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Multipliers in weighted Sobolev spaces on the axis

This work establishes necessary and sufficient conditions for the boundedness of one variable differential
operator acting from a weighted Sobolev space WIZ,Y,U to a weighted Lebesgue space on the positive real
half line. The coefficients of differential operators are often assumed to be pointwise multipliers of function
spaces. The author introduces pointwise multipliers in weighted Sobolev spaces; obtains the description
of the space of multipliers M (W1 — Ws) for a pair of weighted Sobolev spaces (W1, Ws) with weights of
general type.
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The results obtained in this paper can be regarded as a natural extension of certain results (in
dimension one) of the monograph "Theory of multipliers in spaces of differentiable functions" by
the authors V.G. Maz’ya and T.O. Shaposhnikova [1]. Such a book is currently the only work in
which the theory of pointwise multipliers in unweighted spaces of differentiable functions is treated
systematically. A part of the chapters of this work are devoted to multipliers in classical Sobolev
spaces W]f, k > 1 —integer, 1 < p < oo.

For the latest developments of pointwise multipliers we refer to the monographs [1], [2], which are
entirely devoted to this topic. Let us point out some specific directions through the works [3-6].

Let X, Y be Banach spaces whose elements are functions y: Q@ — R (C). We say that a function
z: Q — R (C) such that a multiplication operator

Ty =zy, y € X,

is bounded from X to Y, is a multiplier for the pair (X,Y’). We denote by M (X — Y) the space of
all multipliers for the pair (X,Y). We introduce the norm

lz; M(X = Y)|| = |IT; X = Y],

in M(X — Y) [1]. Different kinds of problems arise in the theory of multipliers. The first problem is
the problem of describing the space M (X — Y') for the pair (X,Y). Further, there are problems with
studying differential operators as operators acting in the space of multipliers such as the problem of
norm evaluation.

We denote by L, ,(I), I =[0,00), the weighted Lebesgue space of all measurable functions in I
with the norm

1
q

[fllgw = IS Law (DI = /If(w)qu(x) dr | <oo (1<q<o0),
1

Ly(I) = Lgw(I), w = 1. Here w(-) is a weight in I, i.e., it is an almost everywhere positive locally
integrable function.
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Below A!(I) is a class of all functions % in I having absolutely continuous derivatives up to order
[—1in I.
Let wp, w1 be weighted functions in I. Let [ > 1 be an integer. We denote by Wé,wo,wl

weighted Sobolev space of all functions y € A'(I) equipped with the following weighted norm

The purpose of this paper is to obtain the description of the space M(W} (1) - Wi, (I)).

We define as a length function in I any positive and right-continuous function h(-) (h(-) is a Lf.).
We denote by A(z) the segment [z, z + h(z)] for the Lf. h(+).

Definition 1. A weighted function v in [ is called admissible with respect to the length function

h(-), if there exist 0 < § < 1, 0 < 7 < 1, such that the following inequality is true

(I) the

05 W soin (D) = [ Zaaoo || + 135 Lo (D]

1,
h(z) PI{I;{ / v(t)dt | > (1)

for all A(z), z € I. In (1) the infimum is taken over all measurable subset e of A(x) with Lebesgue
measure |e| < 0|A(x)]. We denote by II; ,(6,7) the set of admissible weights v with respect to the
LE h(:).

Let us give some examples.

Example 1. Since

P
h(z) "7 inf / oydt | > (1 -8 =,
(z)\e

the function v = 1 is admissible with respect to the Lf. h(-) = 1.

Definition 2. We say that a function w(-) > 0 satisfies the slow variation condition with respect to
the Lf. h(+), if there exist constants 0 < by < 1 < bg such that

biw(z) <w(t) < bsw(x) forall te A(z). (2)

Example 2. Let v(-) > 0 satisfy the slow variation condition (2) with respect to the Lf.
1 1
h(z) = wv(z) ™. Then v is admissible with respect to the Lf. h(z) = v(x)” ¥ with 77 = b1 (1 —J). The
proof is trivial.
Every power function v (z) = (1 4+ z)" (z > 0), 0 < u < +o0 satisfies the slow variation condition

with respect to the Lf. h(z) = (1 + x)_ﬁ in I. Indeed,

L+t\" I+t\"
<oM—py [~} >1>0H=p
<1+x> = 2 <1+3:) = !

for all t € A(z).

Definition 3. We say that a weight v satisfies the condition A5y (0 < 6,8 < 1) with respect to
the length function A(:) in I, if for any interval A = [a,b] C A(z) = [z,2 + h(z)] (x > 0) and any
measurable subset e of A with the Lebesgue measure |e| < §|A| the following inequality holds

e/v(t) it < BA/v(t) dt.
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We denote by A5 g) the set of all weights v which satisfy the condition A5 g) with respect to the Lf.
h(-). For example, if bob; 19 < 1 in (2), then v € A5 p) with 8 = baby 14
Let v* be an Otelbaev function [7]. Namely
z+h
v*(z) =sup{ h > 0: P~} / v(t)dt <1

We first show that 0 < v*(x) < oo for all z > 0. To do this, we note that

z+h

M(x, h;v) et pip—1 v(t)dt —— 0
h—0+

and that M(x, h;v) — oo if h — oo. Hence, there exist d, > 0 and T, > 0, such that
M(z,h;v) <1, if 0<h<dy M(z,hyv)>1 if h>T,.
Therefore, we obtain
(0,0) C Hyp ={h>0: M(z,h;v) <1} C (0, Ty), 05 < sup Hy, = v*(z) < T,.

The function v*(-) is right-continuous in I. By using absolute continuity property of the integral, we
can imply that
z4v*(z)

o ()11 / o(t)dt = 1.
Ezample 3. Any weight v € A5 g) (with respect to the Lf. h(z) = v*(z)) in I is admissible with
respect to the Lf. h(z) = v*(z). Thus, for all e C A*(z) = [z, + v*(x)] with the measure |e| <
O|A*(x)|, we have

v*(z)PL 1{1;{ / v(t) dt = v*(x)P! 1{161{ / u(t) dt — /v(t) dat | >
Ax(z)\e *() e

> (1— Bt ()"~ / o(t)dt =1 f 7.
Ax(z)
Let Clfa,b] (—0o < a < b < o0) be a space of all functions g, having continuous derivatives up to
order [ in [a, b].

Lemma 1. 8] Let v belong to II; (6, 7) with respect to the 1.f. h(-). Then there exists a constant
C* = C*(d,7) > 1 such that

z+h(x) z+h(x)
w [ owpaezer [ (O] v o) @ @20
x T

for all y € C' (A), where A = [z, x + h(x)].
Lemma 2. Let 1 < p,q < co. Let 0 < j <[ be integers. Let v € II; (4, 7) with respect to the Lf.
h(-). Let w € Lt (I), dw(t) = w(t) dt. Then

loc

max [y ()] < (¢ + 1)A( j.p)
fe.a+h(@)]
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) z+h(x) z+h(z) 1/p
<) ([ 0 [T o) )

T

z+h(x) ) 1/q )
/ y9 ()7 de(t) < (¢ + 1A j,p, )h(x) /P x

z+h(z) 1/q z+h(z) z+h(z)
x / oL / O )P dt + / y()Pu(t) dt

Here we consider a differential operator of the form

1/p

Ly=> p(@)y™ (x> 0), (4)
k=0

where pg(-) € Lioe(I), I =[0,00), m > 1 is an integer. In the sequel, we assume that L is defined on
a subspace D(L) of W[l)’v. Here we will investigate the boundedness of the operator L: Wé,v — Lgw,
[ >m>1.

Theorem 1. Let [ > m > 1 be integers. Let 1 < p < ¢ < co. Let v belong to II; ,(d, 7) with respect
to the Lf. h(-). Let (dw(t) = w(t) dt)

g1 z+h(z) é
Ry = sup h(x) P / ()| dw(t) p < o0

x>0

for k = 0,1,...,m. Then the operator L in (4) is bounded from Wé’v(I) to Lgw(I). Here the norm
satisfies the inequality

HL; W (1) = LW(I)H <¢Y Ry
k=0

Proof. Let y € D(L) C WA,U. For the k-th summand in (4), we have

Hpky(k)Hq _ /0°° }pky(k)‘q dw(t) = g%/Aj ‘pky(k)’q dw(t),

q?w
where the system of segments {A;}, j > 0, is constructed as follows
Aji1 = [z, 2j41], xjp1 = x5 + h(z;) (w0 =0).

By virtue of (3), we obtain

/OOO ‘pk(t)y(k)’q dw(t) = gAj ’,Ok(t)y(k)‘q duo(t) <

o q
(k) q
g]z:;(]%xy )/ k(0 et <

1\ 4
P

<> [+ Awkp o, [/A (TRIEOI dt] x

=0 i
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X
]:0 J

1749
o0 B _l q
X /A k()| dw(t) <&, S 1A ( / ok (£)]¢ dwm)
q
P
(01 P < pa
X [/Aj (‘y ‘ +v(t) |y| ) dt] < Clyk,ka’

where ¢, = A(l,k,p) (1 + c*)% )
As a result, we have

q

)

y Wi, (1 )‘

m m
12y: Lo (DI <3 o™ Lo < ¢ 37 s w0
k=0 k=0
Thus the proof of Theorem 1 is complete.
Let us assume that the operator L in (4) is bounded as an operator from Wll,v to Lgw, ie.,
D(L) ¢ W], and there exists a constant b > 0 such that

1

([1malr 20)" < vl Wil € D).

(5)

We take the function n € C§°(I), 0 < n < 1, with supp (n) C [0,1], such that n = 1 in [i,%].

Let A = [z,2 + h(z)], h(z) = v*(z), A = [z + %,:c + %] We set yo(t) = n (52) . Then yo(t) = 1,
Lyo(t) = po(t) for all t € A. Therefore,

</& ‘PO|qdw(t)>; = (/A ILyo\qdw(t)>; < blyo; WL, (A)].

o W (011 = </A s’ dt>; i (/A [wo(W)IPo (1) dt)é
(A (s

1
< (G 4 1),

= M.
| e ()]
Recall that the following equality holds in A

W (/A (t) dt>; =1.

1

([ il aat)" <zonts,
A

where ¢y = ¢f + 1. We take the function y;(t) = (¢ — x)yo(t). We have |y ()]

Moreover,

(6)

where ¢f = [ln0; C[0, 1]

By (6), (7), we obtain

(8)
(¢ =) (5)| =

[t —z| < h, |1 (&) = |(t—2)y,(t) +yo(t)| = 1, ‘ygk)(t)‘ =0 for any t € A, when k > 2. Therefore, from
(5) it follows that

</z \p1|qdw(t)>; = HLyl - L‘W(ﬁ)H _
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- ~ _ .l
< 1Ly Law(A)| + llpoyr; Law( B < bllyr; Wi (A +Gbh! 5. 9)
We have

l

(yl ’_ Z( ) (t — 2) D)1= <t—$> <

h

Hence, |
Hyl; W;i,v(A)H = Hy§l); Lp(A)H + (/A (t—=x)n (t ;x> pv(t) dt)p <
< By {(é) cf + (i>07—1 i 1} _ {1 +§; <;>C?j} . (10)

By (8)-(10), we have

1
1 [ - gl
(/ |p1|? dew(t > < b {1+2 (.)C}‘U}%—cabhl My =

=0 M

1

L z L

— b {§ (j>c7j+’50+1} — & bh' T,
=0

Let us assume that for any k£ (1 < k < m) following estimates hold

Hpj; qu‘“(ﬁ)H bR (0<j<k-1).
Then we take y(t) = (t — 2)*yo(t), and we have
ye(t) = (t —2)*,

IO =k(k=1).. . (k—j+D)t—2)7 (1<j<k),

for all ¢ € A. Thus,
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k—1

1
< 0 o 5] b )+ 3 s )]

=0

<.

1
p P

< lb / i ( ) ( (t—=x) )(j) hj_ln(l_j) <H) at | +
~ k! h

+ (/A|yk|pv(t) dt)’l’}Jr
ij)!hk_j </5 |Pj|qdw(t)> < bRt

_l_
<. =
||M|
o —
—~

ol

So, we have
+3h/4 1/a i
/ o1 ()7 duw(t) < bR (h=v"(2), 0 <k <m).
z+h/4

Theorem 2. Let | > m > 1 be integers, 1 < p < oo, 1 < ¢ < 00, Ip > 1. Let the operator L in (4)
be bounded from W}i’v to Lgw. Then (dw(t) = w(t)dt)

Q=

Ry = supv*(z)! ™ » / RO deo(t) o <@ | Ls Wiy Lo||- (11)
x>0 it
Proof. We have the fulfillment of condition (5) with b = HL; W]ﬁyv — LWH . In this case, we have

shown that the following inequality holds

1

+ 3111(:0) q

k-1 ~
ot (2) / oD do(t) ¢ < @ |Li W, = Ly
ot 0
for all > 0. Then it follows the validity of inequality (11). The proof of Theorem 2 is complete.
m
We set R* = Z R}, where R} = Rj, with h(z) = v*(x), and R* = Z Ry.

Theorem 3. Let l > m > 1 be integers, 1 < p < g < co. Let v be in A(5 3)- Let R* < oco. Then the
operator L in (4) is bounded from Wp’v to Lg,,. Furthermore,

R < |1 W, = Lo < R

The statements of Theorem 3 are direct consequences of Theorem 1 and Theorem 2.
Theorem 4. Let I > m > 1 be integers, 1 < p < ¢ < oo. Let v € II; ,(6,7) with respect to the
Lf. h(-) in I. Let p € A™(I). If

1
z+h(x) q
1

Moy = sup h(z) ™7 / @) deo(t) p <00 (=0,1,...,m),
x>0

T
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z+h(x)
_1
Mo =5 h(@)' 7 [ (ol din(t)} < ox,
>0
xT
then € M(W}, — Wi, ). Moreover,
MW}, — W <C M, M,
© ( - qwowl) Z k,,uwo+ O,p,w1 | s

=0

where C' = C(n,l,p,q) > 0.
Proof. We have

o
s W1 = [ (100) ™+ )

Since (uy)"™(t) = Ly, pr = k!(#ik)!u(m_k), it follows that

A W@Wmeﬁ=A Ly |0 (t) dt = | Ly; Lyas|°
and

/0 9w (t)dt < ¢ S Rl (/A Iﬂlqw1> lly; Wy, |7 <
j J

q

1/q
< Suph(x)l_l/p (/ |H|qw1> H?/?W;l;,qu-
xX Aj

Thus, the proof of Theorem 4 follows the lines of the proof of Theorem 1.

Theorem 5. Let 1 < p < ¢ < co. Let [ > m > 1 be integers. If € M(W}, — W, ), then
I

s MW, =W )

’ > C [ZMkng+MO,uw1] )

q,wo,wW1
0
where
4 31)1(3:) q
* o (o \l—k—2 (m—k) (1 |
My o = 51;1:0)1) (x) P i (t)| dwol(t) < 00,

xr= :E_l’_v*ix)

1
M =swo @53 [l den(t) p <.
sy xZO i

The constant C' does not depend on A(-),v and p.
Proof. By p € M (Wl — wm )it follows that

q,wo0,wW1

()™ Lo | oy Lo |

s MWL, — Wi = :
;s WL, | ly; WL

q,wo0,wW1

Then

1(19) "™ Lo |
s MW, = Wit o)l > sup e
0#yew} , H ) p,vH

= (1L Wp.» = Laaoll,
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m
where Ly = > pky(k), P = ck,u(m_k). By Theorem 3, we obtain

k=0

m
l *
i MW = Wity )| 2 0y Jsup My,

q,wWo,wW1
k—0 x>0

Next, we take a function yo(¢) defined as in Theorem 2. Then

z+3v*(x)/4 1/q
( J quw1>

) l m z4v*(z)/4
[l 145 M(Wp,v - quwo,wl)H > ot (2) 1/p ot (@) 1/p >
( Jolws dt) + ( I lwolro(t) dt)

x x

z+3v*(x)/4 1/q
( J \M\qu)

z4v*(z)/4

> ey M

- 1 1/p a+v* (x) p = Orpor
(h””f In@®1p d§> + ( I lwolPo(t) dt)
0

T

Thus, the proof of Theorem 5 is complete.
Corollary 1. Let 1 >m >1, 1 <p < g < oc. Let € C™(I). Then p € M(W} — W, ) if and

q,w0,W1
only if
z+1
U = sup / \,u(m*k)]qdwl <oo (k=0,1,...,m),
z>1
x
r+1
V = sup / |p|? dwoy < oo.
z>1
X
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Ocbreri canmakTbl CoboJieB KEHICTIKTEPiHAeTrT MYJIbTUILINKATOPJIAP

114

2Kymricra Wéw camarkTbl CobosieB KeHICTIriHeH caaMakThl JIeber KeHicTirine OH, HAKTHI KapPThLIAH Ty3Yy-
Jle ocep eTeTiH 6ip affHbIMabI ArddEePEeHITHAIBIK, OTIEPATOPIBIH IIEKTETY1 VIITH KAXKETT] YKoHe JKETKITIK-
Ti maprTap aubikTasarad. Jluddepennmnanabik omepaTopaapabiH Ko3MOOUIMEHTTEPIH MYIbTHILIHKATOPIAD
perinzie KapacToipy 3aHbl ekeni Gesrisii. Canmakrsl CoboJIeB KEHICTIKTEPiHIEe HYKTEIK MyJIbTUILIINKATOD-
aap enrisinren. 2Kasner tunti caamakrapsr 6ap (W1, Wa) canvakrsr CoGosieB KeHiCTIKTepiHIH »Ky6bl yIITiH
M (W1 — W>) KeHiCTITiHIH cHIATTAMACH] AJIBIHFAH.

Kiam cesdep: CoboseB KeHicTiri, HyKTeJiK KOOEHTKII, cajMaKThl KeHICTIK, JuddepeHualiIbIK, OePaATOp,
pykcatr erijireH GpyHKIMsA, Oasly Bapualus MapThl, OTe0aeB (OyHKIUSIICHI.

A. Meipzarauesa

Astana IT University, Hyp-Cyaman, Kasaxcman

MyabTUIINKATOPhI B BeCOBBIX ITpocTpaHcTBax CoboJieBa Ha ocu

B craThe ycraHOBIIeHBI HEOOXOUMBIE U JIOCTATOYHbBIE YCJIOBUS OIPAHUYEHHOCTH JIuddEPEHIUAILHOIO Olle-
paTopa OJHOI IepeMeHHOM, TeHCTBYIONEero u3 BecoBoro npocrpancrsa CoboseBa W,lw B BECOBOE IIPOCTPAH-
ctBO Jlebera Ha OIOXKUTETHHO BEIIECTBEHHON MOIYIPsIMOit. XOPOIITO H3BECTHO, ITO KOIMMUIIMEHTHI Tud-
depeHInaIbHBIX OIEPATOPOB ECTECTBEHHO PACCMATPUBATH KAK MYJIBTHIUIMKATOPLI. Mbl BBOJAMM TOYEYHbIE
MYJIBTHILTMKATOPBI B BECOBBIX npoctpancTBax Cobosesa. [lomyveno omucanme npocrpanctsa M (W1 — Wa)
JU1s Tapbl BecoBbix npoctpancts Cobosesa (Wi, Wa) ¢ Becamu obmiero tuma.

Karoueswie caosa: npocrpanctBo CobosieBa, TOYEUHBINH MYJIBTUILIMKATODP, BECOBOE IIPOCTPAHCTBO, Audde-
PeHIMAIbHBIA OIepaTop, JOnycTuMast (PYHKIMs, YCJIOBUE MeJJIEHHOro Kojebanusi, pyuknust OrennrbaeBa.
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