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Estimates of singular numbers (s-numbers) for a class
of degenerate elliptic operators

In this paper we study a class of degenerate elliptic equations with an arbitrary power degeneracy on
the line. Based on the research carried out in the course of the work, the authors propose methods to
overcome various difficulties associated with the behavior of functions from the definition domain for a
differential operator with piecewise continuous coefficients in a bounded domain, which affect the spectral
characteristics of boundary value problems for degenerate elliptic equations. It is shown the conditions
imposed on the coefficients at the lowest terms of the equation, which ensure the existence and uniqueness
of the solution. The existence, uniqueness, and smoothness of a solution are proved, and estimates are
found for singular numbers (s-numbers) and eigenvalues of the semiperiodic Dirichlet problem for a class
of degenerate elliptic equations with arbitrary power degeneration.
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1 Introduction. Main results

Let Ω = {(x, y) : −π < x < π, 0 < y < 1}. Consider the following problem

Lu = −k(y)uxx − uyy + a(y)ux + c(y)u = f(x, y) ∈ L2(Ω), (1)

u(−π, y) = u(π, y), ux(−π, y) = ux(π, y), (2)

u(x, 0) = u(x, 1) = 0, (3)

where a(y), c(y) are piecewise continuous functions in [0, 1], k(y) > 0 as y ∈ (0, 1] and k(0) = 0. Let
C∞0,π(Ω̄) be a class of infinitely differentiable finite functions in Ω̄ and satisfying the conditions (2)–(3).

We also denote closure of the operator (1) by the norm of L2(Ω) as L.
In the study of the smoothness and approximation properties of solutions to boundary value

problems for some nonlinear equations we encounter questions of the spectral properties of linear
degenerate elliptic equations. In contrast to elliptic operators, spectral questions for degenerate elliptic
operators are poorly understood. Known results on this topic or those close to it in content are contained
in the works of M. Smirnov [1], M. Keldysh [2], T. Kalmenov, M. Otelbaev [3], O. Oleinik [4], M. Vishik,
V. Grushin [5, 6], and others.

However, in the general case, such traditional questions as asymptotic behavior and estimates of
eigenvalues in general are far from complete.

The results of this work are close to those of M.B. Muratbekov [7–10], where differential operators
of mixed and hyperbolic types were investigated. In contrast to the above works, here we investigate
previously unconsidered degenerate elliptic equations with an arbitrary power-law degeneracy on the
degeneracy line.

Definition 1. The function u ∈ L2(Ω) is called a solution to (1)–(3) if there exists a sequence
{uk(x, y)}∞k=1 ⊂ C∞0,π(Ω) such that
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‖uk − u‖2 → 0, ‖Luk − f‖2 → 0 as k →∞.

By C([0, 1], L2(−π, π)) we denote the space obtained by completing the set of continuous functions
on the interval [0, 1] with values in L2(−π, π) relative to the norm

‖u‖C([0,1],L2) = sup
y∈[0,1]

 π∫
−π

|u(x, y)|2dx

 1
2

and W 1
2 (Ω) is the Sobolev space with norm

‖u‖2,1,Ω =
[
‖ux‖22 + ‖uy‖22 + ‖u‖22

] 1
2 ,

where ‖ · ‖ is a norm of L2(Ω).
Definition 2. [11] Let A be a completely continuous linear operator and |A| =

√
A∗A. Eigenvalues

of |A| are called s-numbers of A.
Nonzero s-numbers of L−1 will be numbered in descending order, taking into account their multiplicity,

so that
sk(L

−1) = λk(|L−1|), k = 1, 2, 3, ....

Theorem 1. Let a(y), c(y) are piecewise continuous functions in [0, 1] and satisfying the conditions

i)a(y) ≥ δ0 > 0, c(y) ≥ δ > 0.

Then there exists a unique solution u(x, y) to (1)–(3) such that

‖u‖C(0,1),L2
+ ‖u‖2,1,Ω ≤ c0‖f‖2

for all f ∈ L2(Ω), where c0 is a constant.
Theorem 2. Let the condition i) be fulfilled. Then the estimate

c1
1

k
≤ sk ≤ c2

1

k
1
2

, k = 1, 2, 3, ...

holds, where c1, c2 are constants, 0 < c1 ≤ c2, sk is singular numbers (s-numbers) of L−1.

2 Auxiliary lemmas

Lemma 1. The estimate
‖Lu‖2 ≥ c‖u‖2 (4)

holds for all u ∈ D(L), where c0 is a constant.
Proof. Let C∞0,π(Ω). Integrate by parts and taking into account the boundary conditions we have

< Lu, u >≥
∫
Ω

(u2
y + c(y)u2)dxdy +

∫
Ω

k(y)u2
xdxdy

and
< Lu, ux >=

∫
Ω

a(y)u2
xdxdy.

From these relations we obtain (4) using the Cauchy inequality with "ε"and taking into account
the condition i). Lemma 1 is proved.
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We denote by ln the closure of the operator

lnu(y) = −u′′ + (n2k(y) + ina(y) + c(y))u, n = 0,±1,±2, ...

defined on C∞0 [0, 1], where C∞0 [0, 1] is a set of infinitely differentiable functions satisfying the conditions
(3).

Lemma 2. The estimates

‖lnu‖L2(0,1) ≥ c1(‖u′‖L2(0,1) + ‖u‖L2(0,1)), (5)

‖lnu‖L2(0,1) ≥ c2‖u‖C[0,1], (6)

hold for all u(y) ∈ D(ln), where c1, c2 are constants.
Proof. Let us compose quadratic form (lnu, u), u ∈ C∞0 [0, 1]. Integrating by parts we obtain

|(lnu, u)| =
∣∣∣∣∫ 1

0
(lnu)ūdy

∣∣∣∣ =

∣∣∣∣∫ 1

0
(u′2 + (n2k(y) + ina(y) + c(y))|u|2)dy

∣∣∣∣ .
Hence, using the inequality |α + iβ| ≥ max(|α|, |β|) (α, β ∈ R), the inequality Schwartz and the

Cauchy inequality with "ε > 0"we obtain

‖lnu‖2L2(0,1) ≥ n
2δ2‖u‖2L2(0,1),

c‖lnu‖2L2(0,1) ≥ c3

∫ 1

0
(|u′|

2

+ c(y)|u|2)dy +

∫ 1

0
n2k(y)|u|2)dy. (7)

From (7) taking into account k(y) ≥ 0 we have

‖lnu‖2L2(0,1) ≥ c4(‖u‖2L2(0,1) + ‖u′‖2L2(0,1)) ≥ c1‖u‖2W 1
2 (0,1).

Since the embedding operator of the Sobolev space W 1
2 (0, 1) to [0, 1] is bounded it follows that

‖lnu‖L2(0,1) ≥ c2(‖u‖C[0,1]

which is true for all u ∈ D(L). Lemma 2 is proved.
Lemma 3. The operator ln is continuously invertible.
Proof. Taking into account (5) it is enough if we show the density of D(ln) in L2(Ω). Assume the

contrary. Let the set D(ln) is not density in L2(0, 1). Then there exists nonzero element w ∈ L2(0, 1)
such that (lnu,w) = 0 for u ∈ D(ln). Hence since the set D(ln) is not density in L2(0, 1) we obtain
that w is a solution to l∗nw = −w′′ + (n2k(y) + c(y))w = 0. From this equality it follows that w′′ ∈
L2(0, 1) by virtue of the continuous coefficients on [0,1]. Now we show that w(y) satisfies the condition
w(0) = w(1) = 0. Integrating by parts we obtain

0 = (u, l∗nw) = (lnu,w)− u′(1)w̄(1) + u′(0)w̄(0)

for all u ∈ D(ln). Last equality holds if w(0) = w(1) = 0. Therefore w ∈ D(ln). Then, we obtain

‖lnw‖L2(0,1) ≥ c‖w‖L2(0,1)

same as (5). It is shown that w = 0. The resulting contradiction proves the lemma 3.
Lemma 4. The following estimate holds for l−1

n

‖ln‖L2(0,1)→L2(0,1) ≥
1

nδ0
, n = ±1,±2, ....
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Proof. Taking into account the condition i) we have for any function u ∈ C∞0 [0, 1]

|(lnu, u)| ≥
∣∣∣∣∫ 1

0
ina(y)|u|2dy

∣∣∣∣ ≥ |n|δ0‖u‖2L2(0,1).

Hence, using the Cauchy inequality we obtain

‖lnu‖L2(0,1) ≥ |n|δ0‖u‖L2(0,1).

From the last estimates it follows Lemma 4.

3 Proofs of the main theorems

Proof of Theorem 1. The existence and continuity of l−1
n follows from Lemma 3. Let un(y) =

(l−1
n fn)(y). By direct verification, we make sure that the function

uk(x, y) =
k∑

n=−k
un(y)einx =

k∑
n=−k

(l−1
n fn)(y)einx

is a solution to (1) with the right side

fk(x, y) =
k∑

n=−k
fn(y)einx

which satisfies the condition (2)–(3). Moreover the following equality

‖uk(x, y)‖2L2(−π,π) = 2π
k∑

n=−k
|un(y)|2

holds. Then from the estimate (5) it follows that

sup
y∈[0,1]

‖uk(x, y)‖2L2(−π,π) = 2π
k∑

n=−k
sup
y∈[0,1]

|un(y)|2 ≤

≤ c12π

k∑
n=−k

‖lnu‖2L2(0,1) ≤ c22π

k∑
n=−k

‖fn(y)‖2L2(0,1) = c‖fk(x, y)‖22. (8)

From Lemma 4 we have

‖∂uk(x, y)

∂x
‖22 = ‖ ∂

∂x

k∑
n=−k

(l−1
n fn)(y)einx)‖22 = ‖in

k∑
n=−k

(l−1
n fn)(y)einx‖22 ≤

≤
k∑

n=−k
|n|2‖l−1

n ‖2L2(0,1)→L2(0,1)‖fn‖
2
L2(0,1) ≤

1

δ2
0

k∑
n=−k

‖fn‖2L2(0,1) =
1

δ2
0

‖fk(x, y)‖22. (9)

Similarly, using estimates (5), (6) we obtain

‖∂uk(x, y)

∂y
‖22 + ‖uk‖22 = ‖ ∂

∂y

k∑
n=−k

(l−1
n fn)(y)einx)‖22 + ‖

k∑
n=−k

(l−1
n fn)(y)einx)‖22 ≤
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≤
k∑

n=−k
‖fn‖22 +

k∑
n=−k

‖fn‖22 ≤= 2‖fk(x, y)‖22. (10)

It is known that a set of functions

fk(x, y) =
k∑

n=−k
fn(y)einx (k = 1, 2, ...)

is dense in L2(Ω). Therefore, we can assume that ‖fk(x, y) − f(x, y)‖2 → 0 as k → ∞. Then the
sequence {fk}∞k=1 is fundamental, and by virtue of estimates (8)–(10)

‖uk(x, y)− um(x, y)‖C([0,1],L2) + ‖uk(x, y)− um(x, y)‖2,1,Ω ≤

≤ c6‖fk(x, y)− fm(x, y)‖2 → 0

as k,m→∞. Hence, since the spaces C([0, 1], L2(−π, π)) and W 1
2 (Ω) are complete, it follows that the

sequence {un(x, y)}∞k=−∞ has limit u(x, y), for which, by virtue of (8)–(10), the estimate

‖u‖C([0,1],L2) + ‖u‖2,1,Ω ≤ c‖f‖2

holds. Theorem 1 is proved.
Let us introduce the sets

M = {u ∈ L2(Ω) : ‖Lu‖2 + ‖u‖2 ≤ 1},

M̃c1 = {u ∈ C([0, 1], L2(−π, π)) : (‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ c1},

Ṁc−1
1

= {u ∈ L2(Ω); (‖uxx‖22 + ‖uyy‖22 + ‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ c−1

1 },

where c1 > 0 и c−1
1 > 1.

The following lemma holds
Lemma 5. Let condition i) be satisfied. Then for some constant c1 > 1 the inclusions

Ṁc−1
1
⊆M ⊆ M̃c1

hold.
Proof. Let u(x, y) ∈ Ṁc−1

1
. Then, taking into account condition i), we obtain

‖Lu‖22 + ‖u‖22 ≤ c2(‖uxx‖22 + ‖uyy‖22 + ‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ c−1

1 c2,

where c2 = max
y∈[0,1]

{|k(y)|, |a(y)|, |c(y)|}.

Hence, assuming c2 = c1, we have Ṁc−1
1
⊆M .

Let u ∈M . Then it follows from Theorem 1 that

(‖ux‖22 + ‖uy‖22 + ‖u‖22)
1
2 ≤ C(‖Lu‖22 + ‖u‖22) ≤ C,

i.e.M ⊆ M̃C . By choosing a constant c1 such that c1 ≥ c we obtain the assertion of the lemma. Lemma
5 is proved.

Lemma 6. Let condition i) be satisfied. Then the estimates

c−1ḋk ≤ dk ≤ cd̃k, k = 1, 2, ...
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hold, where c > 0 is an any constant, d̃k, dk, ḋk are the k-widths of the sets respectively M̃c,M, Ṁc−1 .
The proof of this lemma it follows from Lemma 5 and the properties of the widths.
Let us introduce the functions

N(λ) =
∑
dk>λ

1, Ñ(λ) =
∑
d̃k>λ

1, Ṅ(λ) =
∑
ḋk>λ

1,

equal respectively to the number of widths dk(M), d̃k and ḋk are greater than λ > 0. Estimates (8)
easily imply the inequalities

Ṅ(cλ) ≤ N(λ) ≤ Ñ(c−1λ)

Proof of Theorem 2. It is known that the estimates

c−1
0 λ−2 ≤ Ñ(λ) ≤ c0λ

−2, (11)

c−1
0 λ−1 ≤ N(λ) ≤ c0λ

−1. (12)

hold for the functions Ñ(λ) and N(λ). Let λ = d̃k. Then Ñ(d̃k) = k. Therefore from (11) and (12) it
follows

C−1
0

1√
k
≤ d̃k ≤ C0

1√
k
, C−1

0

1

k
≤ ḋk ≤ C0

1

k
.

respectively. Hence, taking into account estimates (7) and the equality sk+1(L−1) = dk we obtain

C1
1

k
≤ sk ≤ C2

1

k
1
2 , k = 1, 2, 3, ...

Theorem 2 is proved.
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С.Ж. Игисинов, Л.Д. Жумалиева, А.О. Сулеймбекова, Е.Н. Баяндиев

М.Х. Дулати атындағы Тараз өңiрлiк университетi, Тараз, Қазақстан

Өзгешеленетiн эллиптикалық операторлардың бiр класы үшiн
сингулярлық сандарды (s-сандарды) бағалау

Мақалада түзудегi туынды дәрежеде өзгешеленуi бар өзгешеленетiн эллиптикалық теңдеулердiң бiр
класы зерттелген.Жұмыс барысында жүргiзiлген зерттеуге сүйене отырып, авторлар бөлiктi-үзiлiссiз
коэффициенттерi бар дифференциалды оператордың анықталу облысындағы функциялардың өзге-
руiне байланысты туындайдын шенелген облыстағы шекаралық есептердiң спектральдiк сипаттама-
ларына әсер ететiн әртүрлi қиындықтарды жеңудiң әдiстерiн ұсынған осы жұмыста шешiмнiң болуы
мен жалғыздығын қамтамасыз ететiн теңдеудiң кiшi мүшелерi коэффициенттерi үшiн қойылған шар-
ттар көрсетiлген. Шешiмнiң бар болуы, жалғыздығы мен тегiстiгi дәлелдендi, сонымен қатар еркiн
дәрежелi өзгешеленетiн эллиптикалық теңдеулердiң бiр класына қойылған жартылай периодты Ди-
рихле есебiнiң сингулярлық сандары (s-сандардың) мен меншiктi сандарының бағасы алынды.

Кiлт сөздер: эллиптикалық оператор, шекаралық есеп, сингулярлық сандар, дәрежелiк өзгешелену,
шешiм, жалғыздық.

С.Ж. Игисинов, Л.Д. Жумалиева, А.О. Сулеймбекова, Е.Н. Баяндиев

Таразский региональный университет имени М.Х. Дулати, Тараз, Казахстан

Оценки сингулярных чисел (s-чисел) для одного класса
вырождающихся эллиптических операторов

В статье изучен один класс вырождающихся эллиптических уравнений с произвольным степенным
вырождением на прямой. На основе исследований, проведенных в ходе работы, авторами предложены
методы, позволяющие преодолеть различные трудности, связанные с поведением функций из обла-
сти определения дифференциального оператора с кусочно-непрерывными коэффициентами в огра-
ниченной области, которые влияют на спектральные характеристики краевых задач для вырожда-
ющихся эллиптических уравнений. Показаны условия, наложенные на коэффициенты при младших
членах уравнения, обеспечивающие существование и единственность решения. Доказаны существо-
вание, единственность и гладкость решения, а также найдены оценки сингулярных чисел (s-чисел) и
собственных чисел полупериодической задачи Дирихле для одного класса вырождающихся эллипти-
ческих уравнений с произвольным степенным вырождением.

Ключевые слова: эллиптический оператор, краевая задача, сингулярные числа, степенное вырожде-
ние, решение, единственность.
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