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Applications of operations on generalized topological spaces

In this paper, 7,-open sets and -, -closed sets in a GT'S (X, u) have been studied, where v, is an operation
from p to P(X). In general, collection of v,-open sets is smaller than the collection of p-open sets. The
condition under which both are same are also established here. Some properties of such sets have been
discussed. Some closure as operators are also defined and their properties are discussed. The relation
between similar types of closure operators on the GTS (X, ) has been established. The condition under
which the newly defined closure like operator is a Kuratowski closure operator is given. We have also
defined a generalized type of closed sets termed as 7 ,-generalized closed set with the help of this newly
defined closure operator and discussed some basic properties of such sets. As an application, we have
introduced some weak separation axioms and discussed some of their properties. Finally, we have shown
some preservation theorems of such generalized concepts.
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Introduction

In 1979, Kasahara [1] introduced the notion of an operation on a topological space and introduced the
concept of an a-closed graph of a function. After then Jankovié defined [2] the concept of a-closed sets and
investigated some properties of functions with a-closed graphs. In 1991 Ogata [3] introduced the notion of
~-open sets to investigate some new separation axioms of a topological space. Recently, Krishnan et al. [4] and
Van An et al. [5] investigated the notion of operations on the family of all semi-open sets and pre-open sets.

In this paper our aim is to study an operation based on open like sets, where the operation is defined on
a collection of generalized open sets instead of a topology. The family of open sets plays an important role
in topology. For this, different open like sets or weakly open sets have been introduced by mathematicians to
study different weak forms of continuous functions and covering properties of topological spaces. But the most
common properties of these open like sets or weakly open sets are that they are closed under arbitrary union
and contain the empty set. Observing these, Csadszar introduced the concept of generalized open sets. We now
recall some notions defined in [6]. Let X be a non-empty set. A subcollection u € P(X) (where P(X) denotes
the power set of X) is called a generalized topology [6], (briefly, GT) if @ € u and any union of elements of i
belongs to u. A set X with a GT p on the set X is called a generalized topological space (briefly, GTS) and is
denoted by (X, u). If for a GTS (X, ) X € p, then (X, ) is known as a strong GTS. The elements of u are
called p-open sets and p-closed sets are their complements. The p-closure of a set A & X is denoted by ¢, (A)
and defined as the smallest p-closed set containing A which is equivalent to the intersection of all p-closed sets
containing A. It is also known from (7, 8] that for a GTS (X, u), A S X and z € X, z € ¢,(A) if and only if
UNA# 0 for every U € p containing x. We use the symbol i,,(A) to mean the p-interior of A and it is defined
as the union of all y-open sets contained in A i.e., the largest y-open set contained in A (see [6, 7]). We observe
that « € i, (A) if and only if there exists some p-open set U containing  such that U £ A and A € X is pu-open
(resp. p-closed) if and only if A =i (A) (resp. A =c,(A)). It is well known that i, and ¢, both are monotonic
and idempotent. For any subset A of a GTS (X, u), i, (X \ A) = X \ ¢, (A) holds.

Csaszar continued to try to find a more general structure from general topology, generalized topology, and
minimal structure. In 2010, he introduced the notion of weak structures [9] and proved that it can replace the
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already defined structures in some cases. A sub-collection w € P(X) is said to be a weak structure on X if
and only if it contains the empty set. Its properties have been investigated intensively in [10-13]. In Section 2
we have introduced the concept of a type of generalized open sets termed as 7,-open sets, the class of which
is smaller than that of generalized open sets, by an operator defined on a GT. We have then studied some
properties of such sets in detail. In section 3 we have defined a new type of generalized closed sets and studied
some separation properties with the help of the idea developed in Section 2.

7y, -open sets and operations

Definition 2.1. [14] Let (X, u) be a GTS. An operation 7, on a generalized topology u is a mapping from
p to P(X) (where P(X) is the power set of X) with G € v, (G) for each GG € p. This operation is denoted by
7, . — P(X). Note that v, (A) and A™ are two different notation for the same set.

Definition 2.2. [14] Let (X, ) be a GTS and ~, an operation on . A subset G of a GTS (X, p) is called
7,.-open if for each point 2 of G, there exists a p-open set U containing x such that v, (U) € G.

A subset of a GTS (X, i) is called ,-closed if its complement is 7, -open in (X, ). We shall use the symbol
7, to mean the collection of all ,-open sets of the GTS (X, ).

Remark 2.3. (a) We observe that every 7, -open set is a u-open set i.e., v, & pu. Let G € 7,. If G = @ then
Gep IfG#@,let x € G. Then there exists a y-open set U containing x such that v, (U) € G. Thus for each
2 € G there exists a p-open set U containing x such that z € U € G. Thus z is a p-interior point of G i.e.,
rci, (G)ie, G<Si,(G) proving G to be a p-open set.

(b) We note that v, is a GT on X i.e., @ € v, and arbitrary unions of 7,-open sets are also vy, -open. For
let {G, : a € I} be a family of v,-open subsets of X. We shall show that U{G, : a € I} is also a 7,-open set.
In fact, let x € U{G,_ : « € I}. Then z € G, for some o, € I. Thus by 7,-openness of G, , there exists a
p-open set U containing z such that v, (U) & G., CU{G, :acl}.

Ezample 2.4. (a) Let X = {1,2,3} and p = {@,{1,2},{1,3},X}. Then p is a GT on X. Consider the
mapping v, : 4 — P(X) defined by v, (A4) = ¢, (A) for each subset A of X. It can be easily checked that {1,2}
is a p-open set but not a 7,-open set.

(b) Let X = {1,2,3} and p = {@, {1}, {1,2},{2,3}, X}. Then (X, ) is a GTS. Now 7, : pp — P(X) defined by

A ifle A
7. (4) = {{2, 3}, otherwise

is an operation. It can be easily checked that {1,2} and {2,3} are two v, -open sets but their intersection {2}
is not so.

Definition 2.5. A GTS (X, u) is said to be a v, -regular space if for each point x of X and each p-open set
V containing =, there exists a p-open set U containing x such that «, (U) cV.

Theorem 2.6. Let (X, u) be a GTS and v, : p — P(X) be an operation on a GTS X. Then (X, pu) is a
7,-regular space if and only if = 1,.

Proof. Let (X, 1) be a v, -regular space. In view of Remark 2.3 it is sufficient to show that u & ,. Let G be
a p-open set of X. If G = @, then G € v,. Thus we may assume that G # . Since (X, u1) is 7, -regular, then
G is a vy,-open set. Therefore, we have 1 C v, .

Conversely, let 2 € X and V' be a p-open set containing 2. Then V' is a 7, -open set containing 2 (as p = 7, ).
Thus by definition of v, -open sets, there exists a p-open set U containing  such that v, (U) & V. Hence (X, )
is a ,-regular space.

Theorem 2.7. A GTS (X, u) is a vy,-regular space if and only if for each point x € X and every p-open set
U containing z, there exists a 7,-open set W containing = such that W cv.

Proof. First let us assume that (X, u) be a v -regular space. Let € X and U be a p-open set containing x.
Then by Definition 2.5, there exists a p-open set W containing = such that W £ ~ (W) £ U. Thus by Theorem
2.6, W is a v,-open set. Hence there exists a , -open set W such that z € W S U.

Conversely, suppose that for each point x € X and every p-open set U containing = there exists a ,-open
set W containing = such that W € U. In view of Theorem 2.6 and Remark 2.3(a) it is now sufficient to show
that 4 € v,. Let U € p and = € U. Then by the given condition there exists a 7,-open set W containing x
such that W, S U. Thus U = U{W, : x € U and W, is v, -open}. Thus by Remark 2.3(b), U is ,-open.

Definition 2.8. Let (X, ) be a GTS. An operation v, : u — P(X) is said to be regular if for each point
z € X and any two p-open sets U and V' of X containing x there exists a pu-open set W containing x such that

7, (W) S, (U) Ny, (V).
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Theorem 2.9. Let v, : p — P(X) be a regular operation. Then the intersection of two v, -open sets is also
a 7,-open set. Furthermore, v, is a topology if X € p.

Proof. Let G and H be two 7,-open sets in a GTS (X, u). We shall show that G N H is also a 7,-open set.
If GN H = & then the proof is done. Let x € GN H. Then by Definition 2.2, there exist two p-open sets U and
V with x € UNV such that v, (U) € G and v, (V) & H. Since v, : p — P(X) is a regular operation, there
exists a p-open set W' containing  such that v, (W) S v, (U)N~, (V) & GN H. Thus by Definition 2.2, GN H
is 7,-open.

If X € p, then for each » € X, there exists a pi-open set X (as X € p) containing z such that X € v, (X) & X.
Thus X is a ,-open set. It follows from Remark 2.3(b) that arbitrary union of v, -open sets is a 7,-open set.
Thus 7, is a topology on X.

Ezample 2.10. (a) Let X = {1,2,3} and p = {@,{1},{2},{1,2}}. Then v, : u — P(X) defined by
7,.(A) = ¢, (A) is an operation on the GTS (X, ) where p is not strong. It can be easily checked the X is not
a vy,-open set. We note that v, : u — P(X) is a regular operation.

(b) Let X ={1,2,3}, p = {2, X,{2},{1,3},{2,3}}. Then v, : p — P(X) defined by

4= {

is an operation on the GTS (X, u). We note that y, is not a regular operation. It can be checked easily that v,
is not a topology on X.

We now define the following two types of closure operators : one follows from the GT 7, on X and the
second one is defined in the sense of Jankovic.

Definition 2.11. Let (X, u) be a GTS and v, : p — P(X) be an operation.

(a) It follows from Remark 2.3(b) that +, is a GT. Thus the  -closure of a set A is denoted by c, (A) and
is defined as c, ( ) =M{F: Fisa, -closed set and A & F'}.

(b) v closure of A is denoted by v,-c(A) and defined by v,-c(A) = {z : AN+, (U) # @ for every p-open
set U contamlng x}.

A subset A(C X) is called y7-closed if 7,-¢(4) = A.

Proposition 2.12. Let (X, p) "be a GTS and 7, 4 — P(X) be an operation. For each x € X, x € c,, (4) if
and only if V N A # @ for any Ven, with x € V.

Proof. The proof follows from the fact that v, is a GT on X ( by Remark 2.3(b)) and the fact that for any
GT pon X, z €c,(A)[7, 8 if and only if U N A # @ for each p-open set U containing x.

Remark 2.13. It can be checked easily that for any subset A of a GTS (X, ), A S ¢, (A) € v,-c(A) S c, (A).

n

AU {1}, if A is any singleton subset of X
A, otherwise

Definition 2.14. An operation v, : p — P(X) is said to be p-open if for each point 2 of X and for every
p-open set U containing x there exists a ,-open set V' containing x such that V' S v, (U).

The next theorem gives the relation between the three types of closure operators.

Theorem 2.15. Let (X, u) be a GTS, v, : p — P(X) an operation and A a subset of X.

(i) The subset vy, -c(A) is p-closed in (X, p).

(ii) If (X, p) is v,-regular, then v -c(A) = c, (A).

(iii) If v, is p-open, then v, -c(A) = c,, (A) and v, -c[y,-c(A)] = v,-c(A).

Proof. (i) We shall only show that ¢, [y, -c(A)] € 7v,-c(A). Let = € c,[y,-c(A)] and U be any p-open set in X
containing x. Then U Ny, -c(A) # @. Let y € UN~,-c(A). Then y € U and y € 7,-c(A). Thus v, (U) N A # @
i.e., x €7y,-c(A) (by Definition 2.11).

(ii) In view of Remark 2.13 we need only to show that in a v, -regular GTS (X, ), 7,-c(A) & ¢, (A). Let
x € 7,-¢(A) and G be any p-open set containing . Then there exists a p-open set U containing x such that
7. (U) € G (as (X, p) is 7,-regular). Since € 7,-c(A) we have v, (U) N A # @ and hence G N A # @. Thus it
follows that x € ¢, (A).

(iii) Suppose that z ¢ v, -c(A). Then there exists a p-open set U containing x such that v, (U)N A = @.
Since v, is p-open, for the p-open set U containing x, there exists a v, -open set V' containing = such that
V € v,(U). Hence VN A = @. This shows that x ¢ c, (A). Thus <, (A) & v,-c(A). Also from Remark 2.13,
7.-c(A) & c,, (A). Thus we have v,-c(A) = c,, (A). Hence v,-c[y,-c(A)] = c,, [Cm (A)] = c,, (A) (asy, isa GT
on X and c,, is idempotent) = vy, -c(A).

Ezample 2.16. (a) Let X = {1,2,3}, u = {2, {1},{3},{1,2},{1,3},{2,3}, X}. Then v, : p — P(X) defined
by
AU{3}, if A# {1}

A, otherwise

7, (A) = {
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is an operation. It can be easily checked that ¢, ({3}) = {3} # 7,-c({3}) = {2,3} and thus from Theorem 2.15
it follows that (X, u) is not v, -regular.
(b) Let X = {1,2,3,4}, pn = {2, {1,2},{2,3},{1,4},{1,2,3},{1,2,4},{2,3,4}, X}. Then v, : u — P(X)
defined by
A ifle A
7. (4) = { AU{1Lif 1¢A

is an operation. It can be checked that v, -c({2}) = {2,3,4} but v, -c[y,-c({2})] = X # 7,-c({2}). Thus it
follows from Theorem 2.15 that v, is not p-open.

Theorem 2.17. Let u be a GT on a set X and v, : p — P(X) be an operation. For any subset A of X the
followings are equivalent :

(i) Ais ,-open in (X, p).

(i) X \ A is y%-closed in (X, p).

(iii) c, (X\A4) =X\ A holds.

(iv) X \ A is v, -closed in (X, u).

Proof. (i) = (ii): Let + ¢ X \ A. Then x € A. Thus there exists a p-open set U containing = such that
7, (U) € Aie., v, (U)N(X\ A) = @. This shows that = € v,-c(X \ A). Thus it follows that v,-c(X \ 4) & X'\ A.

(if) = (iii): We have to show that <, (X\A) S X\ A Let x ¢ X\ A. It then follows from (ii) that there
exists a p-open set U containing = such that v, (U) N (X \ A) = @. Then A is a v,-open set containing .
Therefore AN (X \ A) = & and hence = ¢ c, (X\ A4).

(iii) = (iv): We shall show that A is 7, -open. Let z € A. Then by Proposition 2.12 and (iii), there exists a
7,.-open set U containing = such that U N (X \ A) = @. Since U is y,-open and x € U, there exists a p-open set
V containing = such that ~ (V) € U. Thus we have z € v, (V) £ U & A and hence A is v,-open.

(iv) = (i) : The proof follows from the definition.

Theorem 2.18. Let (X,u) be a GTS and v, : p — P(X) be an operation. If v, is regular, then

-c(AU B) = v,-c(A) U~,-c(B) for any two subsets A and B of X.

Proof. Let x & ~,-c(A) U~,-¢(B). Then = € v, -c(A) and x ¢ v,-c(B). Hence there exist two p-open sets U
and V' containing 2 such that v, (U) N A =, (V)N B = @. Since v, is regular, there exists a p-open set W
containing x such that vy, (W) € v, (U)Ny, (V). Therefore, we have (AUB)Ny, (W) & (AUB)N[y, (U)Ny, (V)] &
€ [Any, (U)Ju[BN~,(V)] = @. Hence ¢ v,-c(AU B). Therefore, we obtain v,-c(AUB) & v,-c(A) U, -c(B).

Corollary 2.19. Let p be a GT on a set X and v, : p — P(X) be an operation. If v, is regular and p-open,
then the mapping defined by 1(A) = v,-c(A) for A € X is a Kuratowski closure operator.

Proof. This follows from Theorem 2.15, Theorem 2.18 and Definition 2.11.

v, -generalized closed sets and vy, -T, spaces (i =0,1/2,1,2)

Definition 3.1. Let v, : p — P(X) be an operation. A subset A of a GTS (X, i) is said to be v,-generalized
closed (briefly v, g-closed) if v,-c(A) & U whenever A € U and U is ,-open.

The complement of a v, g-closed set is called a 7, g-open set.

We observe that every . *-closed set is v, g-closed. The converse is false as shown in the next example.

Ezample 3.2. Consider X = {1,2,3}, p = {2, {1}, {3},{1,2},{1,3},{2,3}}. Then v, : p — P(X) defined
by

AU{2}, ifA#A{1

7.(A) = { A,o{thirwise =

is an operation. It can be checked easily that {1,3} is v, g-closed but not v,-closed.

The following theorem gives the characterizations of v, g-closed sets.

Theorem 3.3. Let vy, : p — P(X) be an operation. Then for any A € X, the following are equivalent:

(i) A is v, g-closed.

(ii) For each x € ,-c(4), c ({x}) NA#a.

(iii) v,-c(A) Ker, (A) (Where Kerm( ) ={V:ACVandV is~y, -open} see [15] for detail).

Proof. (i) = (ii) : Suppose that A be a <, g-closed subset and also suppose that there exists a
point € 7,-¢(A) for which ¢, ({z}) N A = @. Then <, ({z}) is 7,-closed (by Remark 2.3(b) and Definition
2.11(a)). Put U = X'\ <, ({z}). Then A S U and = ¢ U with U a ~,-open set in (X, u1). Since A is v, g-closed,
v,-¢(A) S U. Thus z ¢ v,-c(A) which is a contradiction.
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(ii) = (iii) : Let 2 € 7,-c(A). We have only to show that x € Ker, (A). By (ii) there exists a point z € A
such that z € ¢, ({x}). Let U be any v, -open subset of X such that A £ U. Since z € U and z € ¢, ({x}), by
w u
Proposition 2.12 we have U N {z} # @ i.e., v € U. Thus x € Ker_ (A).

(iii) = (i) : Let A & U, where U be any v, -open set. Let x € 7,-c(A). It then follows from (iii) that
v e Ker, (A). Thus z € U i.e., v,-c(A) S U.

Theorem 8.4. Let vy, : p — P(X) be an operation, where (X, u) is a GTS. For each point x of X, {z} is a
7,-closed set or X \ {x} is a 7, g-closed set in (X, u1).

Proof. Let {x} be not a v, -closed set. Then the complement X \ {z} is not a v,-open set. Let U be any
7,.-open set with X'\ {} £ U. Then U must be equal to X. Thus v,-¢(X \{z}) £ U. Thus X\ {z} is 7, g-closed.

Proposition 8.5. Let v, : u — P(X) be an operation and A be a subset of a GTS (X, ). If A is 7, g-closed,
then v,-c(A) \ A does not contain any non-empty 7, -closed set. If the operation v, : u — P(X) is p-open, then
the converse part is also true.

Proof. If possible, let ' be any v, -closed set contained in 7,-c(A) \ A. Then A & X \ F' where X \ F' is
a v,-open set. Thus v, -c(A) & X \ F' (as A is v, g-closed). Thus FF & X \ 7,-c(A). Also ' € v,-c(A). Thus
F S vy,-c(A) N (X \v,-c(A)) = @, which is a contradiction. Thus F = &.

Conversely, let A & U where U be any ,-open set. Since the operation v, is p-open, by Theorem 2.15
7v,-¢(A) is 7,-closed. Thus 7 ,-c(4) N (X \ U) = F (say) is a v,-closed set (by Remark 2.3(b) and Definition
2.11(a)). Since X \U € X \ A, F' € v,-c(A) \ A. Thus by the assumption it follows that F' = & and hence we
have 7,-c(4) £ U.

Definition 3.6. Let vy, : p — P(X) be an operation, where y is a GT on X. Then (X, ) is said to be a
7,1, ,, space if every v, g-closed set is a 7,-closed set.

The next theorem characterizes a v,-T, , GTS.

Theorem 3.7. Let v, : 1 — P(X) be an operation, where ;1 is a GT on X. Then (X, u) is v,-T;,
if for each x € X, {x} is either v, -open or v, -closed.

Proof. Suppose that that (X,pu) is v,-T,, and {z} is not v, -closed. Then by Theorem 3.4, X \ {z} is
7,.g-closed. Since (X, p) is v,-T,,,, X \ {z} is 7,-closed. Thus {z} is 7,-open.

Conversely, let I be a 7, g-closed set in (X, u). By Theorem 2.17, it is sufficient to show that v, -c(F) & F. If
possible, let there exist a point & € ,-c(F) \ F. Then by the given condition {z} is either v, -open or v, -closed.
Case -1 : {z} is 7,-closed : For this case we have a v -closed set {z} such that {z} & v -c(F)\ F. This is
contrary to Proposition 3.5.

Case -2 : {x} is 7,-open : Then by Remark 2.13, x € c,, (F). Thus {x} N F # @. This is a contradiction. Thus
we have v, -¢(F) € F.

Definition 3.8. Let vy, : p — P(X) be an operation, where x is a GT on X. Then (X, i) is said to be
(a) v,-T, if for each pair of distinct points 2,y € X, there exists a p-open set G such that either x € G' and
y&v,(G),oryecGandxdgy, (G).

(b) ~,-T, if for each pair of distinct points x,y € X, there exist u-open sets G and H containing x and y,
respectively, such that either y ¢ v, (G) and x € v, (H).

(c) v,-T, if for each pair of distinct points x,y € X, there exist u-open sets G and H containing x and y,
respectively, such that v, (G) Ny, (H) = 2.

A~ -T, GTS is characterized by the following theorem.

Theorem 3.9. Let y, : u — P(X) be an operation, where y is a GT on X. Then the following are equivalent:

(1) (X, ) is 7,-T,.

(ii) For each x € X, {z} is a v7-closed set.

(iii) For each pair of distinct points z,y € X there exist 7, -open sets U and V' containing z and y,
respectively, such that either y ¢ U and x € V.

Proof. (i) = (ii) : Let x € X. We shall show that {z} is v*-closed. Let y ¢ {z}. Then by (i) there exists a
p-open set U, such that y € U, x ¢ v, (U, ). Thus v, (U,)N{z} = @. Thus y & v,-c({z}). Thus {z} is 7*-closed.

(ii) = (iii) Let 2 and y be two points of X with 2 # y. Then by (ii) {z} and {y} are two 7 -closed sets and
hence by Theorem 2.17, X \ {y} and X \ {z} are two v, -open sets containing x and y, respectively, such that
ve (X \{y}h) and y € (X \ {z}).

(iii) = (i) : Obvious.

Let v, : p — P(X) be an operation, where y is a GT on X. Then it follows from Definitions 3.6 and 3.8
that v ,-T, = ~,-T, = v,-T,,, = 7,-T,. None of the implications are reversible as shown in the next example.

1/2

if and only

2
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Ezample 3.10. (a) Let X = {1,2,3} and p = P(X). Then p is a GT on X. Then v, : 4 — P(X) defined by

AU{2}, if A={1}
AuU{3}, if A={2}

%A=Y A0y A= {3)
A, otherwise

is an operation. It can be checked that (X, u) is 7,-T), but not a v, -T, space.
(b) Let X = {1,2,3} and u = P(X). Then p is a GT on X. Then v, : p — P(X) defined by

AU {3}, if A#{1}
A, otherwise

7. (A) = {

is an operation. It can be checked that (X, ) is 7,-T} , but not a v,-T, space.
(c) Let X ={1,2,3} and p = {@,{1},{1,2},{1,3}, X}. Then pis a GT on X. Then v, : p — P(X) defined
by
A ifA£{1
7.(4) = {{1, 2}, othfrjvige
is an operation. It can be checked that (X, u) is 7,-T, but not a v,-T' , space.

Throughout the rest of the paper (X, 1) and (Y, A) will denote GTS’s and vy, : u — P(X) and 3, : A = P(Y)
will denote two operations on p and A respectively.

Definition 8.11. A function f : (X, u) — (Y, ) is said to be (v, 8)-continuous if for each x € X and each
A-open set V' with f(z) € V there exists a y-open set U containing z such that f(v,(U)) & B, (V).

Theorem 8.12. A (v, 8)-continuous mapping f : (X, u) — (Y, \) satisfies the following properties:

(i) f(7,-c(A)) & B,-c(f(A)) for every subset A of X.

(i) f~r(W) is 7,-open for every f3,-open set W of Y, i.e., the inverse image of any f3,-closed set of (Y, 3)
is 7,-closed in (X, ).

Proof. (i) Let y be a point of f(v,-c(A)) and V be any A-open set containing y. Then there exists a point x
in X such that f(r) =y and z € 7,-c(A). Thus by (v, 8)-continuity of f there exists a p-open set U containing
x such that f(v,(U)) & B,(V). As & € 7,-c(A), we have v,(U) N A # @, and hence @ # f(v,(U)NA) &
C £, (1)) 1 £(4) € B, (V) 1 F(A). This shows that y € ,-¢(f(A)).

(ii) Let W be a f3,-open set in (Y, A) and 2 any point of f~!(W). We have to show that f~'(W) is 5, -open.
There exists a -open set V containing f(z) such that 8, (V) € W. Thus by (v, 8)-continuity of f, there exists
a p-open set U containing x such that f(v, (U)) € 8,(V). Thus v, (U) € f~*(8,(V)) € f~1(W). Thus f~*(W)
is ,-open.

Definition 3.13. A function f : (X, u) — (Y, ) is said to be (v, 3)-closed if for any v, -closed set A of X,
f(A) is a B, -closed set in Y.

Let id, : p — P(X) be the identity operation, where (X,u) is a GTS. We note that id, -open sets and
p-open sets are identical.

Proposition 3.14. Let f: (X, u) = (Y, A) be a (v, 8)-continuous function and f be a (id, 8)-closed mapping.
The following properties hold:

(i) For each v, g-closed set A of X, f(A) is 3, g-closed in Y.

(ii) For each f3, g-closed set B of Y, f~(B) is v, g-closed.

Proof. (i) Let V be any f3, -open set of (Y, \) with f(A) € V. Then by Theorem 3.12 (ii), f~!(V) is a ,-open
set. Now as A is a y, g-closed set and A € f~1(V), we have ,-c(A) € f~1(V), and thus f(v,-¢c(4)) € V. From
the assumption and Theorem 2.15(i) it follows that, f(v,-c(A)) is §,-closed. Thus by Remark 2.13, we have
By-c(f(A4)) € Cq ((f(7,-c(A)))) = f(v,-c(A)) & V. This shows that f(A) is 3, g-closed in Y.

(ii) Let U be any v,-open set of (X, x1) such that f~*(B) is contained in U. Let F' =~ -¢(f~(B))N(X\U).
Then F is p-closed in (X, u) (by Theorem 2.15(i) and Remark 2.3(a)). Since f is a (id, 5)-closed function,
f(F) is a B,-closed set in (Y, \). Then by Proposition 3.5 and the relation f(F) € f3,-¢(B) \ B, it follows that
f(F) =@ and thus F = @. Thus v,-c(f~*(B)) S U i.e., f~}(B) is v,g-closed.

Theorem 3.15. Let f: (X, ) = (Y, A) be a (v, f)-continuous and (id, §)-closed function.

(i) If f is an injective function and (Y, ) is a B,-T, , space, then (X, u) is a v,-T} , space.

(ii) If f is a surjective function and (X, u) is a v,-T) , space, then (Y, A) is a 3,-T, ,, space.

space.

1/2

(iii) If f is bijective, then (X, u) is a v,-T, , space if and only if (Y, A) is a 3,-T, ,
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Proof. (i) We need only to show that every v, g-closed set is 7,-closed. Let A be a v, g-closed set of (X, u1).
It then follows from Proposition 3.14(i) that f(A) is f, g-closed and thus f(A) is B,-closed (as (Y, A) is 8,-T} ,,)-
Now by Theorem 3.12(ii), f~*(f(A)) is v,-closed (as f is (7, §)-continuous) i.e., A is -y, -closed.

(ii) Let B be a 8, g-closed set of (Y, X). We have to show that B is a §,-closed set. By Theorem 3.14(ii),
f7H(B) is a7y, g-closed set in (X, ). Thus f~!(B) is 7,-closed (as (X, ) is v,-T, ). Thus from the assumption
it follows that B(= ff~'(B)) is §,-closed in (Y, ). Thus it follows that (Y, X) is a 3,-T;,

(iii) The proof follows from (i) and (ii).

Theorem 3.16. Suppose that f : (X, u) — (Y, ) is a (v, B)-continuous bijection and f=1: (Y, \) — (X, ) is
(B,7)-continuous. Then (X, u) is a 7,-T, , space if and only if (Y, \) is a 3,-T) , space.

Proof. Let (X,u) be a v,-T, , space. In view of Theorem 3.7 it is sufficient to show that any singleton

1/2
set of (Y, ) is either 3, -closed 01/r B,-open. Let {y} be any subset of (Y, \). Then, since f is surjective, there
exists # € X such that f(z) = y. Then by Theorem 3.7 it follows that {x} is v, -closed or 7, -open (as (X, )
is 7,-T, ,). Then by Theorem 3.12, {y}(= f({z})) is B,-closed or §3,-open. Thus (Y, ) is a 3,-T) , space. The
proof of the converse is similar.

Proposition 3.17. Let f: (X, u) — (Y, ) be a (v, 8)-continuous injection and (Y, A) be a §,-T,, (resp. 8,-T,)
space. Then (X, u) is a v,-T, (resp. v,-T)) space.

Proof. Let (Y, \) be a 8,-T, space. Let z,y be any two points of X with x # y. Then there exist A-open
sets V and W of Y contaning f(x) and f(y) respectively such that 8, (V)N g, (W) = @. Now by (v, 3)-
continuity of f, there exist p-open sets G and H containing = and y respectively such that f(v,(G)) & B8, (V)
and f(vy,(H)) & B,(W). Thus v,(G) N, (H) = @. Thus (X, ) is a v,-T, space.

The proof of the case of 5,-T, can be done similarly.

Lemma 3.18. Let «y, : p — P(X) be a regular, py-open operation and X € p. If (X, u) is a ,-T, GTS, then
(X,v,) is a T, space.

Proof. We first note that since vy, : u — P(X) is regular and X € p, by Theorem 2.9, v, is a topology on
X. Let z,y be two distinct points of X. Then there exist py-open sets U and V containing = and y, respectively,
such that v, (U) N~v,(V) = @. Since v, is p-open, there exist v, -open sets U* and V* containing = and y,
respectively, such that U* € v, (U) and V* € v (V). Thus U* NV* = @ and (X, ~,) is a T, space.

Theorem 3.19. Let v, : u — P(X) be a p-open regular operation and 3, : A — P(Y) be a A-open regular
operation such that X ¢ pand Y € A. If f,¢9: (X, ) — (Y, \) are (7, 8)-continuous and (Y, ) is §8,-T,, then
the set A= {x € X : f(x) = g(x)} is 7,-closed in (X, ).

Proof. We observe first by Lemma 3.18 that, v, and 3, are two topologies on X and Y, respectively. We shall
now show that if f : (X, u) — (Y, A) is (7, B)-continuous, then f : (X,~,) — (Y, 3,) is continuous. Let » € X and

V be any f,-open set containing f(z). Then there exists a A\-open set V' such that f(z) € V' and 8, (V') S V.
Since f is (7, B)-continuous, there exists a p-open set W such that x € W and f(v,(W)) & B.(V') € V. Then
by p-openness of v, there exists a 7,-open set W' containing z such that W' C 7, (W). Thus f (W') € V. Thus
f:(X,y,) — (Y,,) is continuous and similarly g : (X,~,) — (Y, 3,) is continuous. By Lemma 3.18, (Y, ) is
a T, space. Therefore the set A = {x € X : f(z) = g(x)} is closed in (X,~,) and hence X \ A is ,-open. Thus
Ais 7,-closed in (X, ).

, space.
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B. Poit!, T. Hyapu?®

1 o . .
Otieadep pucmuar xoanreddci, Kaavkymma, Yrndicman;
24
yycupo, 2Kanonus

2KaJmplJIaHFaH TOMOJIOTHUSIJIBIK, KeHICTIKTepre
onepalusiapabl KOJIJIaHy

Maxanmana v, — alIbK KubHaap koHe v, -GTS-reri xabbik sxubmmap (X, 1), mysna v, - p-gan P(X)-ra
onepaiust 3epTTesred. 2Kanmpt, 7y, — aIlbIK KUBIHIAD KUBIHTLIFBI {-AINBIK KUBIHIAD KUBIHTHIFHIHAH a3.
CoHbIMEH KaTap, aBTOpJiap €Ki »KUbIH Oipjeil 60IaTbIHbIH aHbIKTaraH. MyHIail >KUbIHIap/IbIH Keibip Ka-
crerTepi TankbuTaHabl. CoHmal-aK, Kaby TYpPIiHiH KeWbip omepaTopiapbl AaHBIKTAJIBII, OJIAPILIH KacueTTepi
anpikTanapl. GTS (X, p)-ma yrcac kaby OIepaTOpJIapbIHBIH TYpJepl apacbiza GailylaHbIC OPHATBHLIFAH.
Beunrini 6ip TyiibikTamy TypiHiy onepaTopbl KypaToBCKHiliH TYHBIKTAJLy OIEpaTOphbl OOJBIN TaObLIATHIH
mapt Gepineni. Conmait-ak, 7, JeN aTajaThiH KaObIK, YKUbIHIAD/IBIH JKaJIbLIAHFAH TYPi aHbIKTAJIFaH-
JKaJIIbIJIAHFAH KA0BIK, KUBIH, OCHI 2KAHA/IAH AHBIKTAJIFAH »Ka0y OIepaTOPBIHBIH, KOMEriMeH KOHE OCBHIHIAM
JKUBIHIAP/IbIH, Keibip Herisri KacmerTepi TajkbLianraH. KockiMina periHe OGeJiMHIH 9/ICi3 aKcrnoMaJiapbl
EHTi31J1iI1, oJlap/IbIH, Keibip KacuerTepi TajakbLiaH bl. COHBIHIA OCBIHAAM YKAJIIbLIAHFAH YFBIMIAPIbI CAKTa~
V/BIH Keibip TeopeMaJsiapbl KOPCETiIreH.

Kiam cesdep: onepanus, (1 — AIIbIK *UbIH, Y, — AIIbIK KHUbIH, Y, § — KaObIK, YKUBIH.

B. Poit!, T. Hyapu?

1 . .
2Kenckuti xpucmuarckuts xKoanedrc, Karvkymma, Unousa;
2 STuycupo, Snonus

IIpniaoxkeHnns oneparuii Haa 0000IIEHHBIMU
TOIIOJIOTUTYECKMU ITPOCTPaHCTBaAMU

B craTbe u3ydeHsI 7y,-OTKPBITEIE U 7y, -3aMKHyThle MHOKecTBa B GTS (X, 1), Tme v, — omepanus u3 u B
P(X). B obmem cirydae HaGOD 7, ~OTKPLITHIX MHOXKECTB MEHBIIIe, €M HabOD (-OTKPBITHIX MHOXKeCTB. Kpome
TOr0, aBTOPAMH YCTAHOBJIEHO YCJIOBHE, [P KOTOPOM 00a MHOXKECTBA SIBJISIIOTCS OAUMHAKOBBIMU. O6Cy K IeHbI
¥ HEKOTOPBIE CBOMCTBa TaKuX MHOXKeCTB. OIpeie/ieHbl HEKOTOPBIE OTIEPATOPHI TUIA 3aMBIKAHUS U UX CBOM-
CTBa. YCTAHOBJICHA CBA3b MEXKJIy AHAJOTMIHBIMEA THOAMH Oomneparopos 3ambikanusa Ha GTS (X, u). Hano
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YCJIOBHE, TPU KOTOPOM ITO-HOBOMY OIIPEJIEJIEHHBIN OMEepaTop THUIA 3aMBIKAHUS SBJISIETCS OMEPATOPOM 3a-
mbiKanusa Kyparosckoro. Brissien 0600meH LI THIT 3aMKHYTBIX MHOYKECTB, Ha3BaHHBIH 7, -0000IIECHHBIM
3aMKHYTBIM MHOXKECTBOM, C IIOMOIIBIO STOI0 BHOBB OIIPEJIEJIEHHOI'O OIIEPATOPA 3aMbIKAHUS M 0OCYKIEHBI
HEKOTOPbIE OCHOBHBIE CBOMCTBA TAKWX MHOXKECTB. B KadecTBe MPUJIOZKEHHUsT aBTOPAMU BBEJIEHBI HECKOJIBKO
CJ1abbIX aKCUOM OT/ICJIEHUS U OIIPEJIEJICHbI HEKOTOPbIE UX CBOMCTBa. Takum 06pa3oM, IOKa3aHbl HEKOTOPbIE
TEOpEeMbl COXPAHEHUsT TAKUX OOOOIIEHHBIX HOHITHMN.

Karouesvie caoea: onepanus, [1-OTKPBITOE MHOXKECTBO, 7Y, -OTKPBITO€ MHOXKECTBO, 7, §-3aMKHYTOE MHOXKe-
CTBO.
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