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Estimates of singular numbers (s-numbers) for a class
of degenerate elliptic operators

In this paper we study a class of degenerate elliptic equations with an arbitrary power degeneracy on
the line. Based on the research carried out in the course of the work, the authors propose methods to
overcome various difficulties associated with the behavior of functions from the definition domain for a
differential operator with piecewise continuous coefficients in a bounded domain, which affect the spectral
characteristics of boundary value problems for degenerate elliptic equations. It is shown the conditions
imposed on the coefficients at the lowest terms of the equation, which ensure the existence and uniqueness
of the solution. The existence, uniqueness, and smoothness of a solution are proved, and estimates are
found for singular numbers (s-numbers) and eigenvalues of the semiperiodic Dirichlet problem for a class
of degenerate elliptic equations with arbitrary power degeneration.
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1 Introduction. Main results

Let Q@ = {(z,y) : =7 <z < 7,0 <y < 1}. Consider the following problem

Lu = —k(y)uzs — Uyy + a(y)uy + c(y)u = f(z,y) € L2(2), (1)
U(—?T,y) = u(ﬂ-ay)?ul(_ﬂ-ay) = ’U,x(ﬂ',y), (2)
u(z,0) = u(x,1) =0, (3)

where a(y), c(y) are piecewise continuous functions in [0, 1], k(y) > 0 as y € (0,1] and k(0) = 0. Let
Cox () be a class of infinitely differentiable finite functions in 2 and satisfying the conditions (2)—(3).

We also denote closure of the operator (1) by the norm of La(f2) as L.

In the study of the smoothness and approximation properties of solutions to boundary value
problems for some nonlinear equations we encounter questions of the spectral properties of linear
degenerate elliptic equations. In contrast to elliptic operators, spectral questions for degenerate elliptic
operators are poorly understood. Known results on this topic or those close to it in content are contained
in the works of M. Smirnov [1], M. Keldysh [2], T. Kalmenov, M. Otelbaev [3], O. Oleinik [4], M. Vishik,
V. Grushin [5, 6], and others.

However, in the general case, such traditional questions as asymptotic behavior and estimates of
eigenvalues in general are far from complete.

The results of this work are close to those of M.B. Muratbekov [7-10], where differential operators
of mixed and hyperbolic types were investigated. In contrast to the above works, here we investigate
previously unconsidered degenerate elliptic equations with an arbitrary power-law degeneracy on the
degeneracy line.

Definition 1. The function u € Lo(2) is called a solution to (1)—(3) if there exists a sequence

{uk(z,y) 172, C G5 () such that
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|lug — ull2 = 0, ||[Lux — f|l2 — 0 as k — oo.

By C(]0, 1], La(—m, 7)) we denote the space obtained by completing the set of continuous functions
on the interval [0, 1] with values in Lo(—m7, ) relative to the norm
1
™ 2
Jullcqonan = sup | [ luoy)Pds
yel0a] \ 1

and W3 (€2) is the Sobolev space with norm

1
lullz,ne = [llual3 + lluyllz + lull3] *

where || - || is a norm of Ls(€2).
Definition 2. [11] Let A be a completely continuous linear operator and |A| = v/ A* A. Eigenvalues
of |A| are called s-numbers of A.
Nonzero s-numbers of L ™! will be numbered in descending order, taking into account their multiplicity,
so that
se(L7Y) = M(IL7Y), k=1,2,3, ...

Theorem 1. Let a(y), c(y) are piecewise continuous functions in [0, 1] and satisfying the conditions
i)a(y) > dp > 0,c(y) > 6 > 0.
Then there exists a unique solution u(zx,y) to (1)—(3) such that

lello),L. + lullz10 < coll £l2

for all f € La(£2), where ¢ is a constant.
Theorem 2. Let the condition i) be fulfilled. Then the estimate

1 1
1+ < s < Cgfl,k = 1,2,3,...
k 3

holds, where ¢1, ¢ are constants, 0 < ¢; < ¢, sg is singular numbers (s-numbers) of L1
2 Auxiliary lemmas
Lemma 1. The estimate
[ Lul|2 = clull2 (4)

holds for all uw € D(L), where ¢ is a constant.
Proof. Let C@?ﬂ(ﬂ). Integrate by parts and taking into account the boundary conditions we have

< Lu,u >> /(uz + c(y)u?)dzdy + /k(y)ugdxdy
Q Q

and

< Lu,uy >= /a(y)uidxdy.
Q

From these relations we obtain (4) using the Cauchy inequality with "e"and taking into account
the condition i). Lemma 1 is proved.
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We denote by [, the closure of the operator
Lou(y) = —u” + (n?k(y) + ina(y) + c¢(y))u,n = 0, £1,+2, ...

defined on C§°[0, 1], where C§°[0, 1] is a set of infinitely differentiable functions satisfying the conditions

(3)-

Lemma 2. The estimates
”lnuHLz(O,l) > Cl(||U/HL2(0,1) + HUHLQ(O,I))v (5)

1lnullLy0,1) 2 c2llullepo,, (6)

hold for all u(y) € D(l,,), where c¢1, co are constants.
Proof. Let us compose quadratic form (I,,u,u), u € C§°[0, 1]. Integrating by parts we obtain

/Ol(lnu)ady‘ =

Hence, using the inequality |« + 5| > mazx(|a|,|]) (o, 8 € R), the inequality Schwartz and the
Cauchy inequality with "e > 0"we obtain

1
(b, u)| = /0 (' + (nk(y) + ina(y) + c(y))|uf*)dy| .

||lnu||%2(071) > n262||u”%2(0,1)’

T 1
Ml yion = o [ (" + el -+ [ nhiw)luf)ay. (7)
From (7) taking into account k(y) > 0 we have
lnelZ 0,0y = calllull? 0,0y + 1412 40,1) = crllullyy o1y-
Since the embedding operator of the Sobolev space W3 (0, 1) to [0, 1] is bounded it follows that

llntll 2o00,1) = c2(llullcpo

which is true for all w € D(L). Lemma 2 is proved.

Lemma 3. The operator [, is continuously invertible.

Proof. Taking into account (5) it is enough if we show the density of D(l,,) in La(2). Assume the
contrary. Let the set D(l,,) is not density in L2(0,1). Then there exists nonzero element w € Ly(0,1)
such that (l,u,w) = 0 for u € D(l,). Hence since the set D(l,) is not density in Ly(0,1) we obtain
that w is a solution to l[iw = —w” + (n%k(y) + c¢(y))w = 0. From this equality it follows that w” €
L2(0, 1) by virtue of the continuous coefficients on [0,1]. Now we show that w(y) satisfies the condition
w(0) = w(1) = 0. Integrating by parts we obtain

0= (u,llw) = (lyu,w) — v (1)w(1) + v (0)w(0)
for all u € D(l,). Last equality holds if w(0) = w(1) = 0. Therefore w € D(l,,). Then, we obtain

llnwll y0,1) = cllwl Ly0,1)

same as (5). It is shown that w = 0. The resulting contradiction proves the lemma 3.
Lemma 4. The following estimate holds for [ !

1
nll2o(0,1) = La(0,1) = = +1, 42, ...
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Proof. Taking into account the condition i) we have for any function u € C§°[0, 1]

1
(] = | [ ina(y)\uﬁdy\ > Inldollull2, 0.1

Hence, using the Cauchy inequality we obtain
1TnullLyc0,1) = [nldollul Lo0,1)-
From the last estimates it follows Lemma 4.
8 Proofs of the main theorems

Proof of Theorem 1. The existence and continuity of [, ! follows from Lemma 3. Let u,(y) =
(1.1 f2)(y). By direct verification, we make sure that the function

k

k
up(z,y) = Z un(y)em"j = Z (l;lfn)(y)eim:

n=—*k n=—~k

is a solution to (1) with the right side

k
=Y faly)e™

n=—=k

which satisfies the condition (2)—(3). Moreover the following equality

k(@ DLy ) =27 Y Jun(y)]®

holds. Then from the estimate (5) it follows that

sup Huk(i&y)H%Q(fﬂm) 27 Z sup |un(y

y€(0,1] n——r YE[0,1]
k
<e2r Y ||znuHiQ<0,1>_cz2wZ £ 50,0y = ell falz, w13 (8)
n=—Fk n=—k

From Lemma 4 we have

dug(z,y) 0 < - ;
12218 = M5 D G ) @)™ B = llin Y (1 fa) ()™ |3 <
ox Ox = =
< Z |n] s 1||L2(01 —L2(0,1) an||L201 = 52 Z an||L201 5(2)||fk(337y)”§' 9)
n=—k 0 p=——~&

Similarly, using estimates (5), (6) we obtain

auk(x,y) 2 2 9 . -1 inTy |2 . -1 nxy (|12
HTHQ + [Jukllz = Ha*y MG ER)@EME D U ) @)™l <

n=—~k n=—~k

54 Bulletin of the Karaganda University



Estimates of singular numbers ...

5 <=2|| filz,y)ll5. (10)

k k
<D I+ DD Il

n=—"k n=—k

It is known that a set of functions

an e (k=1,2,..)

n=—Fk
is dense in Ly(2). Therefore, we can assume that || fx(z,y) — f(z,y
sequence { f}72, is fundamental, and by virtue of estimates (8)—(10)

lur (@, y) — um(z, Yl cqo,1), o) + llur(,y) — um(z,y)ll21.0 <

)2 — 0 as k — oo. Then the

fm(xﬂﬁ”Q_?O

< el (. y) —
)) and W3 (§2) are complete, it follows that the

as k,m — oo. Hence, since the spaces C([0, 1], La(
sequence {up(x,y)}32 . has limit u(x,y), for which, by virtue of (8)-(10), the estimate

lulleqo,cyy + lullzi.a < ¢l fll2

holds. Theorem 1 is proved.

Let us introduce the sets
M = {u € Ly(®) : | Lullo + Julle < 1},

1

) = (luzll + lluyl3 + [ull3)? < e},
1
2

M., = {u € C(]0,1], La(—
M1 ={u € Lo(Q); (Juaall3 + lluyyll3 + lluall3 + luyll3 + [[ull3)2 < '}

where ¢ > 0 n cfl > 1.

The following lemma holds
Lemma 5. Let condition i) be satisfied. Then for some constant ¢; > 1 the inclusions

Mc;1 C M C M,

hold.
Proof. Let u(z,y) € M -1 Then, taking into account condition i), we obtain
1
1Zall3 + )3 < ea(lluas 3 + gy 13 + sl + luy 3 + lull3)? < e,

max {[k(y)], [a(y)], lc(y)]}-

where ¢y =
y€[0,1]
Hence, assuming ¢y = ¢1, we have M -1 C M.
Let u € M. Then it follows from Theorem 1 that

1
(luzll3 + lluyll3 + lull3)2 < C(ILullf + [lul3) < C,

ie. M C MC By choosing a constant ¢; such that ¢; > ¢ we obtain the assertion of the lemma. Lemma

5 is proved.
Lemma 6. Let condition i) be satisfied. Then the estimates
cldy < dp <cdy, k=1,2,...
55
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hold, where ¢ > 0 is an any constant, givk, dg, dj, are the k-widths of the sets respectively MC, M, Mc—l.
The proof of this lemma it follows from Lemma 5 and the properties of the widths.
Let us introduce the functions

=Y LNV =) 1LNXN=> 1,

dp>A dp>A dp>A

equal respectively to the number of widths dj(M), di, and dj, are greater than A > 0. Estimates (8)
easily imply the inequalities . B
N(cA) < N(\) < N(c7 1))

Proof of Theorem 2. It is known that the estimates
gIATZ <N < A2, (11)
oA N < oAt (12)

hold for the functions N(A) and N(A). Let A = di. Then N(dj,) = k. Therefore from (11) and (12) it
follows

1 1
1 b <d < 1 < Oy~
C \/* k CO\/E’ CO k _dk Cok

respectively. Hence, taking into account estimates (7) and the equality s 1(L~!) = dj we obtain
1

Ch T
k3, k=1,2,3,...

<s

| /\

Co

w\'—‘

Theorem 2 is proved.
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OszrentesieHeTIH JUIUIITUKAJIBIK, OIIePATOPJIAPALIH, Oip KJachl VIMiH
CUHTYJISIPJIBIK CaHIap/bl (S-caHgap/ibl) barajay

Maxkasiazia Ty3yaeri TybIHIBI I9peXKeIe e3reriesernyi 6ap e3relejeHeTiH SJINITUKAJBIK, TEeHIeyIepIiH 6ip
KJTachl 3eprTesred. 2KyMbic 6apbIChIHIA KYPTi31/IreH 3epTTeyre CyiieHe OTIPHII, AaBTOPJIap OeJriKTi-y3ilmiccis
ko3 durmenTrepi 6ap guddepeHnna bl OepaTOPAbIH aHBIKTAIY OOJIBICBIHIAFBI (DYHKIIUATIAPILIH 63Te-
pyiHe 6afIaHBICTHI TYBIHIANIBIH [IIEHEITEH OOJIBICTAFbI MMEKAPAJIBIK, €CENITEP/IIH CIIEKTPAJIBIIK CUIATTAMA-
JIapBIHA DCEP €TETiH 9PTYPJIi KUBIHIBIKTAPIbI KEHY/IIH 9JICTEPIH YCBIHFAH OCHI KYMBICTA IIENTiMHIH OOJIy b
MEH >KaJIFBI3/IBIFBIH KAMTAMAChI3 €TeTiH TeHIEeYAiH Killi MyInesaepi KoadduIimeHTTepi YiiH KOWBIIFAH Iap-
Trap Kepceriiren. Illemimuin 6ap 60Iybl, KAJFBI3ALIFEI MEH TETICTIN JI9JIEJIIEH i, COHBIMEH KaTap €pKiH
JOPeKeJTi O3Telle/IeHeTIH JUTHITUKAIBIK, TeHIEYIeP/IiH Oip KIachlHa KONBLIFAH KapThlaail mepuonrsr Jlu-
puxJie ecebiHiH CHHIYJISAPIIBIK, CAHAAPDI (S-CAaHAAPBIH) MEH MEHIIKTI CAHJAPBIHBIH GAFachl AJIBIHIBL.
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Ol1eHKN CUHTYJISIPHBIX YUCeJI (S-9mcest) JJjisi OJHOTO KJIACCa
BBIPOXK IAIOMINXCS 3JIMIITUIECKUX OIEePATOPOB

B crarbe usyueH ouH KJACC BBIPOKIAIONUXCS SJUIMIITHIECKUX YPABHEHUI C IMPOU3BOJIBHBIM CTEIIEHHBIM
BBIPOXK IeHUeM Ha, 1psiMoii. Ha ocHOBe ucciieioBaHumil, IPOBEIEHHBIX B X0/1€ PA0OTHI, AaBTOPAMHU [1PE/JIO?KEHbI
METO/IbI, TIO3BOJISIFOIIIE MTPEOIOIETh PA3JINYHbIE TPYIHOCTH, CBSI3aHHBIE C MMOBEIEeHMEM (DYHKIMi U3 00J1a-
cTu ompezieseHus auddEPEeHITNATBLHOTO OIEePATOPa ¢ KYCOIHO-HEIIPEPBIBHBIMU KOIMDMUITMEHTAMI B OI'Pa-
HUYEHHON 00JIACTH, KOTOPbIE BJIMAIOT Ha CIIEKTPAJIbHBbIE XapaKTEPUCTHUKHM KPAEBbIX 3a/a4 JIJIsi BBIPOXK A~
FOIUXCS JUIMIITUIECKUX ypaBHeHuil. [lokazaHbl ycI0BUs, HAJIOXKEHHbIE HA KOI(DMDUITUEHTHI IPU MJIAJIIITAX
WiIeHaX ypaBHEHUsl, 00eCIIeYnBaOIINe CYIECTBOBAHNE U €JIMHCTBEHHOCTD perieHus. Jloka3aHbl CymiecTBo-
BaHUe, eJUHCTBEHHOCTb U IVIAJKOCTD DENIeHNs, & TaK>Ke HaNIEHbl OIEHKN CHHIYJISIPHBIX THCEJI (S-9ucest) u
COOCTBEHHBIX YUCET IOy IEPUOANIEeCcKOil 3aaun Jlupuxiie 11t OJHOTO KJIacca BBIPOXKTAFOIIUXCS SJIIUITH-
YECKUX YPABHEHUI C IPOU3BOJILHBIM CTEIEHHBIM BBIPOXKICHUEM.

Kmouesvie cao6a: SJUTMITHIECKUAIN OllepaTop, KpaeBasl 3ajada, CUHIYJIsIpHbIE YUCJIa, CTEIIEHHOE BBIPOXK/Ie-
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