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On recognizing groups by the bottom layer

The article discusses the possibility of recognizing a group by the bottom layer, that is, by the set of
its elements of prime orders. The paper gives examples of groups recognizable by the bottom layer,
almost recognizable by the bottom layer, and unrecognizable by the bottom layer. Results are obtained for
recognizing a group by the bottom layer in the class of infinite groups under some additional restrictions. The
notion of recognizability of a group by the bottom layer was introduced by analogy with the recognizability
of a group by its spectrum (the set of orders of its elements). It is proved that all finite simple non-
Abelian groups are recognizable by spectrum and bottom layer simultaneously in the class of finite simple
non-Abelian groups.
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Introduction

The article discusses the possibility of restoring groups by the bottom layer under additional
conditions.

The bottom layer of a group is the set of its elements of prime orders.

A group is called recognizable by the bottom layer under additional conditions if it is uniquely
reconstructed by the bottom layer under these conditions.

A group G is called almost recognizable by the bottom layer under additional conditions if there
exists a finite number of pairwise non-isomorphic groups satisfying the same conditions, with the same
bottom layer as the group G.

A group G is called unrecognizable by the bottom layer under additional conditions if there exists
an infinite number of pairwise non-isomorphic groups satisfying the same conditions, with the same
bottom layer as the group G.

Many results for groups with a given bottom layer describe some of the properties of the groups.
For example, V.D. Mazurov proved that a group with a bottom layer consisting of elements 2, 3, 5, in
which all other non-identity elements are of order 4, is locally finite [1]. If the bottom layer of finite
group consists of elements of orders 2, 3, 5 and the group contains no non-identity elements of other
orders, then W. Shi proved that this is a group of even permutations on five elements |2].

The results on group recognition by the bottom layer were reported at the conferences [3-5] and
published in journals [6-8].

Main part

Let us give an example of a group recognizable by the bottom layer in the class of finite groups.
If the bottom layer of group G consists of elements of order 2 and the group contains no non-identity
elements of other orders, then G is an elementary Abelian 2-group. That is, group G is recognizable
by the bottom layer in the class of finite groups.
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An example of unrecognizability by the bottom layer in the class of finite groups is given by the
following infinite series of groups: in the infinite row of the cycle groups of the orders p, p?, p?,... for
some prime p the same bottom layer consisting of p—1 elements of order p. In this example, the groups
are unrecognizable by the bottom layer in the class of finite groups.

Recall that a group G is called layer-finite if it has a finite number of elements of each order. This
term was introduced by S.N. Chernikov. The definition of a layer-finite group arose in connection with
the study of infinite locally finite p-groups provided that the center of the group Z(G) has a finite
index [9].

The groups in the following example are almost recognizable groups by the bottom layer in the
class of infinite layer-finite groups. V.P. Shunkov proved that if the bottom layer in an infinite layer-
finite group consists of one element of order 2, then the group G is either quasi-cyclic or an infinite
generalized quaternion group. The groups from the result of V.P. Shunkov are almost recognizable by
the bottom layer in the class of infinite layer-finite groups.

Earlier the recognizability of a complete group with a layer-finite center and a periodic quotient
group by it is obtained in the class of infinite groups:

Let G be a complete group in which Z(G) is layer-finite and G/Z(G) is a periodic group. If the
bottom layer of group G consists of an element p”~! of order p, then group G is recognizable by the
bottom layer in the class of groups satisfying these conditions [6].

Let us recall some results on the recognizability of groups in some classes of groups obtained earlier
by the authors.

If G is a complete group in which Z(G) is layer-finite and G/Z(G) is a periodic group containing
for each prime p only a finite number of p-elements, then group G is recognizable by the bottom layer
among groups with such properties [6].

Definition 1. Layer-finite group is called a thin layer-finite group if all of its Sylow subgroups are
finite.

Let G be a group in which the center contains a complete layer-finite subgroup R such that the
factor group G/R is a thin layer-finite group. The group G is recognizable by the bottom layer among
groups with such properties [6].

Let G be a complete nilpotent p-group with a finite bottom layer. Then group G is recognizable by
the bottom layer among groups with such properties [6].

Let G be a complete periodic group in which for each prime p there is only a finite number of Sylow
p-subgroups and for every prime p there is at least, one Sylow p-subgroup in G, which is a layer-finite
group. Then the group is recognizable by the bottom layer among groups with such properties [6].

A complete nilpotent p-group with a finite bottom layer is recognizable by the bottom layer in the
class of groups satisfying these conditions [6].

In articles |7,8], the recognizability by the bottom layer of the complete group is considered under
slightly different conditions: layer finiteness of the group or the existence of a layer finite subgroup S
in the center of the group G such that G//S is layer finite group. In the same papers, it was proved that
a group is recognizable by the bottom layer among locally solvable group without involutions with the
minimality condition.

It is convenient to consider the recognition of groups by the bottom layer in the class of layer-finite
groups. However, we can also consider other classes of groups.

Now we consider under which conditions it is possible to recognize groups by the bottom layer in
the class of infinite groups.

Periodic complete Abelian groups are not necessarily layer-finite. The next theorem establishes the
recognizability of a group by the bottom layer in this class of groups.

Theorem 1. Group G is recognizable by the bottom layer among periodic complete Abelian groups.
Proof. Indeed, let group G satisfy the indicated conditions. By Proposition 1, the complete Abelian
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group G decomposes into a direct sum of subgroups isomorphic to the additive group of rational
numbers or to quasi-cyclic groups, possibly for different prime numbers. There can be no rational
groups in this extension, since GG is a periodic group and, therefore, there are no elements of infinite
order in it. Since the direct product of quasi-cyclic groups is restored from the bottom layer, the group
G is recognizable by the bottom layer among groups with the properties as in the theorem. The theorem
is proved.

Definition 2. A group is called radically complete if for any of its elements a and for each natural
number n the equation 2" = @ has at least one solution in it [10].

Theorem 2. Group G is recognizable by the bottom layer among periodic radically complete groups
satisfying the normalizing condition.

Proof. Indeed, let group G satisfy the indicated conditions. By Proposition 2 the elements of finite
order of the radically complete group satisfying the normalizing condition G form a complete Abelian
group. As G is periodic, such a group G by Theorem 1 is recognizable by the bottom layer among
periodic complete Abelian groups. So G is recognizable by the bottom layer among periodic radically
complete groups satisfying the normalizing condition. The theorem is proved.

Radically complete groups are not necessaryily layer-finite. For example, direct product of infinite
number of quasi-cyclic groups for the same prime number is radically complete, but it is not a layer-
finite group.

The notion of recognizability of a group by the bottom layer was introduced by analogy with the
recognizability of a group by its spectrum.

The spectrum of a finite group is a set of orders of its elements. A finite group G is called recognizable
by spectrum if any finite group which has the spectrum coinciding with the spectrum of GG is isomorphic
to G. A group G is called almost recognizable by its spectrum if there are finitely many pairwise non-
isomorphic groups with the same spectrum as the group G. A group G is called spectrum-unrecognizable
if there are infinitely many pairwise non-isomorphic groups with the same spectrum as G.

Results on groups recognizable by spectrum could be found in the works of A.V. Vasil’ev, V.D. Ma-
zurov, A.M. Staroletov, A.A. Buturlakin, M.A. Grechkoseeva, and others [11-21].

An example of a group that is not recognizable by spectrum is group Ag with the spectrum 2, 3,
4,5, 8,9 (there are infinitely many groups, one of which is group Ag) [12]. Also the group L3(3) with
the spectrum 2, 3, 4, 8, 9, 13, 16, 27 is unrecognizable by spectrum [12].

It is proved in [14] that the symmetric groups S, are recognizable by spectrum for n ¢ {2, 3,4, 5,6, 8,
10,15,16,18,21,27,33,35,39,45}. In 1994, W. Shi and R. Brandl proved the recognizability of an
infinite series of simple linear groups La(q), ¢ # 9 15, 16].

A.V. Vasil’ev established the result on the almost spectrum recognition of the group Us(5) in the
class of finite groups:

Let G be a finite simple group Uy(5) and H be a finite group with the property w(H) = w(G).
Then H = G or H = G(), where 7 is a field automorphism of the group G of order 2. In particular,
h(G) = 2.

By h(G) it is denoted the number of pairwise non-isomorphic finite groups G with the same
spectrum [17].

Thus, the group Uy(5) is almost recognizable by its spectrum in the class of finite groups.

We established previously [6] that the group Us(5) is recognizable by both the spectrum and the
bottom layer in the class of finite groups:

If G is a finite simple group Uy(5), H is a finite group with the property w(H) = w(G) and the
bottom layer is the same as for the group Uy(5), then H = G. That is, Uy(5) is the only finite group
with such a spectrum and such a bottom layer.

Almost all finite simple non-Abelian groups are recognized by their spectrum in the class of finite
simple non-Abelian groups. However, there are some exceptions: different groups of this set have the
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same spectra.

Theorem 3. All finite simple non-Abelian groups are simultaneously recognizable by spectrum and
bottom layer in the class of finite simple non-Abelian groups.

Proof. Let us show the possibility of recognizing by the bottom layer such finite simple non-Abelian
groups with the same spectrum using the example of the groups Ss(2) and Of (2).

The group Og (2) is simple, has order 174182400 = 22-35-52.7. With the help of the GAP package,
it was established that there are 69615 involutions (elements of order 2) and 24883200 elements of order
7 in it.

The group Sg(2) has order 1451520 = 27 - 3* . 5. 7. Using the GAP package, it was found that it
contains 5103 involutions (elements of order 2) and 207360 elements of order 7.

Thus, the groups S(2) and Og (2) have different numbers of elements of the second and seventh
orders on the bottom layer and thus are recognized simultaneously by the spectrum and the bottom
layer in the class of finite simple non-Abelian groups.

In paper [11], it was established that among the finite simple non-Abelian groups, apart from the
groups Sg(2) and Og (2), there is only one more pair of almost unrecognizable by spectrum groups
O7(3) and Of (3).

The first group O7(3) from this pair is simple non-Abelian, has order 4585351680 = 2°-3%.5.7-13.
Using the GAP package, it was established that there are 38211264 elements of the fifth order in it.

The second considered group Oér(?)) has the order 4952179814400 = 2'2 . 312.52. 7. 13. Using the
GAP package, it was found that it contains 8253633024 elements of the fifth order.

Thus, the groups O7(3) and Og (3) have different numbers of fifth-order elements in the bottom
layer and thus are recognized simultaneously by the spectrum and the bottom layer in the class of
finite simple non-Abelian groups. The theorem is proved.

In proving the results of the paper, we used the following theorems, which were referred to as
propositions with the corresponding number.

Proposition 1 (Theorem 9.1.6 from [22]). A nonzero complete Abelian group can be decomposed
into a direct sum of subgroups isomorphic to the additive rational group or quasi-cyclic groups, may
be for different prime numbers.

Proposition 2 (Theorem 2.8 from [10]). If a radically complete group satisfies the normalizing
condition, then the elements of its finite order form a complete Abelian subgroup.

Conclusion
The possibilities of recognizing of some finite and infinite layer-finite groups by the bottom layer are
considered. Results are obtained for recovering groups by the bottom layer in the class of infinite groups
with some additional conditions. It is proved that all simple non-Abelian groups are simultaneously
recognizable by spectrum and bottom layer in the class of finite simple non-Abelian groups.
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B.. Cenamos!, N.A. INapanyx?

'PFA CB Ecenmix modeavdey uncmumymas, Kpacnoapcek, Peced;
2Cibip Ppedepardv. yrusepcumemi, Kpacroapcerk, Peceil

Temenri kadar 6olbIHIIA IPynHaJapAbl TAHY TYpPaJbl

MakaJtajia rpynmnanbl TOMEHIT KabaTTaH, SFHA OHBIH 9JIEMEHTTEDIHIH Kail peTTepi KUbIHBIH KAJIIbIHA KeJl-
Tipy MYMKiHIiri KapacTeipbuiran. 2KyMbicTa ToMeHTi KabaT apKbIIbI TAHBLIATHIH, TOMEHTT KabaT apKbi-
JIBL JIEPJTIIK TAHBIIATHIH KOHE TOMEHT1 KabaT apKbLIbl TAHBIIMANTHIH TONTAPIBIH MBICAJIIAPhI KeJTipiareH.
IITekci3 rpynmanap KJachIHIAFbI TOMEHIT KaOaTTaH IPyNIIAHBl KaliTa KYpy HOTHXKesepi Kelbip KOCBIMIIIa
mekTeysaep OoffbraIIa aabHAbI. ToMenri KabaT GOUWBIHINA TPYMIAHBI TaAHY TYCIHIT CIeKTp OGOMBIHIIA TPYII-
najapapl TaHyFa (OHBIH 9J€MEHTTEPIHIH KATap/apblHbIH YKUBIHTBIFBI) YKCAC €HIi3inai. Bapiblk akbIpibl
Kail abesIbiKeMec IpyIaap/IblH CIIEKTPI XKoHe TOMEHTT KabaThl OONBIHINA TAHBLIYBI aKbIPJIbI KapaltaibiM
abesipiikeMec rpymnnajiap K/aachblHia Oip yaKbITTa 19/ JeHIeH.

Kiam cesdep: rpymma, KabaTThl aKbIPJIbI TPYIIA, TOMEHTI Ka0aT, CIIEKTD, TAHBIMIBLIBIK.

B.. Cenamos!, .A. INapamyx?

! Hnemumym evucaumenvrnozo modeauposarus CO PAH, Kpacwospex, Poccus;
2 Cubupcruti edepanvroi ynusepcumem, Kpacroapex, Poccus

O PacClIOSHaBaHUU I'PYIIII 110 HU2KHEMY CJIOIO

B crarpe 06cyKIeHa BO3MOXKHOCTB BOCCTAHOBJIEHVSI IPYIIIBI IO HUXKHEMY CJIOI0, TO €CThb [0 MHOYKECTBY
€€ 9JIEMEHTOB MTPOCTHIX MOPSIIKOB. lIpuBeieHbI MpUMEPHI PACIIO3HABAEMBIX IO HUXKHEMY CJIOIO, TTOYTH PAC-
ITO3HABAEMBIX 110 HIPKHEMY CJIOI0 M HEPACIO3HABAEMBIX 110 HIXKHeMY cJioio rpynn. Ilomydyensr pesyapraTsl
BOCCTAHOBJIEHUsI TPYIIIIBI IO HUZKHEMY CJIOKO B KJIacCe BECKOHETHBIX IPYIII IIPU HEKOTOPHIX JOTOTHUTETBHBIX
orpannvenusx. [loHaTHE pacmo3HaBaeMOCTH TPYIIBI IO HUYKHEMY CJIOI0 BBEIEHO IO AHAJOTUU C PACIIO3HA-
BaEMOCTBIO I'PYIIBL O CHEKTPY (MHOXKECTBY HODSIIKOB €€ 371eMeHTOB). Jloka3aHa paclo3HaBaeMOCTb BCEX
KOHEYHBIX MPOCTHIX HeabeseBbIX I'PYIII M0 CIEKTPY M HUXKHEMY CJIOIO OJJHOBPEMEHHO B KJIACCE KOHEUHBIX
MIPOCTHIX HEabE/IeBbIX TPYIIIL.

Kmouesvie crosa: Tpyta, CIONHO KOHEIHAs TPYIINa, HUZKHUIA CJI0M, CIIEKTP, PACIIO3HABAEMOCTD, KOHEYHBIE
NIPOCTHIEe HeabesIeBbl I'PYIIIIbL.
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