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On the boundedness of the partial sums operator
for the Fourier series in the function classes families associated
with harmonic intervals

The article is devoted to the study of some data from the theory of functions approximation by trigonometric
polynomials with a spectrum from special sets called harmonic intervals. Due to the limited perception range
of devices, the perception range of the senses of the person himself, when studying a mathematical model
it is often enough to find an approximation of the object so that the error (noise, interference, distortion)
is outside the interval of perception. Harmonic intervals model problems of this kind to some extent. In the
article the main components of the approximation theory of functions by trigonometric polynomials with
a spectrum from harmonic intervals are presented, the theorem on estimating the best approximation of
a function by trigonometric polynomials through the best approximations of a function by trigonometric
polynomials with a spectrum from harmonic intervals is proved. Theorems on the boundedness of the partial
sums operator for the Fourier series in the function classes families associated with harmonic intervals are
considered; such a theorem for the Lorentz space is generalized and proved. The article is mainly aimed
at scientific researchers dealing with practical applications of the approximation theory of functions by
trigonometric polynomials with a spectrum from special sets.

Keywords: harmonic interval, trigonometric polynomials with a spectrum from harmonic intervals, best
approximation of a function by trigonometric polynomials, partial sums operator of the Fourier series for
a given function, interpolation theorem.

Introduction

In approximation theory one of the most relevant problems is the approximation of periodic functions
by polynomials with a spectrum from special families of sets. Here we note the works of K.I. Babenko,
S.A. Telyakovsky, V.N. Temlyakov [1] and others in the case when the spectrum is a hyperbolic cross; the
works of V.I. Yudin, M.I. Dyachenko [2] in the case when the spectrum is a ball, etc.

In the study of many applied problems the question of approximating the mathematical model of the object
under study naturally arises. However, due to the limited range of perception («window of perception») of
devices, the range of perception of the human senses, when studying a mathematical model it is often enough
to find an approximation of the object so that the error (noise, interference, distortion) is outside the interval
(«window» ) of perception.

In this paper we consider approximations of functions by trigonometric polynomials with a spectrum from
harmonic intervals, which to some extent model problems of this kind.

Note that harmonic intervals are some fractal self-similar sets, the concept of which was introduced by
E.D. Nursultanov in [3-5] and, as it turned out, harmonic intervals have an important role in harmonic analysis.
Thus, in the works of N.T. Tleukhanova, K.S. Saydakhmetov, D.S. Karimov, such objects as harmonic segments
and harmonic intervals were essentially used.

In the studying the problem of the boundedness of the partial sums operator for the Fourier series in the
function classes families associated with the best approximations over harmonic intervals the method of real
interpolation is used. Among the works devoted to the properties of interpolation spaces, as well as to the
methods of interpolation, one should note the works of Y. Berg and J. Lefstrom [6], S.G. Krein, Yu.I. Petunin,
E.M. Semenov, Yu.A. Brudny [7], [8], H. Tribel [9], [10].
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Definitions and auxiliary results

Let k,v, N € N, k < N. A set of the form

Iy = G (I=k, k] + 2vN) = G (m+2vN :m € [—k, k)

v=—00 v=—00

is called a harmonic interval in Z.
We denote by T,gv the set of trigonometric polynomials of the form

T,ﬁvz{za,,~ei”x:aV:0ifV§éI,iV,s€N}.

v=-—s

The value
EY(f)p = inf ||f—t
i (F)p o, If—tllp

is called the best approximation over the harmonic interval I of the function f € L,[0,27), 1 < p < oo, by
trigonometric polynomials from T,iv of order less than or equal to k.

Let f € Ly[0,27), 1 < p < co. The partial sum of the Fourier series for the function f over the harmonic
interval [ ,iv is called the function

S = Y a-e,

velY

Theorem 1. [11] Let f € L,[0,27), 1 < p < oo, m € N. SN (f) and EN(f) are the partial sum of the Fourier
series and the best approximation of the function f over the harmonic interval I respectively, then we have
the following relation

En(Pp ~ If = Sn(H)llp-
Lemma 1. [11]]Let n € N, 1 <p < g <o00,1 <7 < oo, then
1_1
ITnlL,, < Cne™a||ThllL,. (1)

q,r —

Let 1 <p,g<oo,7r>0, f€Ly0,27m). The family of function classes {B;’q‘N}N is defined by the equality

pan ={f:flsy, , <oof, NeN,

where 1
q

N
IfllB;, = (Z BT (Ezivl(f)p)q>
k=1

Let two families of function classes {AN } v and {BN } o IV €N, be given. We assume that the ratio
[fllan ~ [ fll B~
holds if there are parameters Cy, Cy such that for any f € AN the following inequality

Crllfllsy < Nfllav < Collfllp~

is valid, moreover, the parameters C7, Co do not depend on f and N.

Theorem 2. [12] Let f € By , om, m € N. Then for 1 <p, ¢ < oo, r > 0 we have

1£115y, 4 ~ (Z 2ok (E§£”1<f>p)q>
k=1

Theorem 8. [12] Let m € N, 1 < p,pg,p1 < 00,0 <0 <1, 79> 0,7 >0, 19 # 71, % — 1—0_,_1%’
r=(1-0)-rg+0-r, then

1
q

(5

. T1 — T
P0,P0,2™) Bp1 »P1,2™ ) 0p Bp,p,2m )
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Estimation by the best approximations over harmonic intervals

Theorem 4. Let f € L,[0,27), 1 < p < oo, n € N. 3" a, - €”? is the trigonometric Fourier series of the
VEZ
function f, then the following inequality holds

= ZE@J 1)n

Proof. By Lemma 9.3 [13] we have
En(f)p ~ If = Su(f)llp,

when 1 < p < oo or
En(f)p ~ Z ay - e (2)
veZ~[—n,n]

By entering the notation of harmonic intervals in Z

D {1(27 =1)n; (27 + 1) n] + 27 'mn} =

m=—0oo

U {[-n;n] + 290 (2m + D}, j=12,..,

m=—0oQ

we obtain

Then from (2) we get the relation in this form

n[27 (2m+1)+1]

iZay-ei”z = i i Z as - e . (3)
j=1lveV; » Jj=1m=—00 s=n[27(2m+1)—1] P

We denote by W;, j = 1,2, ..., the following sets
W, =27~V (4)

where

Q {[= (@ =) n; (2 = 1) n] + 27 'mn}

or
W I(QJ n:*

We note that the sets W;, 7 = 1,2,... are also harmonic intervals in Z as complements of the harmonic
intervals V;, j = 1,2, ... in Z. Then, according to Theorem 1, using (4), from (3) we obtain the required inequality

Ex(Pp~ (D D aw-e™ Z f=Sw, ()| <

j=1veZ~W;
J ’ P P

The theorem is proved.
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Theorems on the boundedness of the partial sums operator for the Fourier series
of a function f in the function classes families {B;q.N}N

Theorem 5. [11] Let N €N, 1<p<qg<o00,1<r<o00,>0,a—3=2— %. Bgr is the Besov space [14],
then the partial sums operator for the trigonometric Fourier series of the function f

N
Sy (f(x) = > Flk)e™
k=—N

such that
Sy : BS,. N — B,

is bounded, that is, there is the inequality

IS8 (Hlsg, < CUflgs
where the parameter C' do not depend on f and N.
Corollary 1. [11] Let N e N, 1 <p<qg<o0,1<r<oo, >0, a—p=

— %, then the partial sums
operator for the trigonometric Fourier series of the function f

1
p

S By = By
is bounded, that is, the following inequality

1S5 sz < Clfllps,
where the parameter C' do not depend on f and N.
Theorem 6. [11] Let m e N, 1 <p < ¢ < o0, =

%, then the partial sums operator for the trigonometric
Fourier series of the function f

1_
P

SQm : Ba

g, 2m L,

is bounded, that is, we have the following inequality

182 (N, = Clifllse ..

q,2m

where the parameter C' do not depend on f and m.
Remark 1. Theorem 6 can be formulated in a more general form.

Let NeN,1<p<qg<oo,a=2<—1 then the partial sums operator for the trigonometric Fourier series

of the function f P
SN : B](;équN — Lq

is bounded, that is, there is the inequality of the form

185Dl < Clifllgy, -

N

where the parameter C' do not depend on f and N.
We generalize Theorem 6 to Lorentz spaces.
Theorem 7. Let N e NJ1<p<qg<oo,1<r<oo, a=

— %, then the partial sums operator for the
trigonometric Fourier series of the function f

1
p

SN : BS’T,N — Lq,r
is bounded, that is, this inequality holds
IS8 (Dlls,., < Cllfllps

where the parameter C' do not depend on f and N.
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Proof. We estimate the norm of the partial sum operator in the Lorentz space

flogy N || 2F—1 4 [logy N]
[ENGIESY > ape™ = > Nk (Sv(ly, . - (5)
k=1 n=—2k-1 Lo k=1

Applying the inequality of different metrics (1), we transform the relation (5) as follows

[10852 N] L. [log2 N]
1Sx(Nllz,, <C S0 2°G=D ap (Sv(Ml, =C 3 2% ok (Sv (), - (6)
k=1 k=1

Z’I’LI

Taking into account that Ap (Sy(f)) is a partial sum of the function > ane
neZ~IN

and using the M.
2k—1_1

Riesz theorem [15], Theorem 1 and Theorem 2, we reduce relation (6) to the form

[log, N]
1SN (DI, <C > 2% [lag (Sn(H)l,, <
k=1
[log, N _ [logy N]
<C Z 2O‘k Z ane'™® =C Z QO‘ka Sgk 14 )HLPS
nEZ\I,C 1 k=1
2 -1 Lp
[logy N] logz N]
<C Z M EN L (fp=C-2% Y 22®VEN L (), <
k=1
[log, N]
<C Y 22BN (fy~Clifllss,
k=1
= [Sv(Hllz,. <ClflBe, - (7)

We take pairs («g, 1), (go,q1), (ro,71) that satisfy the following conditions

oy <a<a, g<qg<q, ro<r<r,
1 1 1 1

a)y=———, 0 = — — —.
P 9o P @

Taking into account the relation (7), we obtain the following
SN : BO‘O ~N — Lgoro

. a1
Snt Byt v = Lgym

then, by the interpolation theorem [6], we have

SN - (B;,Ul,N;Bg,ll,N) - (L‘IOyro;qu»Tl)G,r' (8)

o,r

Using Theorem 3, we receive that this relation holds
(Byxe B;ll,N)e =B

where ) 1_8 9
ag=(1-0)-ap+0-a;, —-=—=+—, 0<6<1.
T To T1

It follows from the theorem on the interpolation of Lorentz spaces [6] that

(Lgo,ro’ qu,rl)g,r = Lqg,r,
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where

1 1- 6 1 1-6 0
+

qe qo G T To T1

Since there is a dependency

co=1=0) a0t —-0) (1= L) pp (1o 1) 1L

P Qo

then there is 8 € (0;1) such that

Qp =, (g = (.

As a result, from (8) we obtain the required relation

and

. «@
SN . Bp,’I“,N — Lq;p,

1S (Nllg,, < Clflps .

N

where the parameter C' do not depend on f and .

The theorem is proved.

Remark 2. In Theorems 5, 7 and Remark 1, the operator Sy (f) can be replaced by the operator S, (f),
where 0 < n < N. Indeed, from M. Riesz’s theorem we have

1Sa(£)llz, < C IS8 (DI,

where the parameter C' do not depend on f and N.
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! Axademur E.A.Bexemos amuindaen, Kapaeandw yrusepcumemi, Kapaeanow, Kasaxcmar;
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l'apMoHuUKaabIK MHTEpPBaJgapMeH OaitjlaHbICThI (PYHKIUATIAPD
KJacTtaphbl yiipiageri ®ypbe KaTapblHBIH Jepbec KOCBIHIbLIaphl
OIepaTOPBIHBIH, IITEHEJITEHIITI TypPaJIbl

Maxkasia rapMOHUKAJIBIK, HHTEPBAJIIAD el ATAJATHIH apHANBI JKUBIHTHIKTAP CIIEKTPi 6ap TPUTOHOMETPUKA-
JIBIK, TIOJIMHOMTap DYHKITUSITIAPBIH YKYBIKTAY TEOPUSACHIHBIH KeOip /1epekTepin 3eprTeyre apuaaran. Mare-
MAaTHKAJbIK, MOJIEJIbII 36PTTEY Ke31H/e KYPbLIFbLIAD/IBIH KabbLIIay ayKbIMbI, 8JaMHBIH Ce3IM MyIIeIepiHiy
KabbLIZIay ayKBIMBI IEKTEYJ OOJFAHIBIKTAH KATeNiK (Iry, Kemepri, 6ypmasay) KaObLiIay MHTEPBAJIBGIHAH
TBIC 6OJIATBIHIAN eTil KayKeTTi 00 beKTIHIH KYbIKTaMaChlH Ta0y KebiHece >KeTKiJIKTI 6ostaapl. 'apmoHuKa-
JIBIK, MHTEPBaJIJap OCBIHJIAM TUIITErl Macesesep/i oesrii Oip JieHreiae Mmoaebaeitai. MakaJsajia rapMoOHU-
KaJIbIK, THTEPBAJIIAP Il ATAJATHIH apHANBI KUBIHTHIKTAP CIIEKTPi 6ap TPUTOHOMETPUKAJIBIK, TTOJTMHOMIAD
(DYHKIUIaPbIH YKYBIKTaY TEOPHUSCHIHBIH, HET3ri KOMIIOHEHTTEPI KEJITiplIreH, rapMOHUKAJIBIK HHTEPBAJIIAD
JIeTl aTaJIaThIH apHabl XKUBIHTBIKTAP CIIEKTPi 6ap TPUTOHOMETPUKAJIBIK, TOJTUHOMIAP (PYHKIUSICHIH €H Ka-
KCBI KYBIKTay APKbLIbI TPUTOHOMETPHUKAJBIK MOJAHOMIAD (DYHKIUSICHIH €H YKAKCHI KYBIKTAYIbl Oarasay
TypaJibl TEOPEMACHI JRJIEIEH . | apMOHUKAJIBIK MHTEPBAJIIapMEH OaMIaHBICTHI DYHKIUIIAD KJIACTapbl
yitipianeri @ypre KaTapbIHBIH JepOec KOCBIHIIBLIAPHI OII€PATOPBIHBIH, IIIEHEJIIeH N TypaJibl TeopeMaJap
KeJITipiiares, MyHgai Teopema JIOpeHIT KeHICTIT YImiH »Ka/JIIbLIaHIBIPBLIFAH YKOHE JTJeaenren. Herizinen
MaKaJia apHabl KUBIHTHIKTAP CIIEKTPi 0ap TPUTOHOMETPHUKAJIBIK, HOJIMHOMAAD (DYHKIUIIAPBIH KYBIKTAY
TEOPUSICBIHBIH TPAKTUKAJIBIK, KOJJIAHYBIMEH aiiHABICATHIH FHUIBIMU 3€PTTEYIINIIEPTe apHAJIFAH.

Kiam cesdep: rapMOHUKAJIBIK WHTEPBAJ, FAPMOHUKAJIBIK WHTEPBAJAAP CIEKTPI 6ap TPUrOHOMETPUKAJIBIK,
MMOJTMHOM/IAP, TPUTOHOMETPHUKAJIBIK, IIOJTUMHOMIAD (DYHKITUSCHIH €H XKAKChI KYBbIKTay, OerilenreH OyHKIHsT
yiiin Pypbe KaTapbIHbIH Jepbec KOCBIHIbLIAPHI OIIEPATOPBI, NHTEPIOJIAIUSIBIK, TEOPEMA.
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! Kapazanduncxuti ynusepcumem umenu axademuxa E.A. Bykemosa, Kapazanda, Kazaxcman;
2 Kapazanduncruti ynusepcumem Kasnompebeorwsa, Kapazanda, Kasaxeman;
3 Kapazandunckuti mexnuveckuti ynusepcumem, Kapazanda, Kaszazcman

OO0 orpaHMYEHHOCTH OIlEpPaTOpPa YACTUIHBIX CYMM
paaa Pypbe B cemeiicTBaxX KJjaccoB (pyHKITHIA,
CBA3aHHBIX C TAPMOHUYECKUMU MHTEPBaJIaMU

Crarbsl TOCBSIIIEHA MCCIEJOBAHUIO HEKOTOPBIX JAHHBIX TEOPUN HPHUOINKEeHUsT (DYHKIMIA TPUTOHOMETPHYe-
CKMMU TOJIMHOMAaMH CO CIEKTPOM M3 CIIEIIHAJIBbHBIX MHOXKECTB, Ha3bIBAEMBIX TaPMOHUYECKIMHI WHTEpBaJa-
mu. B cuty orpanndeHHOCTH nrana3oHa BOCIPUATHS IPUOOPOB, AUATa30Ha BOCIIPUSATHSI OPTAHOB YyBCTB Ca-
MOI'0 4YeJIOBeKa IIPH UCCIIEJOBAHUYN MaTEMATHYECKON MOJEIN YacTO JIOCTATOYHO HANTH IPUOINKEHHE UCKO-
MOTO 0OBEKTA TAK, 9TOOBI MOTPEITHOCTD (IIyMBbI, TIOMEXH, NCKAYKEHUs) OKA3aJIaCh BHE HHTEPBAJIA BOCIIPUSI-
Tusd. ['apMOHUYeCKe NHTEPBAJIBI B HEKOTOPOH CTENEeHN MOJETUPYIOT 33/a4Ui TAKOTro poja. B crarbe mpen-
CTaBJIEHBI OCHOBHBIE KOMIIOHEHTHI TEOPUU IIPUOIMKEeHNST (DYHKIIUH TPUTOHOMETPUIECKUMU ITOJIMTHOMAMU CO
CITEKTPOM W3 TAPMOHUIECKUX WHTEPBAJIOB, IOKa3aHa TeOpeMa 00 OIeHKe HAWJTYYIero NpudInKeHns QpyHK-
MY TPUTOHOMETPUIECKUMHY HOJMHOMAMHU Yepe3 HAMJIYdIue TpuOInKeHus PyHKIIMH TPUTOHOMETPUIEeCKU-
MU IIOJIMHOMAMHU CO CIIEKTPOM U3 FapMOHHMYECKUX HUHTEpBaJIOB. lIpuBejieHbl TeopeMbl 00 OrpaHUYEeHHOCTH
omepaTopa 9acTUIHBIX CyMM psiia Pypbe B ceMeiicTBax KJIACCOB (DYHKIW, CBSI3aHHBIX C TAPMOHIIECKIMU
uHTepBajaMu, 0600IIeHa U JoKa3aHa Takas Teopema i npocrpancrsa Jlopenna. CraTbs opueHTHPOBaA-
Ha, B OCHOBHOM, Ha HAy4YHBIX HCCJIJOBAaTeJIElNl, 3aHNMAIOIINXCS TPAKTUYECKUMU IIPUJIOKEHUSIMUA TEOPHUU
npubIMKeHnY (PYHKIUH TPUTOHOMETPUIECKUMU TTOJIMHOMAMU CO CIIEKTPOM U3 CIENUAJbHBIX MHOXKECTB.

Karouesvie caosa: rapMOHUYECKHI UHTEPBAJI, TPUTOHOMETPUYIECKNE TIOJIMHOMBI CO CIEKTPOM U3 TapMOHU-
YeCKUX WHTEPBAJIOB, HAWJIydIllee MPUOIMKeHNe (DYHKIIUN TPUTOHOMETPUYECKUMU TTOJTUHOMAMHE, OIIEPATOD
YaCTUYHBIX CyMM psga Pypbe 111 3aJaHHON (DYHKINH, HHTEPIIOISINOHHAST TEOPEMA.
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