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Two theorems on estimates for solutions of one class of nonlinear
equations in a finite-dimensional space

The need to study boundary value problems for elliptic parabolic equations is dictated by numerous practical
applications in the theoretical study of the processes of hydrodynamics, electrostatics, mechanics, heat
conduction, elasticity theory and quantum physics. In this paper, we obtain two theorems on a priori
estimates for solutions of nonlinear equations in a finite-dimensional Hilbert space. The work consists of
four items. In the first subsection, the notation used and the statement of the main results are given. In
the second subsection, the main lemmas are given. The third section is devoted to the proof of Theorem
1. In the fourth section, Theorem 2 is proved. The conditions of the theorems are such that they can be
used in studying a certain class of initial-boundary value problems to obtain strong a priori estimates in
the presence of weak a priori estimates. This is the meaning of these theorems.

Keywords: finite-dimensional Hilbert space, nonlinear equations, invertible operator, differentiable vector-
functions, a priori estimate of solutions.

Introduction

The problem of describing the dynamics of an incompressible fluid, due to its theoretical and
applied importance, attracts the attention of many researchers. In mid-2000, the Clay Mathematics
Institute formulated this problem as The Millennium Prize Problems on the existence and smoothness
of solutions to the Navier-Stokes equations for an incompressible viscous fluid [1].

Countless works were devoted to the solution of this problem even before it was declared the
problem of the millennium. Since there are an infinite number of them, we simply do not list them.
The given article provides an incomplete list of works [2].

Many first-class mathematicians who managed to solve other important mathematical problems,
including those in problems of gas-hydrodynamics considered this problem. Such prominent mathe-
maticians of the 20th century as A.N. Kolmogorov, J. Leray, E. Hopf, J.-L. Lions provided significant
results in their works. Complete solution to the problem for two-dimensional case given by O.A. Lady-
zhenskaya [3]. In [4], a complete analysis of the current state of the problem and a review of the
available literature, as well as proposed methods for solving the problem, are given. In particular,
the main problem of the global unique solvability of the three-dimensional Navier-Stokes problem is
reduced to the question of finding a strong a priori estimate for all possible solutions. Works [5]–[12]
are devoted to the study of the solvability in the whole of equations of the Navier-Stokes type, the
continuous dependence of the solution to a parabolic equation and the smoothness of the solution. In
papers [13], [14] questions about the formulation and their solvability of boundary value problems for
high-order quasi-hyperbolic equations were studied.

In this article, we obtain two theorems on a priory estimates for solutions of nonlinear equations
in a finite-dimensional space. These theorems are proved under certain conditions, which are borrowed
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from the conditions that are satisfied by finite-dimensional approximations of one class of nonlinear
initial-boundary value problems, rewritten in "restricted notation".

1 Used conditions and designations. Formulation of the main results

Let H be a finite-dimensional Hilbert space (10 ≤ dimH = N <∞) and G is an invertible operator
in H such that ‖G‖ ≤ 1, ‖G−1‖ <∞. We will be interested in the following equation

f (u) := u+ L (u) = g ∈ H.

Throughout this paper, f (u) will mean an operation of the form u+L (u), where L (·) is a non-linear
transformation.

If ξ is a parameter from [0,+∞) and the vector u (ξ) is a vector function that is continuously
differentiable with respect to the parameter ξ, then we assume that the vector function L (u (ξ)) is also
continuously differentiable (as well as the expressions arising from L(u) and f(u) below).

We introduce the notation Lu :
(L (u(ξ)))ξ = Luuξ.

It is obvious that Lu (for every u ∈ H) will be a linear operator

Luv = (L (u (ξ)))ξ

∣∣∣
uξ=v

.

We have
(f (u(ξ)))ξ = uξ + Luuξ = (E + Lu)uξ.

Here and throughout follows, E is the identity transformation.
Operator adjoint to Lu denote by L∗u, that is L∗u = (Lu)∗. Denote

D∗u = E + L∗uD
∗
uf (u) = f (u) + L∗uf (u) .

If u is a differentiable vector function, then we set

(D∗uf(u))ξ = Muuξ.

Here Mu is a linear operator for fixed is defined by the formula

Muv = (Muuξ)
∣∣
uξ=v

.

We will use the following conditions C1–C4.

Condition 1. If u, v ∈ H, then the transformation Lu and L∗u continuous in H, L (0) = 0 and the
conditions are met

‖L(u)− L(v)‖ ≤ ψ(‖u‖)‖u− v‖,

‖Lu − Lv‖H→H + ‖L∗u − L∗v‖H→H ≤ ψ(‖u‖)‖u− v‖,

‖D∗uv‖ ≤ ψ(‖u‖)‖v‖,

‖Muv‖ ≤ ψ(‖u‖)‖v‖,

where ‖ · ‖ = ‖ · ‖H , ψ(·) strictly monotonously increasing on [0, ∞) positive continuous function.
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This condition is natural, since H is certainly, as a rule, it is performed. Therefore, we will use this
condition often without stipulating. We will sometimes use the above designations without reservations.
In addition to them, we give often the frequently used designations

γ(u) = 〈D∗uf(u), u〉‖u‖−2,

µ(u) = ‖Gu‖2‖u‖−2,

S(u) = D∗uf(u)− γ(u)u−K(u)R(u),

R(u) = G∗Gu− µ(u)u,

K(u) =

〈
G∗Gu− µ(u)u,D∗uf(u)− u

‖u‖2

〉
‖G∗Gu‖2

,

J(u) = ‖u‖2 exp(−‖f(u)‖2).

Condition 2. If u-operator’s own vector G∗G, then the inequality has been fulfilled

‖u‖2 ≤
(
‖f(u)‖2 + 2

)m
,

where m–integer number, m ≥ 2.

Condition 3. For any u ∈ H evaluation is made

‖Gu‖2 ≤ d ‖f(u)‖2.

For some 0 6= u ∈ H

K̃ = inf
〈Mua, a〉 − a

‖u‖2

‖Ga‖2
,

where the infinum takes on all such a ∈ H, that

‖a‖ = 1, 〈G∗Gu, a〉 = 〈u, a〉 = 0.

Condition 4. If 0 6= u ∈ H, S(u) = 0, K(u) ≥ 0, then

K̃d < 1− δ,

fair, where δ ∈ (0, 1).

Theorem 1. If the conditions C1- C4 are met then for any u ∈ H fair assessment

‖u‖2 ≤ C exp(‖f(u)‖2), (1)

where C-does not depend on u and depends only on the conditions C2, C3, C4.

Remark 1. Since G is an invertible operator, we immediately have from condition C3 that the
following estimate holds:

‖u‖2 ≤ ‖G−1‖2 ‖Gu‖2 ≤ d ‖f(u)‖2. (2)

When approximating an infinite-dimensional problem, the finite-dimensional quantity ‖G−1‖ can
tend to ∞. Therefore, from (2) it is impossible to obtain the estimate for ‖u‖.

Theorem 1 is extended to infinite-dimensional problems, and this is its meaning.
We present one more result.
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Theorem 2. LetH be a finite-dimensional Hilbert space. Assume that L(·) is a continuous transforma-
tion in H and D is a linear invertible operator. Let us pretend that L(0) = 0 and for any H we have
the inequality

〈Du, DL (u)〉 ≥ −δ
∥∥Du∥∥2

at some 0 < δ < 1
2 . Then for any g ∈ H equation

u+ L (u) = g

has a solution satisfying the estimate

‖Du‖2 ≤ (1− 2δ)−1 ‖Dg‖2 .

Various forms of this theorem are well-known.

Basic lemmas

Lemma 1. If 0 6= u ∈ H, then the orthogonality equalities

〈u,R(u)〉 = 〈u, S(u)〉 = 〈R(u), S(u)〉 = 0.

Proof. These equalities are consequences of the definitions R(u) and S(u).

Lemma 2. For any C > 0
MC,δ = {u : ‖u‖2 e−δ‖f(u)‖2 ≥ C}.

Proof. Since G is an invertible operator and condition C3 is satisfied, then for u ∈MC,δ we have

C ≤ ‖u‖2 e−δ‖f(u)‖2 ≤ ‖u‖2 e−δd−1‖Gu‖2 ≤ ‖u‖2 e−δd−1‖G−1‖−2‖u‖2 .

This implies the boundedness of the set MC,δ. But then, since H is non-dimensional, we obtain the
compactness of the set MC,δ. Lemma 2 is proved.

Let us put
b(
◦
u) = sup ‖Gu‖2, (3)

where the supremum is taken over all such a ∈ H, then

J(u) ≥ J(
◦
u). (4)

Lemma 3. If 0 6= ◦
u ∈ H. Then there is a vector ũ, such that

‖Gũ‖2 = b(
◦
u) ≥ ‖Gu‖2, J(ũ) ≥ J(

◦
u).

Proof. The existence of the vector ũ follows from Lemma 2, since over a compact set is achieved on
some element of this compact space, and the suprenum set over which is taken is compact by Lemma
2 (see (3) suprenum and (4)). The lemma is proven.

We define a vector function as a solution to the problem{
uξ = xG∗Gu+ y S(u),

u(ξ)|ξ=0 = ũ.
(5)

here ũ is the vector constructed in Lemma 3 for some 0 6= ◦
u ∈ H. For functionality J(u(ξ)) and for

the norm ‖Gu(ξ)‖ using the orthogonality equalities of lemma 1 we have

(‖Gu(ξ)‖2)ξ = 2 〈G∗Gu, uξ〉 = 2x ‖G∗Gu‖2, (6)
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Jξ(u(ξ)) = 2J(u(ξ))
〈 u

‖u‖2
−D∗u(ξ)f(u(ξ)), uξ

〉
=

= −2 J(u(ξ)) 〈[K(u(ξ))G∗Gu(ξ) + S(u(ξ))], uξ〉 =

= 2 J(u(ξ))
[
− xK(u(ξ))‖G∗Gu(ξ)‖2 − y ‖S(u(ξ))‖2

]
.

(7)

Lemma 4. Let ◦u ∈ H, ũ be from Lemma 3. Then the conditions a), b), c), d), e):

a) S(ũ) = 0,

b) K(ũ) ≥ 0,

c) K(ũ) ≤ K̃(ũ),

d) G(ũ) = G(
◦
u),

e) J(ũ) = J(
◦
u).

Proof. Let S(ũ) 6= 0. Then in (5) we choose

x = 1, y = −‖S(ũ)‖−2
[
1 +K(ũ)‖G∗Gu(ξ)‖2

]
.

Then from (6) and from (7) we find

(‖Gu(ξ)‖2)ξ > 0, Jξ(u(ξ)) > 0. (8)

This implies the existence of a number ξ0 > 0 such that the strict inequalities

‖Gu(ξ0)‖ > ‖Gũ‖, J(u(ξ0)) > J(ũ). (9)

These inequalities contradict the origin of the vector ũ. Therefore, S(ũ) = 0 and done a).
Let us pretend that K(ũ) < 0. If we choose x = 1, y = 0, then it follows from (6) and (7) that

(8) is satisfied. From (8) it follows that there is a small ξ0 > 0, such that (9) is satisfied. We obtain a
contradiction with the definition of ũ. Therefore, b) is satisfied.

We define a vector function as a solution to the problem{
uξ = a− 〈a,G

∗Gu〉
‖G∗Gu‖2 G

∗Gu,

u(ξ)|ξ=0 = ũ,

where a ∈ H and 〈a,G∗Gu〉 = 0. Because dim H̃ ≥ 3, such a vector e ∈ H̃, ‖e‖ = 1 exists. Thus,

(‖Gu(ξ)‖2)ξ = 2 〈e,G∗Gu〉 = 0 (10)

Jξ(u(ξ)) = 2J(u(ξ)) 〈−S(u(ξ)), uξ〉 = 2J(u(ξ))
〈
−
∫ ξ

0
Sη(u(η))dη, uξ

〉
=

= − J(u(ξ))
[
ξ〈Sη(u(η)), uξ〉|η=0ξ + ξ2O(1)

]
=

= 2J(u(ξ))
[〈 uη
‖u‖2

−Muuη +K(u)G∗Guuη, a
〉
|η=0ξ + ξ2O(1)

]
=

= 2 J(u(ξ))
[‖a‖2
‖ũ‖2

− 〈Mũa, a〉+K(ũ)‖Ga‖2
]
ξ + ξ2O(1).

(11)

In the last transition, we used the condition C3 and the equality uη|η=0 = e. By definition K(ũ) from
(10) and from (11) it follows that if K(ũ) > K̃(ũ), then there exists a vector a and ξ0 > 0 such that

‖Gu(ξ0)‖ = ‖Gũ‖, J(u(ξ)) > J(ũ). (12)
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Now, we define the vector function g(ξ) from the problem{
gξ(ξ) = G∗Gg(ξ),

g(ξ)|ξ=0 = u(ξ0).

Then for g(u(ξ)) we have

‖Gg(ξ)‖2 = ‖Gu(ξ0)‖2 + 2

∫ ξ

ξ0

‖G∗Gg(η)‖2dη.

From here and from (12) it follows that there exists ξ1 such, that ξ1 > ξ0 as for g(ξ1) relations (9) are
fulfilled, in which instead of ξ0 taken ξ1. We get a contradiction. Therefore item d) of the lemma is
proved.

Suppose J(ũ) > J(
◦
u) and define the vector function g(ξ) how to solve a problem{

gξ(ξ) = G∗Gg(ξ),

g(ξ)|ξ=0 = ũ.

For ‖Gg(ξ)‖ we have

‖Gg(ξ)‖2 = ‖Gũ‖2 + 2

∫ ξ

0
‖G∗Gg(η)‖2dη ≥ ‖Gu̇‖2 + 2

∫ ξ

0
‖G∗Gg(η)‖2dη.

Since for small ξ the strict inequality J(ũ) > J(
◦
u) will not get spoiled, then from the inequality for

‖Gg(ξ)‖ we obtain that there exists ξ0 > 0 such that the strict inequalities J(u(ξ0)) > J(
◦
u), ‖Gg(ξ)‖ >

0, which contradict the origin of the vector ũ. That’s why J(ũ) = J(
◦
u). Item e) of the lemma is proved.

The lemma is completely proved.

Lemma 5. Let 0 6= ◦
u ∈ H, û be a vector constructed from ◦

u according to Lemma 3. Let us pretend
that R(ũ) 6= 0 and define the vector function u(ξ) as a solution to the problem{

uξ = R(u),

u(ξ)|ξ=0 = ũ.
(13)

Then relations (15)–(17) are satisfied for 0 < ξ < 1

e−4ξ‖R(ũ)‖2 ≤ ‖R(u(ξ))‖2 ≤ e4ξ‖R(ũ)‖2, (14)

‖Gu‖2 ≥ ‖Gũ‖2 + 2

∫ ξ

0
‖R(u(η))‖2dη ≥ ‖Gũ‖2 + 2ξ‖R(ũ)‖2 − ξ28e4ξ‖R(ũ)‖, (15)

J(ũ) > J(u(ξ)) = J(ũ)exp
(
− 2

∫ ξ

0
K(u(η))‖R(u(η))‖2dη

)
J(
◦
u) exp

(
− 2

∫ ξ

0
K(u(η))‖R(u(η))‖2dη

)
≥

J(
◦
u) exp

(
− 2 K̃(ũ)‖R(ũ)‖2 − ξ2‖R(ũ)‖2C1(‖ũ‖)

)
,

(16)

J(ũ) ≥ J(
◦
u) exp

[
K̃(ũ)(‖G(u̇)‖2 − ‖G(u(ξ))‖2)− ξ2nC2(‖ũ‖)

]
. (17)

where C1(·), C2(·) – functions continuous on [0;∞).
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Proof. Let R(u(ξ)) then we have∣∣∣(‖R(u(ξ))‖2)ξ
∣∣∣ = 2|〈R(u(ξ)), (G∗G− µ(u(ξ)))uξ − µξ(u(ξ))u(ξ)〉| =

2|〈R(u(ξ)), (G∗G− µ(u(ξ)))Ru(ξ)〉| ≤ 4‖R(u(ξ))‖2.
(18)

This implies estimates (14). Further

(‖G(u(ξ))‖2))ξ = 2 〈G∗Gu, uξ〉 = 2 〈G∗Gu− µ(u)u+ µ(u)u,R(u)〉 = 2(‖R(u)‖2 (19)

Jξ(u(ξ)) = 2J(u(ξ))
[
〈−K(u)G∗Gu− S(u), R(u)〉

]
=

2J(u(ξ))
[
−K(u)‖R(u)‖2 − 〈S(u), R(u)〉

]
.

(20)

Integrating (19), using (18) and already proven inequalities (14), we obtain (15). Now we integrate
(20), and then using the definitions R(·), K(·), S(·) and the results of Lemma 4, we get

J(ũ) ≥ J(ũ) exp
[
−2K̃(ũ)‖R(ũ)‖2ξ−∫ ξ

0

∫ τ

0

(
K(u(η))‖R(u(η))‖2 + 〈S(u(η)), R(u(η))〉

)
η
dηdτ

]
=

J(ũ) exp

[
−2K̃(ũ)‖R(ũ)‖2ξ −

∫ ξ

0

∫ τ

0

(
K(u(η))‖R(u(η))‖2+

〈−αu(η) +Dk
u(η)f(u(η))−K(u(η))GkGu(η), R(u(η))〉

)
η
dηdτ

]
=

J(ũ) exp

[
−2K̃(ũ)‖R(ũ)‖2ξ −

∫ ξ

0

∫ τ

0
〈Dk

u(η)f(u(η)), R(u(η))〉
]

=

J(ũ) exp

[
−2K̃(ũ)‖R(ũ)‖2ξ −

∫ ξ

0

∫ τ

0
〈Mu(η)R(u(η)), R(u(η))〉

]
≥

J(ũ) exp 2
[
−K̃(ũ)‖R(ũ)‖2ξ − ξ2‖R(ũ)‖2C1(‖ũ‖2)

]
,

(21)

where C1(·) – functions continuous on [0;∞).
To estimate the factor at ξ2, we used the equality ‖u(ξ)‖ = ‖ũ‖, which follows from the following

equality (
‖u(ξ)‖2

)
ξ

= 2〈u(ξ), R(u(ξ))〉 = 0.

From (21) follows (16), from (15) and (16) follows (17). The lemma is proven.

Lemma 6. Let 0 6= ◦
u ∈ H, ũ – the vector constructed from ◦

u in accordance with Lemma 3. Let us
pretend that R(ũ) = 0 and define the vector function u(ξ) as a solution to the problem{

uξ = G∗Gu,

u(ξ)|ξ=0 = ũ.
(22)

Then at 0 < ξ < 1 relations (23)-(26).

e−2ξ‖G∗Gũ‖2 ≤ ‖G∗Gu(ξ)‖2 ≤ e2ξ‖G∗Gũ‖2 (23)

‖Gu̇‖2 ≥ ‖Gũ‖2 ≥ ‖Gũ‖2 = ‖Gũ‖2+

+2

∫ ξ

0
‖G∗Gu(η)‖2dη ≤ ‖Gũ‖2 + 2 ξ‖G∗Gũ‖2 + 2ξ28e2ξ‖G∗Gũ‖

(24)
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J(u(ξ)) ≥ J(ũ) exp
[
−2ξK̃(ũ)‖G∗Gũ‖2 − ξ2C3(‖ũ‖2)l(ξ)

]
=

= J(
◦
u) exp

[
−2ξK̃(ũ)‖G∗Gũ‖2 − ξ2C3(‖ũ‖2)l(ξ)

]
,

(25)

J(u(ξ)) = J(
◦
u) exp

[
λ−10 (1− α)(‖Gũ‖2 − ‖Gu‖2)− ξ2C4(‖ũ‖2)l(ξ)

]
, (26)

where C3(·), C4(·) functions continuous on [0;∞) a l(·) function with values from the interval [−1; 1].

Proof. For ‖G∗Gu‖ and ‖Gu‖ we have∣∣∣(‖G∗Gu‖2)ξ∣∣∣ = 2|〈G∗Gu,G∗Guξ〉| ≤ 2‖G∗Gu‖2,

(‖Gu‖2|)ξ = 2〈G∗Gu, uξ〉 = 2‖G∗Gu‖2.

Integrating these inequalities and using Lemmas 3 and 4, we obtain (23) and (24).

For Jξ(u(ξ)) we have

Jξ(u(ξ)) = 2J(u(ξ))
[
〈−K(u)G∗Gu− S(u), G∗Gu〉

]
= 2J(u(ξ))

[
−K(u)‖G∗Gu‖2

]
.

Hence, using Lemma 4, we find

J(u(ξ)) = J(ũ) exp

(
−2

∫ ξ

0
K(u(η))‖G∗Gu(η)‖2dη

)
≥

≥ J(ũ) exp
(
−2ξK̃(ũ)‖G∗Gũ‖2 − ξ2C3(‖ũ‖2)l(ξ)

)
.

(27)

Here C3(·) – continuous on [0;∞) functions and l(·) function with values from the segment [−1; 1].
When estimating the factor at ξ2, we used the equalities

|
(
‖u‖2

)
ξ
| = 2|〈u, uξ〉| = 2〈u,G∗Gu〉 = 2‖Gu‖2 ≤ 2‖u‖2.

From which it follows that
e−2ξ‖ũ‖2 ≤ ‖u‖2 ≤ e2ξ‖ũ‖2.

From (27) and from J(ũ) = J(u̇) (25) follows, and (24) implies (26). The lemma is proven.
Proof Theorem 1. Let 0 6= ◦

u ∈ H. If R(
◦
u) = 0,, then ◦u will be an eigenvector of the operator G∗G.

Therefore, from condition C2 we have

J(u̇) = ‖u̇‖2 exp
(
−‖f(u̇)‖2

)
=
(
‖f(u̇)‖2 + 2

)m
e−‖f(u̇)‖

2 ≤
≤ sup

x≥2
xme−x+2 = mme−m+2.

(28)

If R(
◦
u) 6= 0, construct the vector ◦u then by the vector ũ0. If R(ũ0) = 0, then for J(ũ0) we obtain

an inequality similar to (28) J(ũ0) ≤ mme−m+2. Therefore, since by construction J(ũ0) ≥ J(
◦
u) we

have that (1) holds. From this we draw the following conclusion.
Thus, if at least one of the conditions R(

◦
u) = 0 and R(ũ) = 0, is satisfied, then Theorem 1 will be

proven.
If R(

◦
u) 6= 0 and R(ũ0) 6= 0, then we construct a sequence of pairs according to the following

algorithm.
Let the pairs be built (ũ0,

0
u), ..., (ũn,

n
u), 0 ≤ n, R(ũj) 6= 0, j = 0, ..., n.

Let us build a pairs (ũn+1,
n+1
u ).
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In Lemma 3, instead of the vector ◦u, we take the vector n
u and construct the vector ũ, which we

take as ũn+1.

For ũn+1, two cases are possible:
(I) R(ũn+1) = 0,

(II) R(ũn+1) 6= 0.

If (I) is satisfied, then we construct the vector n+1
u using Lemma 6. To do this, in (22) as ũ we take the

vector ũn+1 and for n+1
u we take the value u(ξ) at point ξ̂n:

ξ̂n = ξ̃,
n+1
u = u(ξn).

Then from Lemma 6, using condition C4, we have

J(
n+1
u ) ≥ J(

n
u) exp

[
d−1(1− δ)(‖Gũn+1‖2 − ‖G

n+1
u ‖2 − ξ2nG(ũn+1))

]
≥

≥ J(
n
u) exp

[
d−1(1− δ)(‖Gn

u‖2 − ‖Gn+1
u ‖2)− ξ2nC4(ũn+1)

]
.

(29)

When deriving (29), relations J(un+1) = J(
n
u), ‖Gũn+1‖ ≥ ‖G

n
u‖ were used, which follow from Lemmas

3 and 4 and the definition of ũn+1. Let’s choose ξn in the right place.
In the case (I) pair (ũn+1,

n+1
u ) is constructed.

In the this case, we stop the process of constructing a sequence of pairs.
In case (II), we construct n+1

u ) using Lemma 5. To do this, in (13) as ũ we take the vector ũn+1

and for n+1
u we take the value (13) at point ξ̂n:

ξn =
δ0‖R(ũn+1)‖2

(n+ 1)[C1(‖ũn+1‖) + C2(‖ũn+1‖) + 1] [‖R(ũn+1)‖4 + 1]
, (30)

here C1(·), C2(·)– continuous on [0;∞) functions from Lemma 5, δ0 is a small number. From Lemma
5 (17) and from (30) we find‖G

n+1
u ‖2 ≥ ‖Gn+1

u ‖2 + 2ξ‖R(ũn+1)‖2 − 20
δ20

(n+1)2
,

J(
n+1
u ) ≥ J(

n
u) exp

[
d−1(1− δ)(‖Gn

u‖2 − ‖Gn+1
u ‖2)− 20

δ20
(n+1)2

]
.

(31)

Pair (ũn+1,
n+1
u ) built. Let 1 ≤ n0 be an integer number, which holds for all j ≤ n0

R(ũj) 6= 0, R(ũn0+1) = 0.

Then from (31) we deduce‖G
n0
u‖2 ≥ ‖G0

u‖2 + 2
∑n0

j=0 ξj‖R(ũj)‖2 − 102δ20 ,

J(
n0
u ) ≥ J(

0
u) exp

[
d−1(1− δ)(‖G0

u‖2 − ‖Gn0
u‖2)− 102δ20

]
.

(32)

From the second inequality (32) we have

J(
0
u) exp

[
d−1(1− δ)‖G0

u‖2 − 102δ20

]
≤ J(

n0
u ) exp

[
d−1(1− δ)‖Gn0

u‖2
]

=

= ‖n0
u‖2 exp

[
−‖f(

n0
u )‖2 + d−1(1− δ)‖Gn0

u‖2
]
≤ ‖n0

u‖2 exp
[
δ‖f(

n0
u )‖2

]
.

(33)

78 Bulletin of the Karaganda University



Two theorems on estimates ...

In the last transition, condition C3 is used.
From (33) and from Lemma 2 on compactness (see Lemma 2), since the left side of (33) does not

depend on n0 and the inequalities 0 < δ < 1, it follows that

‖n0
u‖ ≤ J(

0
u) <∞, (34)

where J(
0
u) does not depend on n0. From (34) and from the first inequality in (32), due to the choice

of ξn, follows that only two cases (A) and (B) are possible:
(A) There is an n ≥ 0 such that R(ũn1) = 0 and R(ũj) 6= 0, if 0 < j < n1;

(B) For any j = 0, 1, ... done R(ũj) 6= 0 and limn→∞‖R(ũn)‖ = 0.

Here lim means lower limit.
Indeed, if none of the conditions (A) is satisfied, then by virtue of (34) and the choice of A (see (30))

from the first inequality in (32) we obtain

J(
0
u) ≥ ‖n+1

u ‖2 ≥ ‖Gn+1
u ‖2 ≥ ‖G0

u‖2 − 102δ20 + 2
n∑
j=0

δ0
j + 1

inf
k
‖R(ũk)‖2.

When n → ∞, the right side tends to +∞. So we got a contradiction. Therefore, at least one of
conditions (A) and (B) is satisfied.

Let condition (B) be satisfied. Then, by virtue of (34), if necessary, passing to sequences can be
considered

lim
j→∞

j
u = g̃, lim

j→∞
R(

j
u) = R(g̃) = 0, lim

j→∞
f(

j
u) = f(g̃).

When deriving the equality for R(g̃) and f(g̃), we used the estimates for R(
j
u) in terms of R(ũj)

from Lemma 5 and choice ξj (see (30)), as well as the divergence of the harmonic series.
Letting go to infinity and then using the conditions C2 and C3, we obtain

J(
0
u) exp

[
d−1(1− δ)‖G0

u‖2 − 102δ20

]
≤ ‖g̃‖2 exp

[
−δ‖f(g̃)‖2

]
≤

≤
(
‖f(g̃)‖2 + 2

)m
exp

[
−δ(‖f(g̃)‖2 + 2) + 2δ

]
≤ sup

x≥2
xme−x+2δ =

(m
δ

)m
e−m+2δ.

(35)

Now from the definition of A and from (35) we deduce

‖0u‖2 ≤ exp
[
‖f(

0
u)‖2 − d−1(1− δ)‖G0

u‖2 − 102δ20

] (m
δ

)m
≤
(m
δ

)m
exp ‖f(

0
u)‖2. (36)

In the derivation, we used that the possibility of choosing δ0 small and inequalities 0 < δ < 1
2 ,m ≥ 1.

Theorem 1 follows from (36) in case (B).
If (A) is satisfied, then (29) is satisfied. From (29), since for all j ≤ n the inequalities R(ũj) 6= 0,

then choosing ξn = ξ̃ small enough, we get

J(
n+1
u ) ≥ J(

0
u) exp

[
d−1(1− δ)(‖G0

u‖2 − ‖Gn+1
u ‖2)− 102δ20

]
. (37)

Since n+1
u is defined in terms of ũn+1 by the equation (see (22)){

uξ = G∗Gu,

u(ξ)|ξ=0 = ũn+1.
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And n+1
u = u(ξ̃n), then choosing the number ξ̃n = ξ̃ small enough from (37) we obtain

J(ũn+1) ≥ J(
0
u) exp

[
d−1(1− δ)(‖G0

u‖2 − ‖Gũn+1‖2)− 102δ20

]
.

Hence follows

J(
0
u) exp

[
d−1(1− δ)‖G0

u‖2 − 102δ20

]
≤ ‖ũn+1‖exp

[
−‖f(ũn+1)‖2 + d−1(1− δ)‖Gũn+1‖2

]
. (38)

From (38), since ũn+1 is an eigenvector of the operator G∗G, we get the estimate

‖0u‖2 ≤
(m
δ

)m
exp ‖f(

0
u)‖2,

which are derived in the same way as we derived the estimate from (36). Theorem 1 is proved in case
(A). Therefore, Theorem 1 is proved completely.

Proof Theorem 2. We use the notation of Theorem 2. If g ∈ H, then vector u ≡ 0 is a solution to
the equation

u+ L(u) = 0.

Let 0 6= g ∈ H– arbitrary vector. Since D is an invertible operator, then ‖Dg‖ > 0.

Denote by M the set

M = {u : ‖Du‖2 ≤ 2

(1− 2δ)δ
‖Dg‖2}.

Let’s put

F (u) = − u+ L(u)− g
‖D(u+ L(u)− g)‖

η,

where the number η is chosen as follows:

η =

√
2

(1− 2δ)δ
‖Dg‖2.

Suppose equation u+L(u) = g has no solution in M: Since equation u+L(u) = g has no solution,
the transformation F (·) continuously translates from M to M. But then by the Schauder fixed-point
theorem u0 we get that there exists such that

− u0 + L(u0)− g
‖D(u0 + L(u0)− g)‖

η = u0. (39)

From here and the choice of η we have

‖Du0‖2 = η2 =
2

(1− 2δ)δ
‖Dg‖2.

We act on (39) with the operator D, and then multiply scalarly by Du0. Then, using (39) and the
condition of the theorem, we obtain

η−1‖Du0‖2‖D(u0 + L(u0)− g)‖ = −‖Du0‖2 − 〈DL(u0), Du0〉+ 〈Dg,Du0〉 ≤

≤ −‖Du0‖2 + δ‖Du0‖2 +
ε−1

2
+

1

2
ε‖Du0‖2.
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Let us take ε = 2δ. Then from the last inequality and from (39) we deduce

0 ≤ −‖Du0‖2(1− δ) +
1

4δ
‖Dg‖2 = − 2

(1− 2δ)δ
(1− δ)‖Dg‖2 +

1

4δ
‖Dg‖2 = − 7

4δ
‖Dg‖2.

We got a contradiction. Therefore, the equation u+ L(u) = g has a solution. We act on the equation
u+ L(u) = g by the operator D:

Du+DL(u) = Dg.

Multiplying the resulting equality scalarly by Du, we obtain

‖Du‖2 + 〈Du,DL(u)〉 = 〈Dg,DL(u)〉 ≤ 1

2
‖Dg‖2 +

1

2
‖Du‖2.

Now, using condition 〈Du,DL(u)〉 ≥ −δ‖Du‖2, , we obtain the desired evaluation

(1− 2δ)‖Du‖2 ≤ ‖Dg‖2.

Theorem 2 is proven.

Remark 2. Note that in Lemma 1 we can take K non-linear transformations as K.

Acknowledgments

The authors express their gratitude for the formulation of the problem and attention to the work
of Academician of the NAS of the Republic of Kazakhstan Mukhtarbai Otelbaevich Otelbaev.

This work was done by grant AP 08857604 of the Ministry of Education and Science of the Republic
of Kazakhstan.

References

1 Fefferman Ch. Existence and smoothness of the Navier-Stokes equation / Ch. Fefferman. — Clay
Mathematics Institute, 2000. — P. 1–5.

2 Отелбаев М. Существование сильного решения уравнения Навье-Стокса / М. Отелбаев //
Мат. журн. — 2013. — 13. — № 4 (50). — С. 5–104.

3 Ладыженская О.А. Решение «в целом» краевой задачи Навье-Стокса в случае двух про-
странственных переменных / О.А. Ладыженская // Докл. АН СССР. — 1958. — 123. — №3.
— С. 427–429.

4 Ладыженская О.А.Шестая проблема тысячелетия: уравнения Навье-Стокса, существование
и гладкость / О.А. Ладыженская // Успехи математических наук. — 2003. — 58. — № 2(350).
— С. 45–78.

5 Hopf E. Uber die Anfangswertaufgabe fur die Hydrodinamischen Grundgleichungen / E. Hopf
// Math. Nachr. — 1951. — 4. — P. 213–231.

6 Отелбаев М. Примеры не сильно разрешимых в целом уравнений типа Навье-Стокса /
М. Отелбаев // Математические заметки. — 2011. — 89. — № 5. — С. 771–779.

7 Отелбаев М. Условия существования сильного решения в целом одного класса нелинейных
эволюционных уравнений в гильбертовом пространстве. II / М. Отелбаев, А.А. Дурмагам-
бетов, Е.Н. Сейткулов // Сиб. мат. журн. — 2008. — 49. — № 4. — С. 855–864.

8 Отелбаев М. Непрерывная зависимость решения параболического уравнения в гильберто-
вом пространстве от параметров и от начальных данных / М. Отелбаев, Л.К. Жапсарбаева
// Дифференциальные уравнения. — 2009. — 45. — № 6. — С. 818–849.

Mathematics series. №3(107)/2022 81



B.D. Koshanov, N. Kakharman et al.

9 Лионс Ж.-Л. Некоторые методы решения нелинейных краевых задач. Пер. с фр. /
Ж.-Л. Лионс — М.: Мир, 1972. — 586 с.

10 Сакс Р.С. Задача Коши для уравнений Навье–Стокса, метод Фурье / Р.С. Сакс // Уфим.
мат. журн. — 2011. — 3. — № 1. — С. 53–79.

11 Похожаев С.И. Гладкие решения уравнений Навье-Стокса / С.И. Похожаев // Мат. сб. —
2014. — 205. — № 2. — С. 131–144.

12 Koshanov B.D. Correct Contractions stationary Navier-Stokes equations and boundary conditions
for the setting pressure / B.D. Koshanov, M.O. Otelbaev // AIP Conference Proceedings. — 2016.
— 1759. — 020005. http://dx.doi.org/10.1063/1.4959619

13 Кожанов А.И. Новые краевые задачи для четвертого порядка квазигиперболического урав-
нения / А.И. Кожанов, Б.Д. Кошанов, Ж.Б. Султангазиева // Сиб. электрон. мат. изв. —
2019. — № 16. — C. 1410–1436

14 Kozhanov A.I. The spectral problem for nonclassical differential equations of the sixth order /
A.I. Kozhanov, B.D. Koshanov, Zh.B. Sultangazieva, A.N. Emir Kady oglu, G.D. Smatova //
Bulletin of the Karaganda University-Mathematics. — 2020. — № 1(97). — P.79–86.
https://doi.org/10.31489/2020M1/79-86

Б.Д. Қошанов1,2, Н. Кахарман3, Р.У. Сегизбаева4, Ж.Б. Султанғазиева1

1 Әл-Фараби атындағы Қазақ Ұлттық университетi, Алматы, Қазақстан;
2Халықаралық ақпараттық технологиялар университетi, Алматы, Қазақстан;

3Математика және математикалық модельдеу институты, Алматы, Қазақстан;
4Азаматтық авиация академиясы, Алматы, Қазақстан

Ақырлыөлшемдi кеңiстiктегi сызықты емес теңдеулердiң бiр
класының шешiмiн бағалаудың екi теоремасы

Эллиптикалық және параболалық теңдеулер үшiн шеттiк есептердi зерттеу қажеттiлiгi гидродина-
мика, электростатика, механика, жылу өткiзгiштiк, серпiмдiлiк теориясы, кванттық физика проце-
стерiн теориялық тұрғыдан зерттеуде көптеген практикалық қосымшалардың түсiндiруiмен тiкелей
байланысты. Бұл жұмыста ақырлыөлшемдi кеңiстiкте сызықтық емес теңдеулердiң шешiмдерi үшiн
априорлық бағалаулары туралы екi теорема алынған. Жұмыс төрт бөлiмнен тұрады. Бiрiншi бөлiм-
де пайдаланылған белгiлеулер мен негiзгi нәтиженiң тұжырымдамасы келтiрiлген. Екiншi бөлiмде
негiзгi леммалар берiлген. Үшiншi бөлiм 1-шi теореманың дәлелдемесiне арналған. Төртiншi бөлiмде
екiншi теорема дәлелденген. Теореманың шарты мынадай, оны бастапқы-шекаралық есептердiң бел-
гiлi бiр класын зерттеу кезiнде олардың шешiмдерiне априорлық бағалау алу үшiн қолдануға болады.
Теореманың мәнi осында.

Кiлт сөздер: ақырлыөлшемдi Гильберт кеңiстiгi, сызықтық емес теңдеулер, керi оператор, диффе-
ренциалданатын вектор-функциялар, шешiмдердi априорлық бағалау.
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Две теоремы об оценках решений одного класса нелинейных
уравнений в конечномерном пространстве

Необходимость исследования краевых задач для эллиптических и параболических уравнений про-
диктована с многочисленными практическими приложениями при теоретическом изучении процессов
гидродинамики, электростатики, механики, теплопроводности, теории упругости, квантовой физики.
В этой работе мы получили две теоремы об априорных оценках решений нелинейных уравнений в
конечномерном гильбертовом пространстве. Работа состоит из четырех пунктов. В первом пункте
приведены используемые обозначения и формулировка основных результатов. Во втором — основ-
ные леммы. Третий пункт посвящен доказательству теоремы 1. В четвертом — доказана теорема 2.
Условия теорем таковы, что можно использовать при изучении некоторого класса начально-краевых
задач для получения сильных априорных оценок при наличии слабых априорных оценок. В этом и
состоит смысл этих теорем.

Ключевые слова: конечномерное гильбертово пространство, нелинейные уравнения, обратимый опе-
ратор, дифференцируемые вектор-функции, априорная оценка решений.
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