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The Bessel equation on the quantum calculus

A large number of the most diverse problems related to almost all the most important branches of
mathematical physics and designed to answer topical technical questions are associated with the use of
Bessel functions. This paper introduces a h-difference equation analogue of the Bessel differential equation
and investigates the properties of its solution, which is express using the Frobenius method by assuming
a generalized power series. The authors find discrete analogue formulas for Bessel function and the h-
Neumann function and these are solutions presented by a series with the h-fractional function t;f‘). Lastly
they obtain the linear dependencies between h-functions Bessel on Tj,.

Keywords: Bessel function, modified Bessel function, Bessel difference equation, h-calculus, the h-derivative
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1 Introduction and Preliminary

Now a days, the theory of transformation operators is a fully formed independent branch of
mathematics, located at the junction of differential, integral, and integro-differential equations, functional
analysis, function theory, complex analysis, the theory of special functions and fractional integro-
differentiation, the theory of inverse problems and scattering problems, the theory of optimal control
and dynamic systems. The special area of application of transformation operators has become the
theory of differential equations with singularities in the coefficients, especially with Bessel operators.

The Bessel functions are widely used in solving problems in acoustics, radiophysics, hydrodynamics,
problems of atomic and nuclear physics. There are numerous applications of Bessel functions to the
theory of heat conduction and the theory of elasticity (problems of vibrations of plates, problems of
the theory of shells, problems of determining the stress concentration near cracks) [1-5].

The theory of fractional h-calculus is a rapidly developing field of great interest from both a
theoretical and an applied point of view. Especially we refer to [6-12] and the references in it. As for
applications in various fields of mathematics, we refer to [13-20] and references in them. Let h > 0 and
T, ={a,a+ h,a+2h...}, Va € R.

Definition 1. (see |9]) Let f : T, — R. Then the h-derivative of the function f = f(¢) has the form
and is defined as

th (t) (33) _ f((sh(t)li - f(t),t T, (1)

where 0p,(t) =t + h.
We assume f - g : T, — R. Then the product rule for h-derivation reads (see [9])

Dy (f (x) g(x)) = f(z + h)Dpg(x) + g(x) Dp f (x) (2)
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and the h-integral (or the h-difference sum) is given by

z/h—1
/f ()t = Y f(kh)h, x € T,. (3)
k=a/h

Definition 2. (see [9]) Let t,a € R. Then the h-fractional function t;la) is defined as

t
T (h +1 a)

where I' is the gamma function of Euler, % > 0 and we use the convention that division at the pole
gives zero. Notice that

lim t(a) = t*.
h—0
Hence, from (1) we find that
1
a—1 _ — (@)
= = — Dy, [t
Let t € Ty. Then, for o, 8 € R,
e = (¢ — an)|?, (4)

Definition 3. (Foundamental theorem h-calculus) If F'(x) is an h-antiderivative of f(x) is continus
at x =0, we get

b

/ F@)dna = F(b) — Fla),

a

for a,b € T,.
2 The Bessel equation. Bessel functions.
2.1 The Bessel differential equation. We consider the h-difference equation in the following form:
12 DRy(t — 2h) + ) Dyy(t — ) + 47 y(t — 2h) — v?y(t) = 0 (5)

which is called the h-Bessel equation of the indicator in v, where v is a real number. This equation has
a special point ¢ = 0 (the coefficient at the highest derivative in (5) vanishes at ¢t = 0).

Theorem 2.1. Let v < 0. Then there is a particular solution to equation (5), given by a uniformly
convergent series

( 1 ) ktv+2k

Jon(t kTu+k+U%Hk (6)

which is the solution to the Bessel equation and is called the Bessel function of the first kind v-th order.
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Proof. Following the classical methods (see, for example, [6], p. 379), we will look for a solution to
this equation in the form of a series. Therefore, there is a solution to equation (5) in the form of a
generalized power series

—to‘Zak t—ah aoséO (7)

where « is the characteristic indicator to be determined. By (4) we can rewrite the expression (6) in
the form

o
k=0

and using Definition 2 and (1) we find the h-derivatives:

Diy(t—2h) = D}y ap(t—2n)* "
k=0

= (a+k)at+k—1) apt—2n) 2
k=0

and

Duy(t —h) = D> ap(t — )i
k=0

= (a+k) Zak a+k b,
Therefore, substituting (7) and its first and second h-derivatives into the equation (5), we get that

t2(a+ k) a+k—1)Y an(t—20) P i @+ k) S an(t - n) 4
k=0 k=0
tg) ak(t . 2h (a—f—k 2 Z ap t oz-‘rk)
k=0

so we can rewrite the equation:

(a+k)(a+k—1) Z aktEf) (t— 2h)§la+k72) 4 (atk) Z aktg)(t _ h)éaJrkfl)_’_
k=0 k=0

oo
Z aktgf) (t a+k Z ap ’UQt (a+k)
k=0

where tgf) (t — 2h)§1a+k_2) = %" and t;bl)(t — h)gwk_l) = 1otk
From here we get a general formula for all these series.

(a+k)(a+k—1) Z akt%aJrk (a+ k) Z a thaJrk) + Z a+k+2 Z ak v2t (ath)
k=0
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and .
Zak((a+k>(a+k—1)+(a+k)—v (‘”*’“ _,_Z a+k+2 0
k=0

and, finally

> ax (a4 kP —?) “*’MZ D — g,

Next, for a,a+1,...,a+ k, ...,, we are equating to zero the coefficients at the same powers of x, we
lead at the following recurrent relations for the coefficients:

t* |(a?® —v*)ag =
2

2) ag +ag =0, (8)

k| ((a+ k)2 —v?) ag + ag—2 =0, Vk > 2.

Since ag # 0, it follows from the first equation (8) that a? —v? = 0, or @ = 4v. Now from the
second equation (8) we will have a; = 0.

Let us consider the case o = v > 0 first. Let us rewrite the & — th (k > 1) equation of system (8)
in the following form

—Qk—2

W= L)

Considering that a; = 0, we get from here a3 = 0 and a9g;+1 = 0 in general. On the other hand,
each even coefficient can be expressed in terms of the previous one by the formula

don — — A2k—2
T TRkt k)
Consistent application of this formula allows us to find an expression ag; through ag :
ao
a = ————
2 2.1 (v+1)
N a2 agp
aqs = — =
T2 2 (v+2) 2012 -(u+ (v +2)
= a4 ap
ar = — [
07 7223 (w+3) 2631 (v+ 1)(v+2)(v+3)
—1)k
= Q9 = ( ) 0

- :
22k ] (v + 1)

The coefficient ag has so far been left arbitrary. If v # —n, where n > 0 is an integer, then assuming

_ 1
WO 2wt 1)
we find
_ (=D* 1
kT 9% D+ 2)(v £ 3) (vt k) 2°T(v+1)
(=D)*

2k pID(v+ k+ 1)
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Substituting this expression for the coefficients in (7), we get
( 1)ktv+2k
< BT (v+ ki + 1)20F2F

The proof is complete.
Corollary 2.3. The equation (5) does not change when v is replaced by —v, then the function:

( 1 ) kt—v+2k

ol Z KD (—v + k + 1)2-v+2k 9)

is also a solution to the equation (5).
Theorem 2.4. If v # n. Then the general solution to equation (5) has the form:

y(t) = C1Jyn(t) + Cad—y i (2). (10)

Proof. Now we prove that y(t) in the following form is also a solution to equation (8):
y(t) = C1J, h( ) + C2J—v h( )
C
! Z k:'F (v+k + 1)2v+2k

+ O kz% KT (—v + k + 1)2-v+2k’

Using (1) to find the h-derivatives from the formula (10):

. (—1)% (v + 2k) (v + 2k — 1))

° tg)D}% (CIJv,h(t — 2h) -+ CQJ,UJL(t — Qh)) = (1 Z k'P(U R 1)2v+2k
k=0 ’
Z (—v + 2k) (—v + 2k — 1)t
KT (—v + k + 1)2-vH2k ’

v+2k)

> (—1)k (v + 2k)E T
o DL Ot =)+ Cal aalt =) = O
-1 k —v+ 2k t( v+2k)
+ CQZ . it 2k
TN(—v+k+1)27vF

1) t(v+2k+2)

2
. tgl) (CrJupn(t —2h) + Cod_y 4 (t —2h)) = Cy Z k;lI‘ (v + k + 1)20+2k

C2 Z: k!F(fv Tk+ 1)27v+2k’

vy Z klI‘ (v+ k& + 1)2v+2k

o — 2 (ClJv,h(t) + CQJ—v,h(t)) =

+ CQZM v+k:—|—1)2 2k
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Now we substitute in equation (10):

. i (= 1)k (v + 2k) (v + 2k — 1)+ . i (= 1)k (v + 2k)t{" 2P
! KT (v + k + 1)20+2k KT (v + k + 1)2v+2k

ol v Z +
k:'F (v+ k: +1)2v2%k k'F(v + k: + 1)2v+2k

k=0 k=0

o i (—1)*(—v + 2k)(—v + 2k — 1)t§;”+2’“ +§:( 1)k (—v 4 2k)tl 20 .
2 KT (—v + k + 1)2-v+2k — KL v+k—|—1)2 —u+2k

ko (—v+2k+2) ko (—v+2k)
o (Y (=1, 2 Z (=D, _ 0
\ & WD (—v+ b+ D27vF2k KT (—v + k + 1)2-v+2k
If C1 = —Cy then y(t) = C1Jyp(t) +Cad_y p(t) is a solutlon to the equation (5). The proof is complete.
Example 2.5. Find a general solution to the following equation:
2 D2y(t — 2h) + 1V Dy (t — h) + 2 y(t — 20) — 2y(t) = 0. (11)
Proof. We consider two cases v = 1/2 and v = —1/2. 1) According to the definition (see (6)) of the

Bessel function J1 ,(t) we have:
2 I’

s (_1)kt(%+2k)

:Z b

ORI (L 4 k1) 2212

Since
T (;) = /e_tt_édt = /e_td(Q\/i) = z/e_gzd@\/g) =
0 0 0
L(t+1) = tL'(t), t>0,
then

k!F<k+;> = F(k+1)1“<k+1+;>

() 22 (e

C (e Dren.

22k—1

Considering also that I'(k + 1) = k! for k € N, we get
o0 $42k)
(—1)kt(2

Tinlt) = > I (3 ; 1ok
im0 KT (5 + k) 22
_1
(=1)ke 2 (¢ + Sn) Y
k1T (§ + k) 27 +2k

I
M8

B
Il
o

B i (t—|— lh)(ZkJrl)
= Pk (k+ )T (2k) 252
ﬂt;% X (—1)k (¢4 1h)PFY
RV 2k +1)!
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The row on the right hand side of the last equality represents the decomposition of the function
sinpt. Therefore, the following equality is true

1
N 1
J;h(t) = \/}% siny, <t+ 2h> . (12)

Now, using (1), (6), and (12) we find the h-derivatives of sinpt:

(2k+1)
1 ¥ (t+ 3h),

Dpsi = = D

KRSt (t+2h) hz 2k—|—1

& (CDFRE 1) (¢4 3n)
> (2’</‘)!(2k+1)2 "

k=0
i (~1)F (¢ + 3h)32"
poare (2k)!
1
= cosp |t+ ih .
2) Let us now consider the case when v = —1. By using (9) we have that
i 1)1%(;%“’“)
“1ok”
k= (-3 +hk+1)27242

Taking into account that

kT <k;+1> = kF(k)F<k+;>

we get that

= (kY

J—%,h(t) = Z

Zo R (k)2 i

e’} ( 1)kt§;%) (t—|— lh)(Zk)
N kzo RIT (k+ 1) 27 3+2k

D& (D (4 5n) Y

_ t}(l—a) 3

— kF(k)F (k+3)2-2+2

V¥ (t+ Lh) Y
- Z L L(2k) o — 5 +2k
k=0 92k
ﬂt,ﬁ 3) & (- (t+1h)(2k)

>
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The row on the right side of the last equality is a function cosy t . Therefore,

J7%7h(t) = \/;2/757%2 cosy, (t + ;h) (13)

Now, using (1) we find the h-derivatives of:

(2k)
. s (—1)F <t—i— §h>h
Dy, cosy, (t + 2k> = Dy kz_o 571

(2k—1)

(—1)k2k<t+ §h)
2k!

. ) (2k—1)
(1) <t+ 2h>

(21<,-_1)!h

h

I
M8

i

1

[
hE

B
Il

1

(2n+1)
o (=1)" (t + ;h>

:_Z h

|
o (2n+1)!

1
= —sinp(t+ §h)

According to (12) and (13), we get a general solution to the equation (11):

(,l) _1
o, 2 o, 2
y(t) = Cy V2 siny, <t + ;h> + 02‘[ h cosy, (t + ;h>

va va

The proof is complete.
Theorem 2.6. We define the h-Neumann function for non-integers v (complex constant) by the
formula:
_cosp(vm)Jyp(t) — J_yp(t)

Ny,h (t) - Sir’lh(l/ﬂ') (14)

and it is a solution to equation (5).
Proof. Now, by using (1) we obtain the h-derivatives of the function (14):

cosp, (vm)

1
DyN,,(t) = DyJ, n(t) — ——DpJ_, n(t
nNun(t) siny, (vmr) nlvn(?) siny, (vm) nd—vn(t)
cosp(vm) o 9
D?N, ,(t) = D2J, (t) — D2J_,u(1).
wNon(?) sing (v) nlvn(?) sing, (v) nl v (?)

Substitute equation (5) into

2 (COS"WD,%JM(t —2h) — —

sing, (vm) siny, (vm)

DI%J—V,h(t - 2h)> +
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1
+1p MDhJu,h(t —h) — %DhJ—u,h(t —h) |+
sing, (v) siny, (vm)
@) (cosn(vm) ;o oy L o)
+t; (sinh(mr)Jy’h(t 2h) sinh(mr)J*”’h(t 2h)
(o) oy oL _
v (sinh(mr) Tun(t) siny, (v) J”’h(t)> =0
Consequently:
cosu(Vm) )2 - @7 oy 2 -
siny (7) (t, " DiyJyn(t = 2h) + tn DpJyn(t = h) + 6,7y n(t = 2h) — v Jy (1))

(D D3Iy (t = 2h) + thDpd s (t — h) + 10T (t — 2h) — 2T, 4 (1)) = 0.

~ sing, (vm)

We know that functions (5) and (9) of the first kind in the form J, 4 (t) and J_, ,(t) which is the
solution to the Bessel equation. Thus, we can say that the A-Neumann function (15) is the solution to
equation (9).

Let v > 0 and

b 1/2

12, (a0 = {/ - / F@R 220D gz | 3,

a

forVeabeT,.
The h-Bessel operator: In this article, we consider a discrete analogue of the Bessel operator, where
the h-Bessel operator has the following form:

oy 1
(Buy)(®) ==t "Dy [Dhy(t)ww]’
h

In addition, By, is a linear operator, that is

By(ay+ Bf) = aBy(y) + BBu(f), Yy, f € L2, (a,b).

Theorem 2.7. (Orthogonality of eigenfunctions). Let (A1,y) and (Ag, f) two pairs of eigenvalues
and eigenfunctions, and A1 # Ao. Then, for both regular and periodic problems, the corresponding
eigenfunctions y(¢) and f(t) are orthogonal with weight r (therefore (y(t), f(¢)) = 0).

Proof. The first two statements follow from the definition 3 and (1)-(3) for Yy, f € L, 2(a,b), we
get that

(f(t—l—h)Bhy?(;L—y_yl()H—h)Bhf(t)) — D, Dhy(t)t(_gl,,_l) f(t+h)
5 L h
— D, th(t)ﬁ y(t+h)
I b,
i 1
= Dy _f(t)Dhy(t)W
- y(t)th(t)(_gly_l)] (15)
th
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and
h

/ t+ h)Bpy(t) — y(t + h)Brf(t))

(2V 1)
0

And using (5), we see that

Bry(t) = 7551 . 1)Dh

and

Buf(t) =t "Dy

dpt = [f(t)Dhy(t) (_21V 1)
th
1 h
- y(t)th(t) (—2v 1)] (16)
th
D) gy | =~ Nt 1) (1)
sz
DS gy | = N+ B (18)
)

Now multiply the first of the obtained equations (17) and (18) by f(t), the second by y(t), and find
the difference. The resulting equation is reduced to the following form

Dpy(t)

e+ 0 B0) ~ -+ B = 47D 2P e

We can rewrite

- t§f21j71)Dh {th(t) ;

h

1

h

= (A= A)y(t+h)f(t+h).

(f(t+h)Bny(t) —y(t + h)Buf (1))

tg;Zufl)

From (2), (16), and (19), we may compute

1
/Dh|: Dhy )(21, 1)

ty
1
y(t)th(t)t(_QTl) dpt
h

h
()\%_/\%)/y(t—kh)f(wrh)dht _

(—2v-1)
0 th
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D1 Dat) | e+

h

D1 Daf0) - | ote 4

(A3 -

h

ADy(t + h)f(t+ h)t(‘;”‘l)' (19)
h

/ f(t+h)Bry(t) —y(t + h)Buf(t))

/Dh[

((—2=D) dpt

h

1 1
) Dpy(t) ——— ( 1) (t)th(t)t(_QTl) dnt

h

h
hgl 2v—1)

—h

—0+0.
hEL 2v—1)
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Here:
t=0= Jun(0) =1;Dpjun(0) =
t="h= jun(h) =1 Drjun(h) = h
Therefore,
' h)B h)B / h h
t t) —y(t t t t
/ (f(t+h) hy<(>_ zyf’ﬁ B, _ 2y / y( +(_;g‘_<1)+ Vit = 0
, ty 0 th
and

Ao # M = (y(t+h), f(t+h))=0.

It proves the claim.
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KBanTThIK ecenreyneri Becceanb TeHeyi

Beccens dyHKIustapbiH KoJIIaHy MaTeMaTHUKAJBIK (DU3NKAHBIH, O6AapJIbIK, JIEPJIiK MaHBI3IbI CaJIaapbiHa
KATBICTBI JKOHE ©3€KTI TEeXHUKAJBIK CypaKTapra »Kayamn Oepyre apHAJFaH OPTYDPJl €CenTepiiH Y/JIKEH Ca-
HBbIMEH bOaitanbicThl. 2KyMmbicTa Beccens nuddepeHnmaiaplk TeHAeyiHiH aHaJIorbl 60JIbIT TaObLIATHIH h-
afBIPBIMIIBIK TEHJEY1 eHTI31IreH XKoHe YKaJbIIaHFaH JopeXKesep KaTapbiH aabin, OpobeHnyc 9/1ici apKbLIbI
OPHEKTEHUTIH OHBIH, IIENMiHIH KacuerTepi 3eprrenred. bBeccenp dyukiuscet men h-Heiiman dyukmnusco
VIIH JUCKPETTI aHAJOITHIK (pbopMy/iajap TabbLIIbI, OJIAP/IbIH, IIeITiMaepi h-0erek QyHKIUICHI t;;” bap
KaTapmeH 6epinren. ConbiMeH Karap, 1, Goiibiaira h-Beccenb QyHKIUIIAPHI ApAChIHIAFBI CHI3BIKTHIK, TOY-
eJIIITIIKTED aJIbIHFaH.

Kiam cesdep: Beccenwb dpyHKImsICHI, MoauduKausiianFal beccenb GyHKIusichl, Becceb allbIpbIMIBIK, TEH-
neyi, h-ecenrey, h-TybrHabI 2KoHEe h-0eJieK QyHKIUICHL.

C. Iaiimapaan!, H.C. Tokmaramberos'?, E. Aiikbia!

1 oo .
Espasutickuti nayuonasvhold yHusepcumem umenu JI.H. lymunesa, Hyp-Cyaman, Kazaxcman;
2 Kapazandunckuti ynusepcumem umeru axademura B.A. Byxemosa, Kapazanda, Kazaxcman

YpaBHeHne Becceiiss B KBAHTOBOM HCYUCJIEHUN

C ucnosp3oBanueM GyHKIHUit Beccesst ¢cBsizaHo 60/BIITOE KOJTUIECTBO CAMBIX PA3HOOOPA3HBIX 33189, OTHO-
CANUXCA ITPAKTUYIECKHN KO BCEM BaKHEUIITNM pas3aenam MaTeMaTHUIeCKOn d)I/ISI/IKI/I U IIPU3BaHHBIX OTBETUTH
Ha aKTyaJIbHble TEXHUYECKUE BOIPOCHI. B cTaThe Mbl BBOAMM h-pa3HOCTHOE ypaBHEHUE, aHAJIOT JTuddepeH-
IUAJILHOTO ypaBHEHUs Beccesist, U UCCeLyeM CBOMCTBA €ro PEIIeHusl, KOTOPbIE Mbl BBIPAXKaeM € ITOMOIIILIO
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merona Ppobenunyca, mpemosaras 0000IIEeHHbIN cTerteHHoM psifl. HaiieHb! quckpeTHble (DOPMYJIbl-aHAJIOTH
st dysknun Beccenst n h-dynkmun Hefimana, pemreHust KOTOPBIX IPECTaBIEHBI PsA/IOM € h-1pobHOiA
byuknneit tia . Kpome Toro, Mbl nmostyunsn JuHeRHbIE 3aBHCUMOCTH Mexk 1y h-dyukiusvmu Beccemnst Ha Tyg.

Karouesvie crosa: dyukuusa Beccenst, momudunupoBannas Gyukiusa beccensi, pasnocrHoe ypasaenue bec-
censi, h-ucuucnenune, h-npoussogHas u h-apobHas OYHKIUN.
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