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Boundary control problem for a hyperbolic equation
loaded along one of its characteristics

This paper investigates the unique solvability of the boundary control problem for a one-dimensional wave
equation loaded along one of its characteristic curves in terms of a regular solution. The solution method
is based on an analogue of the d’Alembert formula constructed for this equation. We point out that the
domain of definition for the solution of DE, when the initial and final Cauchy data given on intervals of
the same length is a square. The side of the squire is equal to the interval length. The boundary controls
are established by the components of an analogue of the d’Alembert formula, which, in turn, are uniquely
established by the initial and final Cauchy data. It should be noted that the normalized distribution and
centering are employed in the final formulas of sought boundary controls, which is not typical for initial
and boundary value problems initiated by equations of hyperbolic type.

Keywords: hyperbolic equation, distributed oscillatory system, damping problem, gas/liquid flows, loaded
equation, initial conditions, boundary conditions, analogue of the d’Alembert formula, boundary controls,
normal distribution, distribution function.

Introduction

Let an oscillatory system be described by equation

um—uﬁ=/\U<$;t,x;t) (1)

with the following initial and boundary conditions
u(x, 0) = po(x), w(z, 0) =1o(z), O0<z<l, (2)
u(0, t) = u(t), wu(l,t)=rv(t), 0<t<T, (3)

where A is an arbitrary real number.

The boundary control problem involves searching admissible boundary values p(t) and v(t), that
in a minimum time interval move the oscillatory system from the initial (2) to a predetermined final
phase

u(z, T) = ¢i(x), ulz, T)=11(x), 0<z <l (4)

Control (1) belongs to the class of loaded differential equations [1|. The point (”‘“OTHO, %) lies
on the characteristic curve  — y = 0 of equation (1), for an arbitrary point (xo, t) € R2. The point
(x0, to) also moves to the point (%, “Tﬂo) along the characteristic curve x +y = xo + yo of (1).
The boundary control problem for the equation (1) with the right-hand side of the form A\ wuy(xo, t),
which, according to [2], is called an essentially loaded equation, was studied in [3], [4]. Boundary
value problems for hyperbolic equations with a load along one of the characteristic curves are studied
in [5], [6]. For A = 0, the formulated problem is fully investigated in [7|. Here important special cases
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of the same problem were investigated, namely, the problem of complete oscillation excitation and
damping. The boundary control problem for equation (1) for A = 0 with various nonlocal, including
integral form conditions, were studied in [8-12].

A number of specific formulations for distributed control problems, with oscillatory nature of the
movement, are described in detail in the monograph [13], and moreover various solution methods are
proposed. For example, the damping fluid flow pulsation problem in automated long main pipelines
design and pipeline irrigation systems [14], [15]. As earliest works devoted to the study of boundary
control problems (1) at A = 0 the woks [16-18] are worth mentioning.

There are following main results in the work:

1. Necessary and sufficient conditions are established for the functions pg(z), ¥o(z), ¢1(x), ¥1(x),
which ensure the existence of the desired boundary values.

Yo(l) + o (1) — ¥1(0) — ¢1(0) = 0, (5)
10(0) — ¢6(0) — ¥ (1) + ¢4 (1) =0, (6)
Ao (D) + 5 (1) + 1(0) + ¢4 (0)] =0, (7)
w0 (1) + ¥ (1) — ¢1(0) — ¢1(0) =0, (8)
©0(0) = ¥5(0) — @i (1) + ¢ (1) =0, (9)

©0(0) — w1(1) + [po(l) — ¢1(0)] 6%4_

1 (1 a2 A /a2
ty [T W) - - 01de = [t )~ 0 - ) de = (10)
0 0
2. Under conditions (5)—(10), an explicit analytical form of the sought boundary controls is found
A
A

where

Filt, ) = % [po(0) — 91 (0] + 3 [olt) — pa(d — )] -

2
—% /Ot&; = [po(&) =1l = &)] d€ — é /Otek(#sgz) [Y0(&) — (I — &) d,
Bty A) = \/?‘I‘o (? t) [0(0) = ¢1(D)] +
+3 [ ) - 9 e
- Agﬁ/ot q)O(\?t) —‘I’0<\§§>]€6A§2 [po(§) = @r(l = €)] dE+
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2m (1 VA VA a2
Jr\/?/O [%(2’5) _¢0<25>] e & [1ho(&) — i (l — &)] de,

£ . o . . .
where ®y(z) = \/% fdr e~ 2 d£ is the distribution function for normalizing and centering processes.

1 Main part

1.1 An analogue of the d’Alembert formula
Using the characteristic variables { = x — ¢, n = x + ¢ equation (1) is written out as

A
ven = 4 v(0, 1), (13)

where v(&, n) = U(HTW, ’77_5)
Any solution to equation (13) is a solution to the following loaded integral equation.

o6 n) = 3€ [ o0t = 1) + g0, (19)

where f(£) and g(n) are arbitrary twice continuously differentiable functions. Since for £ = 0 by (14)
it follows that v(0, n) = f(0) + g(n), then solution (14) takes the form

o6 1) = 1€ + 9+ 5 ¢ [ 10 +g(0)dr

Replacing P(n) = [7[f(0) + g(t)] d¢ in the last formula and then renaming P(n) by g(n), we obtain

v@ﬂﬂ=f@%aﬂ®+9%ﬂ+%fﬂm-

Or when using the old coordinates, get

u(x, t) = f(x—t)— fO)+ g (x+1t)+ % (x —t)g(z +1). (15)

We call formula (15) an analogue of the d’Alembert formula for equation (1).

Formula (15) below is more convenient for further use. It should be noted that in (15) the functions
f(t) and ¢'(¢t) are twice continuously differentiable.

1.2 Searching algorithm for u(t) and v(t)

Before searching for boundary controls, let us remember that when A = 0 the minimum time ¢
required for the desired control is uniquely equal to I. As noted in [12], this time is determined by the
characteristics of the initial equation that simulates the oscillation process. From a mathematical point
of view, problem (2), (4) for equation (1) with A = 0 in the rectangle (0, 1) x (0, T") has a unique solution
if and only if T'= 1. If T < I, the problem is overdetermined, T" > [, the problem is underdetermined.
In our case when A # 0 the equation commands the condition T = [. This is due to the fact that
for any arbitrary point (z, t) € (0, I) x (0, T'), belonging to the point (Ztt, ZXt) € (0, 1) x (0, T) is
possible if and only if T' = [. Therefore, further we assume that T = [.

We introduce the following equation for the functions f(x) and g(x) in formula (15).

) fo(z), zel0,1],
f(x) a {fl(x)> S [_l7 O]a (16)
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g(:z:) _ {go($), T € [07 l]’ (17)

g1(x), zell, 2]].

We call the function u(z, t) € C* () N C? () a regular solution to equation (1) where Q =
(0, 1) x (0, 1).
Letting (15) satisfy (3) and taking into account (16), (17), we obtain

plt) = 1) = ol0) +gh(t) — T tao(0), £ € [0,1], (15)
A1) = ol — 1)~ Jo(0) + gl +0) + F U~ D) go(l-+1), +€[0,1]. (19)
Letting (15) satisfy (2) and (4) for T' = [ we obtain
o) — 1o(0) + go(x) + 5 7 90(x) = o(), (20)
/ " )\ >\ /

—fo(z) + go(x) — 190(35) T  go(x) = vo(), (21)
file 1) = o(0) + ghlz + D+ 5 (0 - Dara+1) = o1 (a), (22)

, , A A ,
—file =D+ 9@+ = Tole+)+ 7 (@ —-Dale+1) =), (23)

where z € [0, I].
Differentiating (20), (22), subtracting and adding term by term with (21), (23), respectively, obtain

o) + 5 90(z) = 5 (@) — 5 4o(a),
! )\ / 1 / 1
g90(z) + 19590(95) =5 wo(x) + B Yo(), (24)
Ao =D+ S oo +1) = @) — 3 (@),
G+ D)+ 5 @D gh(e+D) = 5 el(@) + 3 (e, (25)

Employing the second equation of (24) we obtain

[g()(x) e*fﬂl _

g5(x) = g4(0) e+ B e s s ©o(t) dt + 5 e s / s Yo (t) dt.
0 0

A2

e s [o(x) +vo(@)]

N

Using integration by parts for the first integral and taking into account that g{,(0) = ¢o(0), obtain

1 _ae? 1 A ae? [T a2 L _ae? [T a2
@) = 50O e+ S pnle) = 5 [ i 3o [N wan (20)
0 0
Hence

1 T a2 1 [
go(z) = go(0) + 3 ©0(0) / te™ % dt + 2/ wo(t) dt—
0 0

52 Bulletin of the Karaganda University



Boundary control problem ...

A &2 re2 €

x 13 2 1 z 2
—/ e_kéi/tekggoo(t)dtdf—k/ e s [ €S ao(t) dtde.
8 Jo 0 2 Jo 0

Changing the order of integration in the last two integrals, get
2 VA I
go(x) = go(0) + Tﬂ ©0(0) o (2 $> t5 / po(t) dt—
0
_[Ar / %(ﬁl) _%(ﬁt>
8 2 2
T +2
ﬂ/zl / <I>0<ﬁ x) — @0<ﬁ t)] ™5 o(t) dt. (27)
A Jo 2 2
; A
fo(z) = ¢o(x) — go(x) — + 2 g0() + fo(0),

4

PV
te s @o(t)dt+

By (20) we have

Foll = 1) = oll — 1) = gbl1 — 1) = 5 (L= 1) go(1 ~ 1) + Fo(0). (28)

Employing the second relation of (25) we obtain

z—1)2 !
<gi<x+z>e“8” ) -

1 x 1 x
Gila+1) = g (20) R 4 ered” / XD’ G () dt + 5 e / e (1) dt.
l l

Taking into account g (21) = ¢1(l), integrating by parts the first integral, substituting = by | — z
and then substituting in both integrals ¢t =1 — t get

1
3 gl () 4 5 e80T n (a),

N[ =

1 21 A _as? 2
$2l-a)= o) T +opl-n)+ Tt | e il - tydi+
0
1 a2 [® 2
+2e—*s/ tem s (L —t) dt. (29)
0
Hence
1 T a2 1 [
gl(2l—x):g1(2l)+2cp1(l)/ e 8 dt+2/ e1(l —t)dt—
0 0

| >

x 9 5 2 1 xT 2 5 2
/ e%/t6¥¢1(z—t)dtd5+/ ekéé/ e il —t)d de.
0 0 2 Jo 0

Changing the integration order in the last two integrals we get

gl(2l—$):gl(2l)+\/?@1([)@()(?‘%)_|_;/Oscsol(l—t)dt_
—\//\‘?/Om [@0(?1‘) —(I)()(?t)] te% gOl(l—t)dt-i-
ﬂ/? /0 [<1>O<f:c> —@0<§t>] e gl — 1) dt. (30)
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By (22) we have

file—1) = o1(@) + fol0) — g (& +1) — 2 (& — D gn(a+1)

4
) Fil=0) = 1l = 1)+ fo(0) — (21— 1)+ tar(20— ) (1)
Substituting f1(—t) by (31) into (18), and fo(l — t) by (28) into (19), we obtain
(E) = o1(0 = 1)+ (1) — 6121 — 1) — 7 tgo(t) — ga(21 1], 32)
v(0) = ol = ) = [gh(1 = 1) = 640+ 0] = 5 (1= ) o1 = ) = 20 + )] (33)

Substituting g;(t), go(t), g1(21 —1t), g1(21 —t) calculated by (26), (27), (29), (30) into formulas
(32), (33), and taking into account, due to the assumed continuity of f’(z), that

2 190(0) — 91(20)] = ¢ — 0(0) ~ (D) + o)

obtain the sought result (11), (12).

In order for the solution to be regular, sufficient conditions must be satisfied that ensure the
existence of a boundary control. It is therefore only natural these conditions provide the functions f(x)
and g(z) with required smoothness determined by rule (16), (17) respectively, and by the initial and
boundary conditions

Jo(0) = £1(0), f5(0) = f1(0), f5(0) = f7'(0),
go(1) = g1(1), go()) = g1(D), 9o (1) = g1 (D), go'(1) = gi" (1),
1(0) = ¢0(0), u(l) = ¢1(0), v(0)=o(l), v(l)=ei(l),

1 (0) =1ho(0), 1'(I) =41(0), v(0) =vo(l), V(1) =¢n(l).
Satisfying the expression for the function fo(z), fi(z), go(x), g1(z), p(x), v(z) represented by
formulas (28), (31), (27), (30), (32), (33) according to the conditions above and after some simple

transformations obtain (5)—(10). It should be noted that for A = 0 the obtained results in this work
coincide with the results obtained in [7].
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A .X. ArTacs

PFA KBFO Koadanbaav, mamemamuka sicone agmomammandopy uncmumymst, Harvuuk, Pecet

Tl'uniepb6os1aJIbIK, TEHAEY YIIiH OHBIH CUIIATTAMAaJIapbIHBIH Oipi
OoiibIHIIIA >KYKTEJreH IIeKapaJibIK 0aKbLiIay ecebi

Maxkasiazia perysisipJibl MemntiM TYPFBICKIHAH Oip eJImeM/Ii KOJIIbIH, TepOesTic TeH eyl YIIiH chmaTTaMaia-
PBIHBIH 6ipi GOUBIHINA KYKTEJTeH IEKapaJbIK, OakbLiay ecebinin Gipereit mremimi 3eprrenren. lemry omici
OCBI TeHJIey YIImiH Kypblirad /lamambep dhpopMysTacbIHBIH, AaHAJOTBIHA HETi3/1e/reH. Y 3bIHIbIFbI Oipaeil KeciH-
Hminep OGoiibiHITa GacTanmKbl YKoHe COHFBI Kommu mepekTepi Gepinrenme Oy TeHIEYiH MIENTIMIHIH aHBIKTA-
JIy OOJIBICHI KBaJIpaT OOJIATBIHBI aTall eTiireH. KBaaparThiH, KaObIprachkl OepiJireH KeCiHIiHIH Y3bIHIbIFbIHA
TeH. [llekapasbik GakbLtayabiH, 31 Jlasambep dhopMyIachbiHBIH aHAJOIBIHBIH, KypaMaac 0esiikTepi 60MbIH-
I1a, aHBIKTAJIFaH, oJap 3 Ke3eringe Kommiain 6acTanKkbl »KoHE COHFBI JiepeKTepi OOMbIHINA Oipereil Typ/e
AHBIKTAIAIbI. [3eMiHal mekapasblK OakblIaysiapra apHajFaH COHFBI (DOPMYyJIaIapa HOPMAJIAHTAH YKOHE
OPTAJIBIKTAHIBIPBLIFAH VIECTIPIMAEP/IiH Tapaay (PYHKIMSICH KATHICATHIHBIH aTall OTKEH YKOH, OYJI 2KaJIIlbl
afiTKaH 2 THIePOOIANIBIK, TUITI TEHIEYIEPMEH 6aCTAIATHIH HACTAIKEI YKOHE IEKAPAJIBIK €CElTep VIIMH TOH
eMec.

Kiam cesdep: runiepOoJIasIbIK TEHIEY, TapaJraH TepOesMeni XkKyiie, ra3 HeMece CYUDIK, arbIHIaPBIHbBIH, IIyJIb-
calusChIH 6oceHIeTy ecebi, XKYKTeJINeH TeH/ ey, bacTalKbl mapTTap, MeKapaJblk maprrap, Jaaambep dop-
MYJIACBIHBIH, aHAJIOTBI, IIIEKAPAJIBIK, OAKbLIaY, KAJBIITHI YIECTipiM, yiaecTipiM dyHKIHUSICHI.

A X. ArTaes

Hremumym npuraadnoti mamemamuru u asmomamusdauyuu KBHI] PAH, Haavwuk, Poccus

3amadya TPaHUYHOTO YIIPpABJEHUS JIJII HArPyKEHHOTO
B/IOJIb OJ/THOII M3 CBOMX XapPaAKTEPUCTUK
rurepo0JIn9IecKoro ypaBHEeHUS

B crarbe ucciiesioBana ojHO3HaUHAST PA3PEIINMOCTD 331291 'PAHUYHOIO YIIPABJIEHUS JJIs HAIPY KEHHOI'O
BJIOJIb OJTHOM M3 CBOMX XapaKTEPUCTUK OJHOMEPHOTO YpaBHEHWs KOJIEOAHWS CTPYHBI B TEDMUHAX PETYJIsIp-
Horo pemrenusi. Meron perenusi ocHoBaH Ha anajore (opmysisl amambepa, MOCTPOEHHOTO JJTsi TAHHOTO
ypaBaenusi. OTmMedeHo, 9To 00JIACTBIO OIIPEJIeJIEHNUSI PEIICHNS IAHHOIO yPaBHEHUs, KOTJ[a HavaJbHble 1 (bu-
HaJIbHBIE maHHbIE KON 3a/1a10TCsT HA OTpe3KaxX OJMHAKOBOM JJINHBI, siBjisieTcs KBaapar. CToOpoHa KBaapaTa
paBHa JJMHE JAHHOTO oTpe3ka. CaMu IpaHWUYHbBIE YIPABJICHUS OIPEEIEHbl Yepe3 KOMIIOHEHTHI aHaJIora
dopmyibr Jamambepa, KOTOpble, B CBOIO O4Y€pe/b, OJHO3HAYHO OIPEJEJISIIOTCS Yepe3 HadaJbHble U bu-
HasbHble manHble Komu. Cregyer OTMETHTD, YTO B OKOHYATEIBHBIX (DOPMYJIAX JIJIsI UCKOMBIX TPAHUYHBIX
yIpaB/IeHui y4dacTByeT (DYHKIHUs PACIPEIEJeHIs HOPMUPOBAHHOIO M IEHTPUPOBAHHOTO PACIPEIEIICHUS,
9TO, BOODIIE IOBOPs, HE XapPAKTEPHO JJIsi HAYAJIbHBIX U I'PAHUYHBIX 33129 WHUIMIPOBAHHBIX YPABHEHUIMU
rUepOOIMIECKOTO THUIIA.

Karoueswie crosa: ruiepbomyeckoe ypaBHEHMe, PaclpeleséHHas KojebaTepbHas crucreMa, 3ajiada raiie-
HUS TIYJIbCAINN TOTOKOB Ta3a MM XKUJIKOCTH, HArPYKEHHOE YpaBHEHUE, HAYaJIbHBIE YCJIOBUS, TPAHUYIHbBIE
ycaoBus, aHayor ¢popmyssl /lamambepa, rpaHUYHbIE YIIPABIEHNs, HOPMAJIBLHOE pacIpeenenne, QyHKIHs
pacIpe/ie/IeHHsl.
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