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A different look at the soft topological polygroups

Soft topological polygroups are defined in two different ways. First, it is defined as a usual topology. In the
usual topology, there are five equivalent definitions for continuity, but not all of them are necessarily
established in soft continuity. Second it is defined as a soft topology including concepts such as soft
neighborhood, soft continuity, soft compact, soft connected, soft Hausdorff space and their relationship
with soft continuous functions in soft topological polygroups.
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1 Introduction

The real world is full of uncertainties. To support these uncertainties, we insert soft sets into
mathematical structures. As polygroups have the closest properties to groups among all hyperstructures,
we combine polygroups with soft sets and usual topologies, then introduce soft topological polygroups
and provide their examples. We are interested in making connections between complete parts in
polygroups with closure of soft topological polygroups, continuous function, and usual topology. Then
we enter the soft topology and present a combination of the polygroups and the soft sets with the soft
topology and another definition of the soft topological polygroups.

The efforts of many scientists were used in this direction, including G. Oguz [1], Heidari et al. [2],
Cagman et al. [3], Wang et al. [4], Shah and Shaheen [5], Davvaz [6], Maji [7], Mousarezaei and Davvaz
[8], Nuzmul [9], and Hida [10]. Figure 1 shows the relations between polygroups, topology and soft sets,
where each item is studied and investigated by many authors.
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Figure 1. Relations between polygroups, topology, and soft sets
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In [8], R. Mousarezaei and B. Davvaz made a soft topological polygroup over a polygroup. The ideas
presented in this article can be used to build more polygroups and more soft topological polygroup.

This paper aims to combine soft sets, topology, and polygroups from different point of view. Also,
the concepts of soft neighborhood, soft continuity, soft compact, soft connected, soft Hausdorff space
appear and their relationship with soft continuous functions in soft topological polygroups are studied.

To consider soft topological polygroups which represent a generalization of topological polygroups,
this paper is constructed as follows: after an introduction, Section 2 contains a brief review of basic
definitions related to soft sets and polygroups that are used throughout the paper. Section 3 studies two
different definitions of the soft topological polygroup. Attributes are given for each definition along with
examples. In continuing the connection between the complete parts and the soft continuous function,
soft Hausdorff space, soft Ty space, soft 71 space, soft open covering, soft compact, soft connected in
soft topological polygroups are studied.

2 Basic definitions
2.1 Soft Sets

Let U be an initial universe, P(U) denote the power set of U, and P*(U) be power set without &.
Suppose that E is a set of parameters and A is a non-empty subset of E. A pair (I, A) is said to be a
soft set over U, if F: A — P(U) is a function.

Let (F, A) and (G, B) be soft sets over U. In this case, we have the following compliments:

o (F, A) is a soft subset of (G, B) and denoted by (F, A)C(G, B)) if A C B and F(a) C G(a) for all
acA

o (IF, A) is soft super set of (G, B) and denoted by (F, A)S(G, B) If (G, B)C(F, A).

e (F, A) is soft equal (G, B) and denoted by (F, A)=(G, B) if (F, A)C(G, B) and (G, B)C(F, A).

o (F, A) is a absolute soft set and denoted by U If F(a) = U for all a € A. The set Supp(F, A) =
{a € A :F(a) # @} said to be the support of the soft set (F, A). A soft set is called non-null if its
support is not equal to the empty set.

e (F, A) is a null soft set and denoted by & if F(a) = @ (null set) for all a € A. If A is equal to E
we write F instead of (F, A).

e Let 0 : U — U’ be a function and F(resp.F’) be a soft set over U(resp.U’) with a parameter set E.
Then 6(F)(resp.0~1(F)) is the soft set on U’(resp.U) defined by (8(F))(e) = 0(F(e))(resp.(6~1(F"))(e) =
0~1(F (e)))-

e Use hat (\) to distinguish "soft"objects from usual ones. For example, for a subset X of U, X
denotes the soft set satisfying that X (e) = X for all e € E.

e We write F;AFy for the soft intersection of F; and Fy, where it is defined by (FlﬁFg)(e) =
Fi(e) NFa(e) for every e € E.

e The soft union of F; and Fa, will be denoted by F;UF, is defined by (F1UF2)(e) = F1(e) UFa(e)
for all e € E.

e We will use the symbol F¢ to denote soft complement of F and is defined by F¢(e) = U \ F(e)(e €

e Let IF be a soft set over U and x be an element of U. We call z is a soft element of F, if z € F(e)
for all parameters e € E and denoted by 2€F.

2.2 Polygroups

e Let H be a non-empty set, the couple (H, o) is called a hypergroupoid if
o: H x H+— P(H*) be a function, the combination of two subset A and B of H is defined as

AoB=|JaoBandaoB= |J aob.
acA beB
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e A hypergroupoid (H,o) is called a quasihypergroup if for every h € H, ho H = H = H o h and
is called a semihypergroup if for every ¢,u,w € H, to (uow) = (t ou) o w. The pair (H, o) is called a
hypergroup if it is a quasihypergroup and a semihypergroup [11,12].

e Let (H,o0) be a semihypergroup and A be a subset of H. Say that A is a complete part of H if
for any n € N and for all aq,...,a, of H, the following implication true:

AﬂHai;é@:> HCLZQA
i=1 =1

The complete parts were introduced for the first time by Koskas [13].

e Let (P, o) be hypergroup and have other additional features. If there exist unitary operation ~
on P and e € P with the property that for all p,q,r € P, the following items be true;

(A) (pog)or=po(gor),

(B) eop=poe=p,

(C) Ifpeqor,theng€portandrcqglop.
In this case, hypergroup P is called polygroup.

e The following results follow from the above axioms:

ecpop tnplopet=c (pHt=p and (poq)~! =¢ top ! A nonempty subset Q of a
polygroup P is called a subpolygroup of P if and only if for all z,y € @ follows that z oy C @ and for
all z € Q follows that 2! € Q.

e Let P be polygroup and (I, A) be a soft set on P. Then (F, A) is called a (normal)soft polygroup
on P if F(x) is a (normal)subpolygroup of P for all € Supp(F, A).

1

1 1

Ezample 1. Let P be {e,a,b,c} and multiplication table be:

o ‘ e a b

ele a b c
ala {ea} c {bc}
b|b c e a
cle {bec} a {ea}

Then P is a polygroup. Let F, A) be a soft set over P, where A equal with P and define F : A — P(P)
by F(z) = {y € P|zRy < y € 2?} for all x € A. In this case, we will have F(e) = F(b) = {e} and
F(a) = F(c) = {e, a} are subpolygroups of P. In conclusion, (F, A) is a soft polygroup over P [4].

3 Soft Topological polygroups

Let (P, T) be a topological space, where (P,0,e,71) is a polygroup. Then the (P, T) is called a
topological polygroup if the following axioms hold:

(1) The mapping o : P x P —— P(P) is continuous, where o(z,y) = z oy,

(2) The mapping ~! : P — P is continuous, where ~!(z) = —z.

Definition 1. [8] Let T be a topology on a polygroup P. Let (IF, A) be a soft set over P. Then the
system (I, A, T) said to be soft topological polygroup over P if the following axioms hold:

(a) F(a) is a subpolygroup of P for all a € A,

(b) The mapping (x,y) — x oy of the topological space F(a) x F(a) onto P*(F(a)) and mapping
o+ z~! of the topological space F(a) onto F(a) are continuous for all a € A.

Topology 7 on P induces topolgies on F(a), F(a) x F(a) and P*(F(a)).

Ezxample 2. Let P be {1,2} and its hyperoperation be as follows:
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Hyperoperation % : P x P — P(P) and inverse operation ~! : P — P are continuous with topology
Ti ={@,P,{1}} but % : Px P — P(P) is not continuous with topology T2 = {&, P,{2}}. Therefore,
P with T1, Tais,Tnais is topological polygroup. Subpolygroups of P are &, P,{1}. Let A be arbitrary
set and a1, a2 € A and define soft set F:

{1} if z=ay,
Flz)=¢ P if z=as.,
%) otherwise.

Therefore, (F, A, T7) is a soft topological polygroup.
Example 3. Let b\4 be {1,2,3,4,5} and its hyperoperation be as follows:

«|1]2]3]4 5
1[1(23]4 5
212143 5
3/3[4]1]2 5
14]3]2]1 5
5/5(5]|55]{1,2,3,4}

Hyperoperation  : l/)z X l/)\4 — 73(13:1) is not continuous with the following topologies:

Ti = {2, Ds. {1}} T = {2, D1, {2}}
73:{@71/%1»{3}} ﬁ:{®7%7{4}}
7?’):{®79\47{5}} %:{Q)Q\ﬁh{172}}
7-7:{@713\4>{1a3}} 752{@71)/4\7{174}}
T {20y {15} Tio— {2, Du {2.3})
T = {®>Z/)ﬁ1’ {274}} T2 = {@,13\4, {Qa 5}}
Tiz = {@71/)\4, {374}} Tia = {Qagih {3’ 5}}
Tis = {®712i1a {475}} Tie = {Qvl/)\ﬁlv {L 2a3}}

Tir =1{2,D4,{1,2,4}}  Tis = {9, D4,{1,2,5}}
Tio ={2,D1,{2,3,4}}  Tao = {2.D4,{2,3,5}}
To1 = {@,9&, {2,4,5}} T2 = {Qa&lv {3’4’ 5}}
Tos = {9, D4,{1,2,3,4}}  Taa = {9, D4,{1,2,3,5}}
Tas = {2, D1, {2,3,4,5}}.

This means that (1/3\4,7711-8) and (5\4,’7;6;,-5) are topological polygroups. Subpolygroups of 5\4 are &,
Dy, {1},{1,2},{1,3},{1,4},{1,2,3,4}. Let A be a arbitrary set and aj,as,as,as,a5 € A. Then we
define a soft set F by

({1} ifx =ay

{1,2} if x = a

) {13} if v = ag

F(z) = {1,4} if z=ay
{1,2,3,4} ifz=uas

1%} otherwise.
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Since restriction of topology 75 = {@, Dy, {5}} to subspaces F(z) are discrete or anti-discrete topologies
(F, A, Ts) is a soft topological polygroup. With this method we can make many examples of soft
topological polygroups.

Definition 2. Let (F, A,T) be a soft topological polygroup over P. Then the closure of (F, A, 7T)
denoted by (F, A, T) and defined as F(a) = F(a) where F(a) is the closure of F(a) in topology defined
on P.

Theorem 1. |2] Let A and B be subsets of a topological polygroup P with the property that every
open subset of P is a complete part. Then

(1) AoBC Ao B,

(2) (A)1=(AD).

Theorem 2. |2] Let P be a topological polygroup with the property that every open subset of P is
a complete part. Then

(1) If K is a subsemihypergroup of P, then as well as K,

(2) If K is a subpolygroup of P, then as well as K.

Theorem 3. [8] Let (F, A, T) be a soft topological polygroup over a topological polygroup (P, 7)
and every open subset of P is a complete part. Then the following are true.

(1) (F, A, T) is also a soft topological polygroup over (P, T),

(2) (F,A, T)C(F,A,T).

e Now instead of the usual topology we use the soft topology to define the soft topological polygroup
based on [10].

e A family 6 of soft sets over U is called a soft topology on U if the following axioms hold:

(1) @ and U are in 6,

(2) 6 is closed under finite soft intersection,

(3) 6 is closed under (arbitrary) soft union.

e We will use the symbol (U, 0, E) to denote a soft topological space and soft set F is called a soft
close set if F€ is soft open set, where each member of 6 said to be a soft open set.

Ezample 4. Let U be Zy and 0 be {&, {es} x ZQ,Z;}, where E' = {e1,es} and {es} x Zy be soft
set F : B —— P(Zy) with the property that F(e1) = @;F(e2) = Za. Then (Z2, 0, E) is soft topological
space.

Ezample 5. Let P be {1,2} and hyperoperation % be as follows:

x]1] 2
11] 2
{1,2}

polygroup P with topology 8 = {&, {es} x P, ﬁ} is a soft topological space.
Ezample 6. Let P be {e,a,b,c} and hyperoperation o be as follows:

o]l

[ a [b] ¢ |

e b

e a b c
a|{e,a} | c|{bc}
b c e a
c| {byc} |al{ea}

polygroup P with topologies 8; = {3, {e1} x P, ]3}, 0y = {3, {ea} x P, 13} are soft topological spaces.

QOIS
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e The closure of F is denoted by F and is defined by soft intersection of all soft closed supersets of
F, where F is soft set over U.

e A soft set IF said to be a soft neighborhood of x if there exists a soft open set G with the property
that z€GCF, where z be an element of the universe U. The soft neighborhood system of x we will
consider the collection of all soft neighborhoods of z.

e Let V be a subset of the universe U. A soft set F said to be a soft neighborhood of V' if there
exists a soft open set G with the property that VCGCF (i.e. Ve € E : V C G(e) C F(e)).

In this section, we will define soft continuity and express its equivalent theorems, then define
soft topological polygroups with the idea of Hida [10] and study the properties of soft topological

polygroups.

Definition 3. Let Pj, P> be polygroups and (P, 601, E), (P, 62, E) be soft topological spaces. The
function ¢ : (P1,01, E) — (P, 02, F) said to be a soft continuous function if for all x € P; and for
all soft neighborhood F . of o(z), there exists a soft neighborhood F, of = with the property that
©(F2)CF ()

Theorem 4. Let ¢ : (P1,01, E) — (Py,02, E) be a function such that for all soft open set F' € 6
the inverse image ¢~ !(F’) is soft open set if and only if for every soft closed set F’ the inverse image
¢ 1(IF") is soft closed set.

Proof. This is easily seen to be an equivalence relation.

Theorem 5. Let ¢ : (P1, 01, E) — (P, 02, E) be function. For every soft closed set F’, the inverse
image ¢~ !(F’) is also soft closed if and only if for all soft set F, o(F)Co(F).

Proof.
(i) <= Let F’ be a soft closed set. Then we have (o~ (F'))CF. The soft closeness of ', together

with the assumption (for all soft set F, we have ¢(IF)Cp(F), proves that

(o7 1(F))) S (o~ (F))CF'.
Therefore, it holds that =1 (F)Ce ' (F')Cp~1(F'), which shows that o1 (F) is soft closed.
(ii) = We have FCyp~!(¢(F)) for any soft set IF. Since (for every soft closed set I, the inverse
image ¢~ !(F’) is also soft closed, we have FCp~!(¢(F)). Thus, we have

P(F) (e~ (0(F)) =0 (F).

Theorem 6. Let ¢ : (P1,01, E) — (P2,02, FE) be a function. If for all soft open set F' € 65, the
inverse image ¢~ !(F’) is also soft open set then ¢ is a soft continuous function.

Proof. For all x € Py and a soft open neighborhood F’ of ¢(z), ™ (F’) is a soft open set having x
as a soft element. Since (¢~ 1 (F'))CF, give F = ¢~ }(F’) in this case p(F)CF’.

Ezample 7. The opposite Theorem 6 is not true.
Let P, be < {e},61,{a1,a2} > and P, be < {e}, b2, {a1,a2} >, where

0 = {@a {(ahe)? (a2’6)}}’
o = {@7 {(a27e)}7 {(ahe)? (ane)}}'

The unique soft neighborhood of the point e is {a1, as} x {e} in O2. The inverse image of {a1,as2} x {e}
under id : P — Py is {a1,a2} x {e}. Thus id : P, — P» satisisfies in the second part of Theorem 6,
but id=*({(az,e)}) is not soft open in P;.

Definition 4. A bijection ¢ : P| — P5 said to be a soft homeomorphism between (P, 6, E) and
(P, 0o, F) if ¢ and ! are soft continuous.
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Theorem 7. Let ¢ : (P1,01, E) — (Pa,02, E) be a soft continuous function. Then for all soft open
set Fy € 6, there exists a soft open set Fq € #; with the property that for all € P;; z€F; if and only
if :Iz/égo_l(Fg).

Proof. For every © € P; with go(x)/E\IE‘g, choose a soft open F, € ; with the property that z€F,
and @(Fm)i]Fg. Then define F; = (J{F.|z € Py, o(z)€F2}, Fy; has the required properties.

Definition 5. Let (P,o,e,”!) be a polygroup and 6 be a soft topology on P with a parameter set
E. Then (P, 6, E) is a soft topological polygroup if the following items are true:

(i) For each soft neighborhood Fjo4 of p o ¢, where (p,q) € P x P there exist soft neighborhoods
F, and F, of p and ¢ with the property that I, o F,CFpoq,

(ii) The inversion function ~! : P — P is soft continuous.

Every soft topological group is a soft topological polygroup.

Ezample 8. Let E be {e1, ea} and @ be {&, {(e1,1)}, Z}} In conclusion, (Ze, 8, E) is a soft topological
polygroup.

Ezxample 9. Show that (R, 0, E) is a soft topological group, where E = {ej,ea} and 6 is the soft
topology generated by the following subbase:

{Z,R}U{{(e1,7), (e2,2)|r —e < & <1+ €}r € R,e > 0}.

Ezxample 10. Every polygroup with discrete or anti-discrete topology is soft topological polygroup.
Ezample 11. Let P be {e,a,b,c} and hyperoparation o be as follow:

[o]e] (o] ¢ |
el e a b c
all al{ea}|c|{bc}
) c e a
cllc|{bc} |al{ea}l

Let E be {e1, ea,e3}. Then polygroup P with topologies

61 ={2,{e} x P, P}

02 = {2, {e2} x P,P}

93:{§7{63}X{a7b}7p} R

03 = {?, {es} x {a,b},{e1} x {e,b}, P} R
0y = {9, {es} x {a,b},{e1} x {e,b},{e2} x {e,b,c}, P}

are soft topological polygroups.

Theorem 8. (P,0, E) is a soft topological polygroup if and only if for all =,y € P and for each soft
open set F with z o yilgﬁ‘, there exist soft open sets F,,IF, with the property that x@Fm,y/E\IFy and
F, o F,'CF.

Proof. = From item (i) of Definition 5 we know that there exist soft open sets F,,F,-1 with the
property that z€F,, y_l/éFy—l and Fy oF, CF. From item (ii) Definition 5 we know that there exists
a soft open set [, satisfying y€F, and (]Fy)_lé]Fy—l. In conclusion, z€F,, y€F, and F, o (Fy)_léFx o
Fy CF. < Let F be a soft open set with the property that z='€F. Since 7! = eoz ™!, there exist soft
open sets F., F, with the property that e€F., z€F, and F. o F;li}F. In conclusion, F;liFeg F;liﬂ?,
which that the item (ii) of Definition 5 is proved. Let F be a soft open set satisfying = o yCF. Since
roy =xzo(y )7t we can find soft open sets Fy,F,-1 with the property that m@]Fx,y_l/éFy_1 and
F,o (]Fy71>_1§]F. Since ~! : P — P is soft continuous, we can find a soft open set [F, with the property
that y€F, and F;lgﬁ‘yq. In conclusion, F; o Fy=F, o ((Fy)*l)*li]Fm o (Fy—l)iléF.
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Definition 6. Let (P, 6, E) be a soft topological polygroup and for all z,y € P with x # y, there
exists a soft open set F with the property that either z€F AVe € E(y ¢ F(e)) or y€F AVe € E(z ¢
F(e)) holds, then (P, 0, E) is a soft Tpspace.

Theorem 9. Let ¢ : (P1,01, E) — (Py, 603, E) be a soft continuous injection and (P, 02, E) be a
soft Tospace. Then (P01, E).

Proof. Let (Py,03, E) be a soft Topspace and ¢ be a soft continuous injection, if z,y € P; and
x # y then p(x),¢(y) € Py and p(x) # ¢(y), on the other hand, (P», 609, F) is a soft Tpspace hence
there exists a soft open set F with the property that ¢(z)€F or o(y)EF. Without loss of generality let
©(z)€F then since ¢ is continuous, there exists F, € #; with the property that z€F, and @(Fx)i]F
hence €F A Ve € E(y ¢ F(e)).

Definition 7. Let (P, 60, E) be a soft topological polygroup and for every distinct points z1,x9 €
P, there exist soft open sets Fq,Fy with the property that both z;€F; AVe € E(z2 ¢ Fi(e)) and
19€Fy A\ Ve € E(z1 ¢ Fa(e)) hold, then (P, 6, E) is a soft Tyspace.

Theorem 10. Let ¢ : (Py,01, E) — (P, 62, E) be a soft continuous injection and (P, 03, E) be a
soft Tispace. Then (P1,01, E).

Proof. 1t is simillar to the proof of Theorem 9.

Definition 8. Let ¢ : (P1,01, E) — (Ps, 62, E) be a soft continuous injection and for every distinct
elements x1,z9 € P, there exist soft open sets Fy,Fy € 0 with z1€F,22€Fy and F,1Fy = @, then
(P,0, EF) is a soft Hausdorff (or soft Taspace [14]).

Ezample 12. Let R be real number, FE be {e1, ez}, and 6 be the soft topology generated by the
following subbase:

{8, R} U {{(e1,7), (e2,2)[r —e < & <+ €}r € R,e > 0}.
It can be shown that (R, 0, E) is a soft Hausdorff space.

Theorem 11. Let ¢ : (P1,01, E) — (P, 602, E) be a soft continuous injection and (P, 03, E) be a
soft Hausdorff space. Then (P, 01, F).

Proof. Take distinct elements x and y from P;. We can separate ¢(z) from ¢(y) by soft open sets,
Fo@), Fo(y)- Since ¢ is soft continuous, we have soft open neighborhoods F,[Fy of x,y, respectively,

satisfying that @(Fz)@ﬁ‘cp(x) and go(Fy)§F¢(y). Clearly F, and [, separate x from y.
Definition 9. Let (P, 6, E) be a soft topological polygroup and for every x € P, every soft neighborhood
of = contains a soft closed neighborhood of z, then (P, 0, E) is a soft regular space [14].

Ezample 13. Let P be Zy and E be {ey, ea, e3}. Define soft topology 6 on P by 6 = {2, {(e2, 1)}, P}.
Since in soft topological polygroup, every point € P has only one soft clopen neighborhood P, it is
obvious that soft space is soft regular.

Definition 10. A family C of soft open sets over P is said to be a soft open covering of P if for all
x € P there exists an F € C with the property that z€F.

Definition 11. A soft space (P, 0, E) is soft compact if for any soft open covering C of (P,0, E),
there exist Fy,...,[F,, € C with the property that {Fy,...,F,} is a soft open covering.

Theorem 12. If V is soft compact with respect to 61, then so is (V') with respect to 62, where
¢ : (P1,01,FE) — (Pa,02, E) be a soft continuous function and V' C P; be a subset.

Proof. Let C’ be a soft open covering of ¢(V). For every v € V, there exists an Gfp(v) € C’ with
the property that g@(v)/E\G; ()" Since ¢ is soft continuous, there exists a soft open neighborhood G, of
v with the property that W(Gv)éG; () Then the family {Gy|v € V'} is a soft covering of V. V is soft

compact with respect to 61, there exist vy, ..., v, € V with the property that {G,, }?_; is a soft covering
n

of V. Thus we have @(Gvi)i(@:&(vi), in conclusion {G:O(Ui ?_, is a soft covering of p(V).
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Definition 12. If for any soft open covering Iy, of X subject to the condition that Pz €
X (2€F; \ z€Fy), cither Yz € X (z¢F;) or Vo € X(x¢F3) holds, then subset X of P said to be
soft connected.

Ezample 14. Let E be {e1, ez} and 0 be {3, {(e1, 1), (2, 0)},{(e1,0), (eg,T)},Z} on Zsy. In this
case, since both 0 and 1 have only one soft neighborhood Zg the soft topological polygroup (Zs, 0, E)
is soft connected.

Ezample 15. Let Z be integer numbers and consider soft topological polygroup (Z,0, F) where
= {e1,e2} and 6 = {@,Z} U {{e1} x S|S C Z}. Since Z is the unique soft neighborhood of i € Z
thus (Z,0, F) is soft compact and also soft connected.

Theorem 13. If both X; and X5 are soft connected then X; U X5 is soft connected, where X7 and
X, are subsets of P having non-empty intersection.

Proof. Suppose that {F1,Fy} be soft open covering of XU Xs Since {F1,Fs} is a soft open covering
also of X;. Without loss of generality assume Vz € Xl(z:éIFl). In particular, x%Fl holds for every
r € X1 N Xo. Suppose that for the contradiction that there were a z € Xy with the property that
2€F;. Since {F1,Fo} is a soft open covering of X, it would hold that ¥z € X3(2¢Fs). In particular,
CU%FQ holds for every x € X1 N X5, which gives a contradiction. Therefore, Vz € Xg(z%Fl) holds; so
has obtained Vz € X U XQ(Z%Fl).

Theorem 14. If ¢ : (P1,01,E) — (P,02,FE) is a soft continuous and X subset of P is soft
connected, then ¢(X) is soft connected.

Proof. Let X be a soft connected subset of P;. Select an arbitrary soft open covering ;{F’I,F’Z}
of ¢(x). By Theorem 7, there exist soft open sets F; € 6; with the property that ¢(F;)CF, and
Vy € Py(y€F, if and only if y€¢(F;))(i = 1,2). Thus for every x € X, exactly one of z€F; and 7€F,
holds. Since X' is soft connected, there is no loss of generality in assuming Vo € X (.%‘%Fl) Therefore
have Yy € o(X)(y¢»(F1)), and Vy € o(X)(y¢F7).

Theorem 15. If ¢ : (P1,61,FE) — (P2,02,F) is a soft homeomorphism, then X C P is soft
connected if and only if ¢(X) is soft connected.

Proof. We have showed a left-to-right direction in the previous theorem. The converse direction
follows from the same argument applied to ¢ .

Definition 13. We say that Property P of soft topological polygroups is a soft topological property
if the following condition holds for any soft space (P,0, E).

A soft space (P, 0, E) has the property P if and only if every soft space which is soft homeomorphic
o (P,0, E) has the property P.

Theorem 16. Soft compactness and soft connectedness are soft topological properties.

Definition 14. For every soft topological polygroups (Py, 01, E) and (Ps, 02, E), the set {F; xFo|F; €
01,Fo € 63} generates a soft topology 6% over P x Ps. The soft space (P, X P2, 6%, F) said to be

the soft product of (P, 01, FE) and (P», 602, FE), where F; x [Fy is the soft set on P; x P, defined by
(Fy x Fa)(e) :==Fi(e) x Fy(e) for every e € E.

Theorem 17. The soft product of every two soft Tospaces is a soft Tospace.

Proof. Suppose that (P,0, E) and (P',0', E) are soft Tospaces. Take distinct points (z,2'), (y,y') €
P x P'. Without loss of generality, suppose that x # y. Since (P, 0, E) is a soft Tpspace, there exists a

soft open set F with the property that either 2€F A Ve € E(y%Z\IF(e)) or y€F A Ve € E(xélﬁ‘(e)) holds.
Thus we have:

(z,2")EF x P AVe € E((y,y') ¢ F(e) x P)
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or

(y,y/)EF x P AVe € E((z,2') ¢ F(e) x P).
Theorem 18. The soft product of every two soft Ty spaces is a soft Tispace.
Proof. It is clear.
Theorem 19. The soft product of every two soft Hausdorff spaces is a soft Hausdorff space.
Proof. 1t is clear.

Theorem 20. Let h be an element of a polygroup P and (P, 0, FE) be soft topological polygroup.
Then:

(i) ¢r(h) : P — {hoz}rep;z > hox( wr(h) : P — {hox}lep;z — x o h) is a soft
homeomorphism.

(i) ¢(h): P+—>{hoxoh '}ep;z+— hoxoh !is a soft homeomorphism.

Proof. For every h,x € P and a soft neighborhood F of h o x, by the definition of soft topological
polygroup, there exist soft neighborhood Fj, and F,, of h and x with the property that FpolF, CF. Thus,
we have @ (h)(F,) = (h o F,)CF}, o F,CF, in conclusion ¢z (k) is soft continuous. Since ¢, (h) is soft
continuous for each h € P, for both h and A, the first case follows at once by (o1 (h))™' = o (h71).
The second case can be proved similarly.

Theorem 21. For every soft topological polygroup (P, 8, F), the following items are equivalent:
(i) (P, 0, F) is a soft Tpspace,

(ii) (P,0,E) is a soft Tyspace,

(iii) (P, 0, F) is a soft Hausdorff space.

Proof. (i) = (ii) We prove that {/e\} is soft closed. For this, note that every x # e can be separated
from e by a soft open set. Take an = € p\ {e} arbitrarily. By the item (i), there exists a soft open
set F with the property that either 2€F A Ve € E(e ¢ F(e)) or e€F A Ve € E(x ¢ F(e)) holds. If
the first happens, it is done. In the second property, the soft continuity of ¢y (x) and the inversion
~1: p+—— P guarantees the existence of a soft set [/ satisfying that 2€F’ and x o (F’ )_1@?. Thus, we
have F'CF~' o z. If e were in F'(e) for some e € E, then we would have e € u! o z for some u € F(e).
Thus z is equal to u(€ F(e)), contradicting the assumption that Ve € E(x ¢ F(e)). Therefore, e is not
in ' (e) for any e € E, in conclusion {e}AF’ = & holds for this soft neighborhood F’ of x. Take every
distinct x, y from P. Since 2! oy is a soft subset of a soft open set {e}°, the soft continuity of ¢ (z 1)
implies the existence of a soft open set F with the property that y€F and ' o Fi{e}a. In conclusion,
this soft open set [ satisfies Ve € E(z ¢ F(e)).

(1i) = (i) it is clear.

(ii) = (4ii) Take x # y from P. Since e # ! oy, item (ii) implies thatA{:L’fl?y}c is soft open.
Take a soft neighborhood F of e with the property that F o F_lé{xfl?y}c. Suppose that for the
contradiction, for some e € F, the soft sets x o F(e) and y o F(e) had a common element, say g. Take
gexoh,ge€yok for h,k € F(e). However, then we would have

gltehloxlgcyokThusec h oz toyokthenh € x loyok hence hok™ Ca~loy
and ho k™! C F(e) oF(e)~" and F(e) o F(e)* C {z ' oy}® then (hok™1) C (L oy) N {z~toy}°.
This is a contradiction. In conclusion x o FNy o F=@. The soft continuity of o (z~1)(resp.or(y™1)),
presents a soft open F,(resp.F,) with the property that x@Fmix o F(resp.y@lﬁ‘yéy o IF. Obviously, F,
and Iy are soft disjoint, as

F.AF,Cx o Fiiy o F={.

(#i1) = (i1) it is clear.
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Definition 15. The soft connected component of x, is the largest soft connected subset of P
containing x, for every = € P.

Definition 16. The soft connected component of P is the soft connected component of e € P.

Theorem 22. Let N, be the soft connected component of P. Then, for each ¢ € P the connected
component of g is g o IV,.

Proof. If Ny be The soft connected component of ¢ by Theorems 14 and 20 ¢ o N. C N, since
go N is a soft connection containing of g. Notably N, oq C N, Nonetheless, N, C N, o ¢! C N, then
N, = N,oq ! in conclusion N, o g = N,.

Theorem 23. If N is a soft connected component of P, then N is normal subpolygroup of P.

Proof. Suppose that a,b € N Since ' : P — P is soft homeomorphism and

or(h) : P — {houa}ep;x — hox(resp.pr(h) : P — {x o h}zep;x — x o h) are soft
continuous. By Theorems 14 and 15 a o N~ is soft connected. Since a o N~! contains e € aoa™!, we
have a o N~! C N. Obviously, aob™! C ao N7!, thus have a o b~! C ao N~! C N. This proves that
N is a subpolygroup of P. Note that both a='o N oa and ao N oa™! are soft connected, and contain
e. Above all N is the largest soft connected subset containing e, we have a ™' o N oa and ao N oa™!

are a subset of IV, in conclusion, N is normal subpolygroup of P.

Theorem 24. Let H and K be soft connected subsets of a soft topological polygroup P. Then H o K
subset of P is soft connected.

Proof. Suppose that {F1,Fo} is a soft open covering of H o K with the property that fig € H o K
satisfies both g€F; and g€F,. Due to the Theorem 14, h o K = (¢ (h))(K) is soft connected for
each h € H. Note that {IF1,Fs} is a soft covering of h o K for all h € H. Take an h € H arbitrarily.
We suppose that Vg € ho K (g;,‘é\IF 1) without loss of generality. Assume for the contradiction that
dg’' € h' o K(g'€Fy) holds for some B € H. Select a ¢’ from h' o K, and deposit ¢’ € M/ o k'(K' € K). In
conclusion, both (Vt € ho K’ )t¢IF1 and b’ ok’ 3 ¢’€F; are true, contradicting the soft connectedness of
Hok'. Thus, Vg € ho K(gg_fIFl) holds for each h € H. Notably, Vg € H o K(ggﬂﬁ‘l) Therefore, H o K

is soft connected.

Theorem 25. If H is a subpolygroup of P with the property that H is soft open, then H is soft
closed.

Proof. Suppose that P = HU(J,cq H ©ga) is a right coset decomposition. First, prove that m
is soft open for all @ € Q. For all h € H, from the soft continuity of pr(g;!), it can be select a soft
nelghborhood Fhog, of ho Jo with the property that Fjog, 0 galCH Above all for every |/ h € H, we
have heUheHIFhog 0 g CH. Therefore H= UheHFhoya ogyt, and H o g is soft equal to UheHIFhOga

As a soft union of soft open sets Fy,oq, , f_@ is also soft open.

~

In summary, |J aeQH/oEl is soft open as it is the soft union of soft open sets. Therefore H =
G\ UneaH © ga is soft closed.

Theorem 26. Let H be a subpolygroup of G. His soft open if and only if there exist an h € H and
a soft neighborhood F of h with the property that FCH.

Proof. = Select h and F as above. For every h' € H, there exists a soft neighborhood F}, of A’
with the property that ho(h')~ oIF‘;l,CIE‘ as or(ho(h')™1) : P+— {ho (h’ Lox}eep is soft continuous.

Since F;L,Ch’ oh~1oF and H is a subpolygroup we have F;,Ch/oh~! o FCH. Thus H= UheH , is soft
open.
<=: It is clear.
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Conclusion and Future Work

This study presented two different definitions of the soft topological polygroup. The authors
provided attributes for each definition along with examples. The connection between the complete
parts and the concepts such as soft continuous function, soft Hausdorff space, soft 7y space, soft Tq
space, soft open covering, soft compact, soft connected in soft topological polygroups was examined.

Lastly, necessary arrangements were made.
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P. Mycapezau, B./laBBa3

Mamemamuxa 2viavimoapsv. xKagedpaco, Hesd ynusepcumemi, Hesd, Hpan

2KyMcak TomoJIornsjiblK, MOJIMTPYIIIaJIapFra Tarbl 0ip Ke3Kapac

ZKyMcax, TOIOJIOTHSIIBIK, ITIOJIUTPYIIIAIap €Ki TYpJIi »KOJIMEH aHBIKTaJIa bl BipiHmi aHBIKTaMaa TYPAKThI
TOTIOJIOTHS, &J1 €KIHIIN AHBIKTaMAaIa YKYMCAK, TOIMoJIOrus 6ap. EXiHIN aHbIKTaMa a KyMCcak, MaHa, JKyMCaK,
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y3lmicci3mik, KyMcakK KOMIIAKT, »KYMCak OaijIaHbIC, KYMCAK, XaycIopd KEHICTIr CHUSKTBI YFBIMIAD Taii-
Ja 6oIaIbl XKOHE OJIAPJIBIH XKYMCAK, TOTOJIOTHSIIBIK, TOJTUIPYIIAJIapIaFbl XKYMCAK, Y3/IIKCI3 (OyHKIUIIAp-
MeH OaitaHbIChl 3eprresiedi. KomgiMri Tomoorusiaa y3aikci3aikTin 6ec baiaMalibl aHbIKTaMachl bap, bipak
OJIapAbIH OapJIBIFBI MIHAETTI TYP/E »KYMCAK Y3iIicCci3IiKTe aHbIKTaIMaFaH.

Kiam cesdep: KyMcak >KUbIH, )KYMCAK Y3LIICCI3AIK, »KYMCAK TOIOJIOIUSJIBIK, IIOJATPYIIIAJIAD, KYMCAK, Xa-
b Kl b
ycmopd KEeHICTIri, }KyMCAK, alllblK, 2Ka0blH, YKYMCAK, KOMIIAKT, YKYMCAK, OallylaHbIC.

P. Mycapezaun, b. /laBBa3

Hesdexut ynusepcumem, Hesd, Hpan

Jpyroii B3ryisga Ha MITKHAE TONOJIOTHYECKUe MOJIUTPY bl

Msirkue TONOJIOruYecKue MOJUTPYIIIBI ONPEIEISTIOTCS IByMsl pa3HbiMu criocobamu. IlepBoe ompenenenue
“MeeT OOBITHYIO TOMOJIOTHIO, & BTOPOE — MSTKYIO TOIOJIOTHIO. BO BTOPOM OIpesie/IeHUN TTOSBIISIIOTCST TAKHE
MOHATHUA, KaK MATKasg OKPECTHOCTb, MArKas HEIPePBIBHOCTb, MATKUI KOMIIAKT, MATKas CBA3HOCTb, MHAT-
KO€e Xayca0p@dOBO TPOCTPAHCTBO, U U3YYAETCsl UX CBSI3U C MSITKUMU HEITPEPBIBHBIMU (DYHKIIUSIMU B MSTKUAX
TOIOJIOTUYECKUX MOJIUTPYIIaxX. B 0OBIYHOM TOMOIOTUN €CTh MSITh SKBUBAJIEHTHBIX OIPEIe/IeHII HEITPEPHIB-
HOCTHU, HO HE BCe OHU OOS3aTE/IbHO YCTAHOBJIEHBI B MATKOM HEIIPEPHIBHOCTH.

Karouesvie cro6a: MATKOe MHOYKECTBO, MATKasl HEIIPEPBIBHOCTD, MAT'KHE TOIIOJIOTMYECKHE ITOJTUI DY b, M-
KO€e XayCcaopdOBO MPOCTPAHCTBO, MSITKOE OTKPBITOE MOKPBITHE, MATKUIM KOMIIAKT, MSITKAsT CBSI3HOCTb.
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