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Well-posedness of the initial-boundary value problems for the
time-fractional degenerate diffusion equations

This paper deals with the solving of initial-boundary value problems for the one-dimensional linear time-
fractional diffusion equations with time-degenerate diffusive coefficients ¢” with 8 > 1 — a. The solutions
to initial-boundary value problems for the one-dimensional time-fractional degenerate diffusion equations

—a

with Riemann-Liouville fractional integral I;;$ of order « € (0,1) and with Riemann-Liouville fractional
derivative Dg, ; of order a € (0,1) in the variable, are shown. The solutions to these fractional diffusive
equations are presented using the Kilbas-Saigo function Fu m,i(z). The solution to the problems is discovered
by the method of separation of variables, through finding two problems with one variable. Rather, through
finding a solution to the fractional problem depending on the parameter ¢, with the Dirichlet or Neumann
boundary conditions. The solution to the Sturm-Liouville problem depends on the variable z with the
initial fractional-integral Riemann-Liouville condition. The existence and uniqueness of the solution to the
problem are confirmed. The convergence of the solution was evidenced using the estimate for the Kilbas-
Saigo function Fq m,i(z) from and by Parseval’s identity.
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Introduction

Many mathematicians have attracted most interest to the fractional diffusion equations. Inverse
source problems for degenerate time-fractional PDE were studied in [1]. In [2, 3], Al-Refai and Luchko
analyzed the initial-boundary value problems for the linear and non-linear fractional diffusion equations
with the Riemann-Liouville time-fractional derivative. Various types of fractional derivatives and
their properties were investigated in the monograph [4-8|. Fractional calculus can be applied in
mechanics, physics, mathematics, etc. [8-12]. Note that degenerate fractional evolutionary equations
were investigated in [13, 14]. In [15], maximum and minimum principles for time-fractional diffusion
equations involving fractional derivatives were proposed. Luchko studied initial-boundary value problems
for a generalized diffusion equation with a distributed order [16].

In our previous work [17], we studied the Cauchy-Dirichlet and Cauchy-Neumann problems for
the Caputo time-fractional diffusion equation. This paper considers the Cauchy-Dirichlet and Cauchy-
Neumann problems for the diffusion equation with Riemann—Liouville time-fractional derivative. A
solution is discovered by using the Kilbas-Saigo function and by the method of separation of variables.
The existence, convergence, and uniqueness of the solution are proved.

1 Dirichlet problem

Let us consider the one-dimensional case of the time-fractional diffusion equation

Dgy yu(t,x) — tﬁum(t,x) =0, (t,x) € (0,00) x (0,1), (1)

*Corresponding author.
E-mail: smadiyeva@math.kz

Mathematics series. Ne3(107)/2022 145



A.G. Smadiyeva

with the Dirichlet boundary condition
u(t,0) =u(t,1) =0, t >0, x €[0,1], (2)
and the Cauchy initial condition
Iy $u(0,2) = ¢(x), = € [0,1], (3)

where 8 > 1 — «a, Df, , is the Riemann-Liouville fractional derivative of order a € (0,1) defined by
[5; 79]

1 d [t f(s)ds
DB (1) = G lorif (1) = T(l- a)dt/ ({()S)a'

Here I17% is the Riemann-Liouville fractional integral given by [5; 80]

04,¢
w1 [ f(s)ds
B0 = 7=y |, e

Let H?(0,1) is a Hilbert space, defined by

H%(0,1) = {u: u € L*0,1); uz € L*(0,1)},
where the norm is

llulFr20,1) Zm (u, ex)]* < o0.

Definition ] The solution to problem (1)7(3) is t172u € C((0,00); L%(0,1)), which satisfies
tl-a- BD0+t =y, € C((0,00); L2(0,1)).

Theorem 1. Let ¢(z) € H?(0,1), then there exists a unique solution u to problem (1)-(3), which
has the form

o0

toc 1
Z@cEa 148 1 (= k2P sinwka, (t,2) € (0,00) x (0,1),

u(t,z) =

where ¢ = 2f01 ¢(x)sinmkxdr, k € N and FE,;,(2) is the Kilbas-Saigo function defined as
[8, Remark 5.1]

Ma(ym+1)+1)
Eom, 2t cg=1, ¢ ="} Q> 1. 4
d ZC I=OT(a(jm+1+1)+1) ' = @

For the function £~ 1 (=Akt?T) the following estimate holds [4, Proposition 3.6
1 _ Bta

I'(1+am) 1+#’ @
<1 + F(1+a(m+1)))"€tﬁ+a>

E AptPTe) < , t>0. (5)

oamm—f(
[e3

Proof Theorem 1.

Ezistence of solution. Since the Sturm—Liouville operator has eigenvalues {\; > 0, & € N} on
L?(0,1) and the corresponding orthonormal eigenfunctions {Xz(x), k € N} in L?(0,1) and ¢(z) €
H?2(0,1), then we can write the solution to problem (1)—(3) as follows

$) = ZTk(t)Xk($)7 (t,ZL‘) € (0,00) X (O> 1)a (6)
k=1
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=> e Xp(x), z € (0,1),
k=1

where
1
o = 2 / 6(2) Xp(2)dz
0

Substituting (6) to diffusion equation (1)-(3), we gain the next problem

DG, Tr(t) + At Ti(t) = 0, ¢ >0, (7)

Io+ k(0) = o, (8)

Xi(0) = X(1) = 0. (10)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Dirichlet problem (9)—(10)

are Xi(z) = sinwkz and A\, = (7k)2, respectively. It is known that a unique solution to problem

(7)-(8) is [5; 227]
toz—l

Ti(t) = —n2k2 ), (11)

() e g2
Substituting (11) and the orthonormal eigenfunctions X (x) = sin mkx to (6), we can get the solution
to problem (1)—(3) in the next form

o0

to— 1
Zd)kEa 14814821 L (—m 220 sinwka, (¢, 2) € (0,00) x (0,1). (12)

u(t,x) = (o)

Convergence of solution. Applying (5) to (11), we get

|fre| [t B+a
Ti(t) < T M
I'(a) (1 + w%ﬂk%ﬁm)

By Parseval’s identity, it follows from (12) that

1 & 2
ey, |12 _ 2| g L (=Pt <
igg“ u(t, )HL?(O,1) i‘zlg |F(a)’2;’¢k’ ‘ a,1+§,1+%( g )| <
1 |/
= TP ; o) 205 =
<]. + I‘(l—&m&(’m—&-l))Tﬂk?tﬁ—i_a)
1
< sup Z!¢k!2<2|¢kl2— 16()11Z2(0.1)- (13)

t>0 9 I(14am) 21 2( 1+
|F(Oé)’ <1 + mﬂ' t +a>

Solving Dg, yu and ug, we get

oo

a—1 21.2,.8+a) _

Dy, yu(t,r) = Z ok DGy 4t a1+§,1+%(_ﬂ-kt )sinkx =
k::
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toz-i—,@—l oo
=— (o) 71'2k2q§kEa71+571+@(—7T2k2t5+a) sin Tkx, (14)
and
ta ' & 21.2 s N
Uz (T, T) Z¢kEa 148 14821 L (—m2 k2P sin ke =
to 1 >
= o) TROE, | 5 1,5 (—T KT ) sin Tk, (15)
k=1 “

Applying (13)—(15) we get

st1>1p|!t1 o ﬁDt u(t, ')"%2(0,1) < 2774]‘34‘%\2 = H‘b(')”%ﬂ(o,n < 0
=1

and

oo
sup (It o MIZz0) < 27 K10k = 60 Iz 0,1y < o0
= k=1

Uniqueness of the solution. Suppose that u; and wug are solutions to problem (1)—(3) and we choose
u = uj — ug in such a way, that u satisfies the diffusion equation (1) and boundaries, initial conditions
(2), (3). Define

1
Ti(t) = / u(t,z)sintkxdz, ke N, t> 0. (16)
0

Applying Dg, , to left-side (16) equation by using (1) we obtain
Dgy Ty (t) / Dgy u(t, ) sin mkxdz
1
= tﬁ/ Ugy (t, ) sin Thkaxdr
0
1
= tﬁ/ u(t, x) sin” mkxdx
0

1

= —t57r2k:2/ u(t, x) sin rkxdx
0

= —tPn2k2 T, (t), ke N, t > 0.

From (2), (3) we have
1—01-1-?; (O> = 07

which means that u(t,z) = 0. Hence uq(t,z) = wua(t,x), therefore the problem (1)—(3) has a unique
solution.

2 Cauchy-Neumann problem
Let us consider time-fractional diffusion equation
Dgy u(t, ) — tPug(t,z) =0, (t,z) € (0,00) x (0,1), (17)
with the Neumann boundary condition

up(t,0) = up(t,1) =0, t >0, € [0,1], (18)
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and the Cauchy initial condition
Ié;ot‘u((), x) = ¢(x). (19)
Definition 2. The solution to problem (17)-(19) is !=%u € C((0,00); L?(0,1)), which satisfies
P Dg, u, 1 YUy, U,y € C((0,00); L2(0,1)).
Theorem 2. Let ¢(x) € H?(0,1). The unique solution to problem (17)—(19) is the function u, which
has form

tafl &

By Do o142 1 (R ) conh, (1) € (0,00) x (0,1),
k:0 (e «

u(t,x) =

where ¢g = fol ¢(z)dx and ¢p = 2 fol é(x) cosmkrdz, k€ N and E, ,;(z) is a Kilbas-Saigo function,
which is defined by the formula (4) and (5).
It can be easily proven by the idea of Theorem 1.
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AT Cumanuesa

Oa-Dapabu amwuimdazv. Kasax yvammok ynusepcumemi, Aamamo, Kasaxcman;
Mamemamuxa srcone mamemamuranssry modeavdey uncmumymat, Aamame, Kasaxcman

Beaniek perTi TybIHABLIBI ©3rereljieHreH Audy3us TeHaeyaepi
YIIiH O0acTallKbl HIETTIiK €CelTiH KUCHIHIbLIbIFbI

Makanana t°, 8 > 1 — a auddysusnbik kosddunmenTrepi 6ap 6ip emmeMl ChI3bIKTHIK GOJIIeK perTi
TYBIHIBLIBI ©3TeleseHreH nuddy3nust TeHaeyIepi YImH 6acTamKbl METTIK €CEeNTep/l ey KapacThIPbLI-
rai. € (0,1) ymin 6emmexk perri Puman-JInyBuis naTErpasibt I&_T_?; xoHe « € (0,1) ymin Gesek perTi
Puman-JInysumie tysmapicsr Di , 6ap 6ip esmemai yaksIT OoiibiHIIa OOJIIIEK PETTi TyBIHIBLIbI ©3rele-
Jenren auddy3us TeHmeysepi yIimiH 6acTankbl IMETTIK eCerrTep/IiH, menrimaepi kepceriiren. besmmek perti
nuddysusansk rergeyaepain memriMaepi Eo m,i(z) Kunbac-Caiiro dyukimscsl apkplisl 6epinren. Ecern-
Tep/iH Irentimi afHpIMaIbLIaAPAbl aXKBIPATY O/iCi apKpLIbI, Oip allHBIMAJILICEL Oap eki ecenTi Taly apKbLIbI
anbikTataabl. lemek, [lupuxiae nemece Heliman mrekapasbIk mapTTapbIMeH ¢t mapaMeTpine Toyesi bestimek
perTi ecebiniy mremimin koHe x napamerpine Toyesdi [rypm-JInyBus ecebine KoibLIFaH 6acTankbl IIap-
TeI Gestmrek perti Puman-JInyBusut naTerpasisl apKplLibl OepiireH ecentiy mrerriMia taby apkplibl. Ecenrin
nrerrimMinin 6ap 60JIybl MEH KaJIFBI3IABIFGL mseagenred. [emivuin xunakrouibrsl Kilbas-Saigo Fo,m,i(2)

(BYHKIUSICHIHBIH, Oarajiaybl KoMerimeH >koHe [lapceBast TeH N H KOIIaHy apKbLIbI AR/ IeH/T].

Kiam ceadep: GeIek peTTi TYBIHILLILI ©3relie/ieHren nuddys3usi TeHIeyl, allHbIMaIbLIAPBIH aXKbIPaTy
ouici, Kunbac-Caiiro dyHKuusico.

A.T'. Cmanuesa

Kaszazxcrutll Hayuonasvroli yrusepcumem ument Aav-Dapabu, Aamamo, Kasarcman;
Hncmumym mamemamury u Mamemamuseckozo modeauposanus, Aasmameol, Kaszaxcman

KoppekTHOCTh HaYaJIbHO-KPAaEBbIX 33aJa4 IJIst JIPOOHBIX
BBIPOXKIeHHbIX AN(dPY3MOHHBIX YpaBHEHUIA

CraTbsl TIOCBSIINEHA PENTEHN0 HAYATbHO-KPAEBBIX 3a1a4 JJIsi OTHOMEPHBIX JIPOOHBIX BBIPOXKIEHHBIX JINHET-
HbIx 1uddy3UOHHBIX ypasHennii kosdgdurmentamu mubdysun t* npu 8 > 1— @, HATAILHO-KPAEBBIX 33,124
JIJIsT OJTHOMEPHBIX yPaBHEHUN BhIpOXKJaoleiics nuddysun ¢ gpobHBIM BpeMEHEM C JAPOOHBIM UHTEIPAJIOM
Pumana-JIuysuaas I&;‘i‘ nopsizka « € (0,1) u ¢ npobuoit npoussoguoit Pumana-JInysuns DG, , mopsaka
a € (0,1) no nepemennoit. Pemmenns stux 1pobHbIX 1udDy3MOHHBIX yPABHEHUI [IPEICTABIECHBI C TOMOIIBIO
dyuxun Kunbaca-Caitro Fq, m,i(2), IX DOSYYUIN METOIOM Pa3/IeJIeHus IePEMEHHBIX, IIyTeM HAXOXKICHIS

IBYX 3aJIa9 C OJHOU TepeMeHHOI. BepHee, myTeM HaXOXKIEHUsI PEIIEHUsT APOOHON 3a1a49M, 3aBUCHIIEH OT
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10

11

12

13

14

15

16

17

mapaMeTpa t, ¢ TpaHHYHbIMEU ycaoBuamu Jupuxie niau Heltmana, u pemenne 3anadun Htypma—/Inysuiis,
3aBUCHIIEN OT EPEMEHHOM T C HA49aJIbHBIM JIPOOHO-MHTErPAJIbHBIM yesioBueM Pumana-JInysums. JJokasa-
HBI CYIIIECTBOBAHNUE U €JMHCTBEHHOCTD pelneHns 3a1a4u. CXOIUMOCTb B PeIeHns HOATBEPKJACHA C IOMOIIBIO
ouenku pyuknun Kunbaca-Caiiro Eq m,i(2) n Toxxnecrsa [lapcesadis.

Karoueewie crosa: qpobHO-BBIPOXK IeHHOe 1 dy3MoHHOE ypaBHEHUE, METO L, Pa3Ie/IeHNs] [IEPEMEHHBIX, (DYHK-
muga Kunbaca-Caiiro.
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