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On atomic and algebraically prime models
obtained by closure of definable sets

This article discusses the properties of atomic and prime models obtained with the some closure operator
given on definable subsets of the semantic model some fixed Jonsson theory. The main result is to obtain
the equivalence of the thus defined atomic and prime models, and this coincidence follows the assumption
that there is some model with nice-defined properties.
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The paper considered the syntactic and semantic characteristics of prime and atomic models [1]. A. Robinson
defined a natural generalization of a prime model, and he called such a model an algebraically prime model.
In work [2] the corresponding notions of atomicity and their connection with an algebraically prime model
were systematically studied. We propose several new types of atomic models and refine these concepts for
algebraically prime models within the framework of these types of atomic. We have previously obtained some
results in connection with these new concepts in works [3-6].

With these concepts of types of atomic and primary models we can work in fixed classes of Jonsson theories,
depending on the conditions of the problem under consideration. In work [7] generalizations of the concept
of isomorphic embedding were considered and within the framework of this definition results were obtained
connecting the concepts of atomic and algebraically prime within the framework of this generalization. Thus,
this work is a synthesis of new results obtained using ideas and concepts of works [3-6] and [7]. In [8-13] some
new directions related to the study of Jonsson theories and their companions were considered and studied. The
results of this work can be useful for studying the properties of countable models related to the above topics
from the list of papers [3-6], [8-13].

Remind some concepts from [7].

Let a < w, A, B are models first order of L. Then the mapping f : A — B is called o an embedding if for
any formula ¢(Z) € II, and any tuple a € A from the fact that 2 |= ¢(a), it follows B = ¢(f(a)). A model A
of the theory T is called a-algebraically prime if 2l a-embeddable into any model of the theory T'.

From the above definitions it is easy to see that the concepts of an algebraically prime model and a prime
model are obtained from the concept of an a-algebraically prime models for « = 0 and a = w respectively.
If T is a set of formulas, then we put I'* = {—¢/p € T'}. If @ =< ag...a, >, A is a model, then @ € A means
that a; € A,i < n. A type p is called a I-type if p C T'. Further, t¥(a) = {0(z)/p(z) € L, A = ¢(a)}
is called a I'- type a in . T'y-type p is called a I'i-the main type if there is a 'y is formula ¢(Z) such that
T E=V(Z)(e(Z) — (z)) forall ¥(Z) € p. In this case p(Z) is said to generate p.

It is easy to see the following fact. Let 2 is a model of the theory T, then 2 is (I'y, I'y)-atomic model T' if
and only if for any @ € A there is such a formula ¢(Z) € T'y, which is true:

a) A = o(z);

b) ¢(&) generates t¥ . (a).

Similarly, if 2 = T, then 2 is weakly (I';,T'2) atomic model of T if and only if for any a € A there is a
formula ¢(Z) € T'; that is true:

a) A = o(7);

b) ¢(Z) generates 7 (a).

In papers [3-6] the properties of atomic models were considered with the help of the closure operator
specifying some pregeometry on subsets of the semantic model of a fixed Jonsson theory.
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Let cl is some closure operator defining a pregeometry over C' (for example ¢l = acl or cl = dcl). It is clear
that such operator is a special case of the closure operator and its example is a closure operator defined on any
linear space as a linear shell. Further, the concepts under consideration are produced within the framework of
a perfect Jonsson theory and if the contrary is not specified then the considered Jonsson theories are assumed
to be complete for existential sentences.

Let us give definitions related to the atomic and prime model considered in this theory.

Definition 1. A set A will be called the (I'1,I'3)-¢l atomic in T if:

1) Va € A, 3p(z) € I’y such that 2 = ¢(a);

2) ¢(Z) generates t2 . (a);

3) cl(A) = M, M € Er, where Er class of existentially closed models of the theory T}
and obtained model M is said to be the (I'1,T'2)-cl atomic model of the theory T

Definition 2. A set A is said to be weakly the (I'1,'9)-cl atomic in T, if Va € A Jp(z) € T'; such that:

1) ¢(Z) UT is consistent;

2) ¢(&) generates tlg“lgurg (@);

3) cl(A) = M, M € Er, where Er class of existentially closed models of the theory T'; And obtained model
M is said to be weakly (I'1,I'3)-¢l atomic model of the theory T

Definition 3. A set A is said to be almost-weakly (I';,T'3)-¢l atomic in T if for any a € A there exists a
formula ¢(z) € T'; such that:

1) ¢(Z) UT is consistent;

2) ¢(Z) generates 7' (a);

3) cl(A) = M, M € Er, where Er is the class of existentially closed models of theory T'; And obtained
model M is said to be almost-weakly (I'1,'2)-cl atomic model of the theory T

Definition 4. A set A is said to be the (I'y,I's)-cl algebraically prime of the theory T, if ¢cl(4) = M, M is
(T'1,T)-cl atomic model of the theory T, M € Ep N APp, where APr (| Er # & and obtained model M is said
to be (I'1,'y)-cl algebraically prime of the theory T'.

Definition 5. A set A is said to be almost (I'1,T'2)-cl algebraically prime of the theory T, if cl(4) = M, M
is been almost (I'y,I'2)-cl atomic model of the theory T, M € Er N APy, where APr () Er # 0 and obtained
model M is said to be almost the (I'y, T'2)-cl algebraically prime of the theory T.

Definition 6. A set A is said to be almost-weakly (I';,T'2)-cl algebraically prime of theory T, if cl(A) = M,
M is been almost-weakly (I';,T'2)-cl atomic model of the theory T', M € Er N APp, where APr () Er # 0 and
obtained model M is said to be almost-weakly (I'y,I'3)-cl algebraically prime of the theory T

For the convenience of expression

" is (I'y,T'a)-cl atomic model of the theory T";

"A is weakly ("1, I'2)-cl atomic model of theory T";

"2 is an almost (I'y, I'2)-cl atomic model of theory T";

"2 is an almost-weakly (I'y,I'2)-cl atomic model of theory T";
and denote by (1), (2), (3), (4), respectively.

Lemma 1.

1. If (Ty = T%), then (1) < (2), (3)

2. If (I'; C I'y), then (1) < (3), (2)

3. If (T UT3) C I's, then if

a) A is weakly (I';,T'2)-cl atomic model of the theory T, then it is true (1);

b) 2 is an almost-weakly (I'1,'z)-¢l atomic model of the theory T', then it is true (3).

4. If (T5 Cc Ty CT3), then (1) & (2) (3) & (4).

5.If (Ty =Ty =T%), then (1) & (2)& (3) & (4).

6.If (I, C T, (T'y C T%), then 7 — (I, I'})-¢l atomic model of the theory T' = 7 — ('}, I'2)-cl atomic model
of the theory T, where 7 € {{), weakly, almost, almost-weakly}.

Proof. The proof follows easily from the definition.

Lemma 2. T T is complete for Ty (i.e., if ¢(Z)UT consistent and ¢(Z) € T'y, then it is true that T = 3z (T))
and (I'y UTY) C T'y then it is true (1) < (2)<(3) < (4).

Proof. Since I'; C T'g, then, by part 2) of Lemma 1, it suffices to show (2) < (1). Let (2) a € A, A = ¢(a),
¥(z) € I'y, (Z) generates tF (a).

Let —p(Z) € T'5 and A = —¢p(a). Let us show that T = ¢(Z) — —¢(T).

(4).
(4).

=
=

Mathematics series. Ne 3(103)/2021 125



A R. Yeshkeyev, A.K. Issayeva, N.K. Shamatayeva

Suppose the opposite: TU{¢(Z) A p(Z)} consistent. Since T is complete for 3Ty, then T = IZ((Z) A p(T)).
So there is b € A such that 2 |= 1 (b) A o(b). Let () € Ty, 2 = 0(b) and 6(Z) generates i (b) by (2). Note
that T |= 0(Z) A o(Z) (1) as well as T'F ¢(Z) A =0(Z) (2).

Since ~0(z) € I'; C T’y it follows from (2) that =0(z) ¢ 1! (a), i.e., A }= 0(a). According to (1), in this case,
A = (@) must be true. Contradiction. Recall that A, = ¥, N1L,.

Corollary 3.

HIUT, =Ty =3, then (1) & (2)& (3) & (4).

2) For any a < f <w, if Ty = A, Ty = 3, T is complete for 3, then it is true (1) & (2)& (3) & (4).

Proof. 1) follows from part 5) of Lemma 1;

2) from Lemma 2.

If T e {; 11}, then I'(A, @)zca denotes the set of sentences of the form I' in the language L that are true
on (A, q)aca-

Lemma 4. If 2 is a model of T', then following conditions are equivalent:

1) A is (T'y,Ty)-cl algebraically prime of the theory 7.

2) Every model T can be enriched to the model T UTI(, @)zca

3) Every model T' can be enriched to the model T'U 3(2, @)zeca

Proof 3)& 2) < 1) obviously.

Let’s show 1)< 3).

Let f : A — 9B be isomorphic embedding a € A, ¢(Z) € X1: A E ¢(a), ¢(Z) = IgY(y,T), ¥(y,z) € 11,
a € A, A = (ay,a). Then B = (f(d1), f(a)) due to the fact f is an isomorphic embedding.

Further, we have B = Jyy (7, f(a)) i.e., B = o(f(a)). Hence (B, f(a))aca are the model of TUX1 (A, @)zeca

Definition 7. Let ®(zy...x,;) be some set of formulas of the language L from variables z;...x,;,. We say that
I’y locally omitted @ if for any formula consistent with T formulas ¢(z...x,) € T’y there is such a formula
0(z1...x,;) € ® such that ¢ A =6 consistent with T

Theorem 5. Let T be Ils-axiomatizable consistent theory of a countable language L and for any n < w let
®(x1...2,,, ) be the set of the II; are formulas of m,, variables. If T' 31 locally omitted every ", n < w, then T
has a countable model which omitted every set ", n < w.

The proof can be taken from [15].

Theorem 6. Let T be a perfect Jonsson theory complete for I sentences. Then every (X, 3)-cl algebraically
prime model of theory T is an almost-weakly (3, ¥)-cl atomic model of the theory T'.

Proof. Let 2 be the (3, ¥)-cl algebraically prime model of theory T'. Suppose there is a a € A, such that
t3(a) is not be the ¥y is principle type. Since ¥; C I3 then by Theorem 5, there exists a model B of the theory
T, which omits t3 (a). Let f : 2 — B be an embedding. Then by Lemma 4 we have t3 (a) C t3 (f(a@)). It
follows that f(a@) implements 3 (@) to 8. This contradicts Theorem 5.

Definition 8. Let t1 be the I'1-type, to be the I's-type, then they say that ¢; and to T-equivalent if T'Ut; F to
& T Uty F ty. In this case, write t1 ~7 to. The following is known next lemma.

Lemma 7. Let T be perfect Jonsson theory complete for II; sentences and 2 |= T, then there is a model B,
such that:

1) B ET;

2) 2 is isomorphically embeddable in 9B;

3) for any b € B t8 (b) ~r tg, (b).

Proof. The proof follows from [14] and the above definitions.

Theorem 8. Let T be the perfect Jonsson theory complete for II5 sentences. Then every (2, X)-cl algebraically
prime model of the theory T is an almost-weakly (X, ¥)-cl atomic model of the theory T

Proof. Firstly, we prove the following fact (F). If ¢(z) € £; and ¢(Z) UT is consistent, then there is a
formula ¢(Z) € £ such that T U(Z) is consistent and T = ¢(Z) — ¢(Z). Indeed, let ¢(Z) € ¥; and o(Z)UT
are consistent. Since that T is complete for I sentences we have T + 3Z¢(Z). Since T Tl is axiomatizable,
then by Lemma 7 there exists a model B |= T, such that for any b € B is holds

£, (b) ~r 13, (D) (%)

Let b € B such that B |= ¢(b). Due to (*) and the closedness concerning the conjunction of the type 8 (b)
there is a formula ¢ (z) € t& (b), such that T+ ¢(z) — ¢(z). Fact (F) is proved.

Further 2 be (X, ¥)-cl algebraically prime model of theory T, @ € A, t = t3(a). By Theorem 6 2A-almost-

weakly (X, X)-¢l atomic model of theory T'. Therefore, there is a formula ¢(Z) € X consistent with T, which
generates t3(a). According to (F), there exists a formula ¢(z) € ¥ consistent with T, for which the following
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holds: T+ 9(Z) — ¢(&). Obviously ¥(Z) generates t&(a). Due to the arbitrariness @ € A a model 2 is almost-
weakly (X, ¥)-cl atomic model of the theory T

Remark. Let a, B <w, % =<z;:1<i<l4+a>a*"=<a;:1<i<1+a>.

Definition 9. 1) a-type is called any set of formulas consistent with T, the free variables of which are found
in T;
2) w-type p is called T-w-type, if p C T
3) T-w-type p is called T'y-principle type if there exists such a sequence (1, (Z") : 1 < n < w) I';-formulas,
such that:

a) T U, (T™) is consistent, 1 <n < w;

b) 1, (Z") generates p | ", where p | Z" is set of formulas from p, the free variables of which are among
(1, 2n), 1 <n <w;

c) T (Z") < IZpi 1V (2", 1 <n < w.

Definition 10. A model 2 of the theory T is said to be the fine almost-weakly (I'1,T's)-¢l atomic model of
T if each tuple of w elements 2 implements I';-principle type I's w-type.

Lemma 9. Let 2 be a countable model of the perfect Jonsson theory T', A = a* =< ay..., ay, ... > implements
(%, X)-w-type. B = T, B is the isomorphically embeddable in 2(. Then B is a fine almost-weakly (X, ¥)-cl atomic
model of T'.

Proof. Let b* =< by, ...,by, ... > be an arbitrary tuple of w-elements B. Such that 9B is the isomorphically
embeddable in A, then by = a;, for some 1 <k < w.

Let npy =145:1<j <k,

Zk = 172337"77746 \Zj 1 S] < kvgk =< Y1, Yk >

Such that @* implements the ¥-principal type Y-w-type, then there exists a sequence of ¥-formulas (1, (Z") :
1 < n < w), for which the following is true:

1)1, (™) U T is consistent, 1 < n < w;

2)1p, (Z") generates t3(a") 1 < n < w;

BT b hn(2") ¢ T (2°71) 1 < 10 < .

Let us denote by what

Py (2) (1'1‘1; mﬂjik) LA Zp =10

_ Yis - Yk
Sk(7") =

3$s¢nk (jnk)SeZk (Iil, ceny l’ik) 7 if 7, 75 0.
Y15 Yk

Then it is clear that:

a) Sp(7F) eX1 1<k <w;

b)S(7*) consistent with 7', 1 < k < w;

¢)S(y*) generates t3 (bF), 1 <k < w;

d)T F Sk(zjk) ~ Hyk+15k+1(gk+l), 1<k<w.

Further such that 9B is isomorphic embedding 2I, then t&(b*) C t¥(a*). Hence S(7*) generates t¥ (b*)
1 < k < w. Thus, since b* is arbitrary, the model B is fine almost-weakly (¥, X)-cl atomic model T

Corollary 10. Let A =T , a* = A. Then:

1) if @ implements X is principle type ¥-w-type, then any infinite ¢ implements some Y-principle type
Y-w-type;

2) if 2 is the fine an almost-weekly (X, 3)-cl atomic model T, then 2 is almost-weakly (X, X)-cl atomic
model T'.

Proof. Follows from Lemma 9.

Lemma 11. Let T has a fine almost-weakly (X, ¥)-cl atomic model, then each (X, ¥)-cl algebraically prime
model of theory T is a fine almost-weekly (3, ¥)-cl atomic model of the theory T'.

Proof. Let B be an arbitrary (X, X)-cl algebraically prime model of theory T',  is fine an almost-weekly
(2, %)-cl atomic model of the theory T, then there is an embedding f : A — B. Let 2 = f[B]. Obviously
2" embedded in 2, and by Lemma 9 2, therefore B is also fine almost-weakly (3, X)-cl-atomic models of the
theory T'.

Lemma 12. Let T perfect Jonsson theory complete for IT;-sentences. Then every fine almost-weakly (X, X)-
cl-atomic models of the theory T is a (2, X)-cl algebraically prime model of T.
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Proof. Let a¥ =< aq, ..., an, ... > are elements from A. Since a* implements -principal ¥; —w-type, there
exists (¢, (Z") : 1 < n < w)- is a sequence of ¥;-formulas for which the condition of item 3 of Definition 7 is
true. Such that T is complete for II;-sentences, then B = Iz"4, ("), 1 < n < w, where B |= T'. Further, since
T & 4, (") + 32" 1,41 (") for each 1 < n < w, then it is possible (step by step) to gradually find such
b1, ...,by from B, such that B | 1, (Z"),1 < n < w, where b"™ = (b, ..., b,). But 1, (Z") generates t3 (a"), so
t3 (@) CtR ("), 1<n<w

Therefore, the mapping f : 2 — B, where f(a,) = b,,1 <n < w, is an isomorphic embedding.

Theorem 13. Let T be the perfect Jonsson theory complete for II;-sentences and has fine almost-weakly
(%, X)-cl atomic model. Then the following conditions are equivalent:

1) 2 is the (X, X)-cl algebraically prime model of theory T'.

2) 2 is the fine almost-weakly (X, X)-cl atomic model of the theory T.

Proof. 1) = 2) follows from Lemma 11. 2) = 1) from Lemma 12.
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A.P. Emkees, A K. Ucaesa, H.K. IIlamaraesa

Axademur E.A.Boxemos amwindazw. Kapazanov ynusepcumemi, Kapazando, Kasaxcman

AHbIKTaJIPaH 2KNBbIHBIHBIH TYﬁLIKTay ornepaTopbl KeMeriMeH
AJIbIHFaH aTOMJAbIK 2Ko9HEe a..TII‘e6pa..TIbIK JKa MoOoJeJibAep TypaJibl

MakaJsrama Kaugait ma 6ip 6eKiTijireH HOHCOHIBIK, TEOPUSTHBIH CEMAHTUKAJIBIK, MOJAEIIHIH, AHBIKTAIFAH 1IKi
KUBIHBIHIA OepiireH Kanjaiiia 6ip TyHbIKTay OIEpaTOPBIHBIH KOMETriMeH aJIbIHFaH aTOM/IBIK KOHE »Kai
MOJIEJIBJIEPIiH, KACUeTTepl KapacThIpbLiraH. Herisri HoTmke peTiHIe aTOMJIBIK >KOHE XKaill MOIeJIbIepe
aHBIKTAJIFAH dKBUBAJEHTTIIIKTI Taby OOJIBII TaObLIAIbI, SFHU OyJI COMKECTIK »KaKChbl KacheTTepiMeH Oe-
pinren kaumait ga 6ip Moaesb Oap JereH IMIbIFaIbI.

Kiam cosdep: HOHCOHJIBIK, TEOPHUSICHI, CEMAHTUKAJIBIK, MOJEJb, YKail MOIEJb, aTOMIBIK MOJE/b, aJredPaJIbIK,
2Kall MOJIeJIb, IIPEreOMeTPHsI, aHBIKTAJIFAH IITKi KUbIH.

A.P. Emkees, A.K. Hcaesa, H.K. [Ilamaraesa

Kapazandunckul yrusepcumem umenu axademura E.A.Byxemosa, Kapazanda, Kazaxcman

O6 aTOMHBIX U aJIredpamvecKn IIPOCTBIX MOJIEJIAX,
IIOJIy9YeHHbBIX 3aMbIKAHNEM OIpPeae/IMMbIX MHOXKECTB

B crarpe paccMoTpenBI CBOICTBa aTOMHBIX U IIPOCTBIX MOJIEJIEN, IOy YEHHBIX C IIOMOIIBIO HEKOTOPOTO OIle-
paTopa 3aMbIKaHUsI, 33 IaAHHOTO HA ONPEIETNMBIX ITOAMHOYKECTBAX CEMAHTUIECKON MOJIEN HEKOTOPOit (bu-
KCHUPOBAHHON HOHCOHOBCKOI Teopun. OCHOBHBIM PE3yJILTATOM SIBUJIOCH IIOJIYyY€HUE SKBUBAJIEHTHOCTU OIIPe-
JICJIEHHBIMY TaKUM 00pa3oM aTOMHON M IIPOCTOM MOJIejiell, IPUYeM 9TO COBIIAJICHUE CJIeLyeT IPHU IPeJIio-
JIOKEHUH, UTO CyIIeCTByeT HEKOTOpadA MOEJb C XOPOIIO 3aJaHHBIMHU CBOMCTBAaMMU.

Kmouesvie cro6a: HOHCOHOBCKas TEOPHsl, CEMAHTUYIECKAasl MOJIE/Ib, IIPOCTas MOJEJb, AaTOMHAs MOJIENb, aJl-
redpandecKu MPOCTasi MOJIEIb, IPEATeOMEeTPUSsI, OIIPEIETNMOE TOIMHOXKECTBO.
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