движения при наличии случай-
ных возмущений из класса процессов с независимыми приращениями. И полученные необходимые
и достаточные условия разрешимости задачи построения стохастических уравнений как гамильто-
новой, так и биркгофиановой структуры по заданным свойствам движения проиллюстрированы на
примере движения искусственного спутника Земли под действием сил тяготения и аэродинамических
сил.

Ключевые слова: стохастическое дифференциальное уравнение, класс процессов с независимыми при-
ращениями, стохастическое уравнения гамильтоновой и биркгофиановой структур, основная обрат-
ная задача.
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