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Summation of some infinite series by the methods
of Hypergeometric functions and partial fractions

In this article, we obtain the summations of some infinite series by partial fraction method and by usi-
ng certain hypergeometric summation theorems of positive and negative unit arguments, Riemann Zeta
functions, polygamma functions, lower case beta functions of one-variable and other associated functions.
We also obtain some hypergeometric summation theorems for:
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4F3[ 535 L1335 21 ]» 4F3[ oo bly, 21 ] and 4F3[ 1,1,1,1;3,3,3; -1 ]

Keywords: Riemann Zeta functions, Polygamma functions, Dougall’s theorem, Bernoulli polynomials, Catalan’s
constant.

Introduction and preliminaries

In this paper, we shall use the following standard notations:
N:= {1,2,3,---}; No:=NU{0}; 2zZ;:=z"J{0}={0,-1,-2,-3,---}.

The symbols C, R, N, Z, Rt and R~ denote the sets of complex numbers, real numbers, natural numbers,
integers, positive and negative real numbers respectively.

The classical Pochhammer symbol («), (o, p € C) is defined by ( [1; 22, Eq.(1), p.32, Q.N.(8) and Q.N.(9)],
see also [2; 23, Eq.(22) and Eq.(23)]).

A natural generalization of the Gaussian hypergeometric series o F [, 3;; 2] is accomplished by introducing
any arbitrary number of numerator and denominator parameters [2; 42, Eq.(1)].

The Riemann Zeta function ((z)([3; 19, 4; 1037]) is defined as:

k=1

The Catalan constant is defined as:

G f: DY g by 1 0.9159655942
T2 R M 5 3 o

The logarithmic derivative of the Gamma function also known as psi function or Digamma function ([1; 10,
Eq.(1)], [5; 24, Eq.(2)], [6; 12, Eq.(1)]), is defined as:

d '),

U(z) = T {T()} =

240,-1,-2,-3, ...
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1 z
= —v— - E _ -1,-2,-3, ...
¢(Z) "y + n Z # 07 ) b 37 )

z = n(z+n)

> 1 1
w(Z):—v—nX:% {(Z+n) — (n+1)}; 2 #0,-1,-2,-3, ...,

where v is Euler-Mascheroni constant and v = 0.577215664901532860606512....

2 3 3 3
Y(1) = —, w(S)z—vﬂg[—QenS, w(2)=2—2€n2—% (1)
5\ V3 3 7\ ™3 3

3 w2 5 2
o2y _ o (2)y_ 4 _
w0 () =T -1 v (3) =5 -4

3 1473 5 1473 448
@(2)=—_——2 416 (O e s Rl
v <2> 25.79436 v (2) 25.79436 | 27

The polygamma function ¥ (2) ([5; 33, Eq.(52), Eq.(53), p.34, Eq.(58)], see also ([7; 260, Eq.(6.4.10),
Eq.(6.4.4)], [8; 45, Eq.(9)], [3; 15]), is defined as:

() dn+1 dn

> 1
Z/J(")(Z) — (_1)n+1 nl Z (Z " k)n+1; neN, z#0,—-1,-2,...
k=0
Lower case beta function of one variable:

B(x) =+ [w ('ZH) _ (2)] I R

2

o0 (_1)k 1 1, =z
g(z):kzzo iR o Fy e -1 |, 2#0,-1,-2,-3, ...
n dr n > (71)]C
D=tn2 8O0 = - B2 =1—tn2 V@) =" _1 3
B()_n75 ()__ﬁa 6()_ _nvﬁ ()_E_v ()
N7 o (1) B\_4-7m oo (3) e
6(2)—2,6 (2>— 4G,/3(2>— 5 , B 5 =4G — 4, (4)
5\_7m_ 4 ay(5)__ 32 Loy 3T oy o 3T
ﬁ(2>_2 3’6 (2)‘ 4G+9’ P (1)_51.58872’ g @) =2 51.58872° 5)

Some hypergeometric summation theorems in terms of Digamma (), trigamma w(l)(b), tetragamma
¥ (b) functions and derivatives of lower case beta function of one-variable are given below ... [9; 489, Entry
(7.3.6.(9))]

17 a7
o F1 -1 :aﬂ(a); 1+GEC\ZS (6)
a+1;
See ref. [9; 536, Entry (7.4.4.(33))]
1, a, b; ab
3F 1| = b) — , 7
I ey [(8) = V(o) @

where 1 +a, 1 +b€ C\Z; and b # a.
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See ref. [9; 536, Entry (7.4.4.(34))]

1, b, b
3F> 1| =0 M), (8)
b+1, b+1;
where 1+ b € C\Z, and b = a.
See ref. [9; 546, Entry (7.4.5.(5))]
]‘7 a7 a?
3F2 —1 | =—a® 8W(a), (9)
a+1, a+1;
where 1 +a € C\Z; and b = a.
See ref. [9; 554, Entry (7.5.3.(3))]
1, a, b, ¢
) ) ) ) b
4F3 1 | =—abe 5 ¥la) + qé}( ) b + 1/J(Clz ) (10)
adlebise b-ac—a)  @-he-b  @-ob-0o
where 14+a, 1 +b, 1+ce C\Z; and a # b,b# c,a # c.
See ref. [9; 554, Entry (7.5.3.(5))]
17 b7 b7 b7 _b3
4F; 1 :77¢@Mm (11)
b+1, b+1, b+ 1;
where 1 +be€ C\Z; anda=b=rc.
See ref. [9; 561, Entry (7.5.4.(5))]
17 a, a, a; CL3
aF3 -l =5 8% (a), (12)
a+1, a+1, a+1;
where 1 +a € C\Z; anda=b=rc.
Gauss’ classical summation theorem [1; 49, Th.(18)] in terms of Gamma function is given by:
o, f;
I ) 1—‘ 1_‘ _ _

7

where Re(y —a — ) > 0 and v € C\Z; .
Dougall’s theorem ([10; 71, Eq.(2.2.10), p.147, Entry(3.5.2)],[11],[9; 564, Entry(7.6.2(3))], [12; 56, Eq.(2.3.4.5),
p.244, Entry(I11.12)]), see also [13; 27, Eq.(4.4(1))] in terms of Gamma function is given as:

a, 1+%; ba & d7
5y 1] =
5 1+a—-b1l+a—c1+a—d;

T(1+a—b(1+a—T(1+a—dT(1+a—b—c—d)
Fl+al(l4a-b—c)l(1+a—-b-—d)T(1+a—c—d)’

(14)

provided Re(a —b—c—d) > —-land §, 1+a—0b, 1+a—¢c, 1+a—-decC\Z;.

The present article is organized as follows. In section 2, we have shown that the difference of two divergent
series may be convergent. In section 3, we have obtained the summation of some infinite series whose general
terms are rational functions of n, by using some summation theorems of positive and negative unit arguments
and section 4 is related to the hypergeometrical representations of the involved infinite series.
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The difference of two divergent series

Consider the two positive terms infinite series » -, m and 07 m, which are divergent in nature
by using the comparison test.
Taking the difference of the above two series, we get

oo oo

1 = 1 2
;(3+2n)_;(5+2n):§(3+2n)(5+2n)‘ (15)

The right hand side of equation (15) is convergent by using the Raabe’s higher ratio test.
In terms of hypergeometric function, the equation (15) can be written as

S -T2 5k

§ Z Z
2 n=0 2 2
3 . 5 . 3 .
L F o b 1 1 F » b 1 2 F 2 b 1 16
52 1 5. 752 1 7. *1752 1 7. . ( )
27 2? 27

Since both the Gauss’ series having the positive unit argument on left hand side of equation (16) are divergent.
On using Gauss’ classical summation theorem (13) on right hand side of equation (16), we get

3 1. |
12F1 2 1 —12F1 2 1 :3 F(%)F(%*%*l)
R IR S B I e
3 1. ] 50 1.
1 29 ) 1 29 ) 1
§2F1 .y 1 —52F1 . 1 =3 (17)
27 J 27

which is convergent.
Multiplying both sides of equation (17) by 13—6, for application point of view in next section, we get the
difference of two divergent Gauss’ series having the positive unit argument may be convergent

3 1. 51
Loel 127 1= (18)
16 21 . g0 241 . = —.

27

NI~
—
ol -

Summation of some infinite series

The following summation formulas of some infinite series are derived:

i (4n* + 32n3 + 87n? + 92n + 28) _ 5 7 (19)
— (64n° + 768n° + 37920 + 985603 + 14220n% + 10800n + 3375) ~ 27 64
i (27n® +36n° + 150 4+2) {(3),}" 27 (20)
14 2 3

| (32n* + 120n° + 15602 + 82n + 15) {(3),}" 128 o1
; ()% (n® + Tn* + 19n3 + 25n2 + 16n+ 4)  3n2 21)
i (128n* + 144n® +48n+5) {(1) }' 322 )
= ) (n?+2n+1) BENGINOE

> . -Z-4 23)
= (16n* +96n° + 184n% +120n +25) 8 144
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- 1 2
=4-2Un2— —. o
nz:;) (4n3 + 16n2 + 21n + 9) n 1 (24)
[e'e) 1 1 _ 1
== —— — —/n 3. 25
7; (81n* + 270n3 + 31502 + 150n +24) 6 + 12v3 4" (25)
i . =/In 12+ /m V3 —3. (26)
2~ (36n° + 10802 + 107n + 35)
0o (_1)n+1 3
ngo(n6+9n5+33n4+63n3+66n2—|—36n+8) n2-5¢B) (27)

Proof of the result (19):
On factorizing the general term of equation (19) and making use of partial fractions, we have

(4n* + 32n3 + 87n?% + 92n + 28) B
(64n6 + 768n5 + 3792nt + 9856n3 4 14220n2 4 10800n + 3375)

3 —1 —1 -3 —1 1
16 16 4 16 16 4
= + . 28
Br2n)  Br2)?  Bronp T Gron) T GrmE  Bton)p (28)
Now taking summation on both sides of equation (28) and n varying from 0 to co, we get
i (4n* + 32n3 + 87n? + 92n + 28) 7
o (64n8 + 76805 + 3792n* + 9856n3 + 14220n2 + 10800n + 3375)
e 3 =1 =1 =3 =1 1
16 16 1 6 6 1
= + 5 =
ngo Br2n)  TB1r2m2  Brm)P Gt Brom)?E  (Bron)?
3 3 3 3 3
_ 1 i (3)n R (3), B, 1 i (3), B)., (i)n_
= 5 5 5 5 5 5
16 =(3), M=), 5), 1108:=(3), (3, 35),
3506 156, B) i (3)n 5)n (5)n
80 = (3), 400 =), ), 500 =3, (3, G
Using the definition of generalized hypergeometric function, we get
i (4n* + 32n3 + 87n? + 92n + 28) B
— (64nS + 768n5 + 3792n* + 9856n3 + 14220n2 + 10800n + 3375)
3 3 1. 3 3 3 1.
1 %7 17 1 P 27 2 17 . 1 27 29 2 17 )
16 > 5. T 144 777 5 5. T 5 5 5. B
27 27 27 27 2% 20
: 5 5 5 5 5
3 7 ga 17 ) 1 7 2y 2 ]-7 i 1 7 27 20 2 ]-a 1
BT I BTl B I T I
2 27 27 20 20 2
Using summation theorems (8), (11) and the result (18), we get
i (4n* + 32n3 + 87n? + 92n + 28) _
o (64nS + 76805 + 3792nt + 9856m3 + 1422012 + 108000 + 3375)
1 1 3 1 5 1 3 1 5
— - _ W2y 2 @ (2 @2 =
16 64 v <2> 64 v (2) * 64 v (2) 64 v (2)
11 (= 1 (7% 40 1 —1473 1 —147% 448
=== |44~ = |- )+=\lgagdmmat16) = |+ |-
16 64 \ 2 64 \ 2 9 64 \ 25.79436 64 \25.79436 = 27
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On simplifying further, we arrive at the result (19).

Proof of the results (20) to (22):
The proof of the results (20) and (22) can be obtained in an analogous manner by following the same steps

as in the proof of the result (19) and making use of the summation theorem (14).

Proof of the result (23):
The proof of the result (23) can be obtained by following the same procedure as in the proof of the result
5 .

(19) and making use of the summation theorems (6), (9) and using the equations (4) and (5). So we omit the

details here.

Proof of the result (24):
On factorizing the general term of equation (24) and making use of partial fractions, we have

1 -2 -2 (29

1
MCES

AP+ 1602 +2n+9)  (1+n)  B+2n)

Now taking summation on both sides of equation (29) and n varying from 0 to oo, we get

> 1 > 1 —2 > 1
Z 3 2 - Z + -2 Z 2 =
= (4n® +16n* +2In+9) = ((1+n) (3+2n) — (3+2n)
> 1 > 1
= —_— - 2 =
7;0(14—@ (34 2n) ;(34—2@2
0o 3 00 3 3
o 1 Z (]‘)n (5)71, _ g Z (5)77, (i)n
= 5 5 5\ °
3 n=0 (2)n (§)n 9 n=0 (§)n (§)n
Using the definition of generalized hypergeometric function, we get
3 ) 3 3 1.
e 1 P 2 17 15 ) 2 P 25 2 17 )
Z n3+16n2+21n+9) 53 2 5 o. _53 2 5 5.
29 27 27 929

Using summation theorems (7) and (8), we get

S o) 03 ()

rt 4n3 +16n2 +21n+9

On simplifying further, we arrive at the result (24).

Proof of the result (25):
The proof of the result (25) can be obtained in an analogous manner by following the same steps as in the

proof of the result (19) and (24) and making use of Gauss’ classical summation theorem (13), the summation
theorem (7) and using the equation (1). So, we omit the details here.

Proof of the result (26):
The proof of the result (26) can be obtained by following the same procedure as in the proof of the result
2). So, i

(19) and (24) and making use of the summation theorem (10) and using the equations (1) and (2). So, we omit

the details here.

Proof of the result (27):

Similarly for the proof of the result (27), we make use of the summation theorems (6), (9), (12) and the

equations (3) and (5). So, we omit the details here.

Representation of infinite series (19) to (27) in Hypergeometric forms

The following hypergeometric representation formulas are derived:

9 3 3 3 3 3 3 1. 2
. 27 20 20 20 20 9 9 b ) _@_3375% (30)
857 _ 28 1792
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s 4 4 1 1. )
3733 3 3 27
5Fy 1| = —— 3 (31)
2122 | 8[()
rg 5 3 1 1. T
22 2 512
5F4 5 ]. - W (32)
L 4> 27 37 37 i
3 5 5 1 1. \/,
g 40 10 10 @ 32/2
5y 1| = — (33)
2,21, & 15y [I'(5)]
rp 1 1 5 5. G
2 2 2 2 25 275
F. -1 | =—-—. 34
o 3.3 1 7. 8 144 (34
L 20 20 20
r3 3 : 7
25 2 17 11 97.[.
4Fs 1| =3—-18n2— — (35)
5 5 9. 4
L 20 20 4
- . -
Rl . 1| —a—6ms+ 2T (36)
=4—60n3+ =
L 334 J
[ 55 L L
ya 1 | =35n 12 4 35¢n /3 — 105. (37)
13 11 9.
L 6 3 6 ) )
L L1, L
4F3 —1 [ =96 ¢n 2—-80+ 12 ((3). (38)
3, 3, 3
Proof of the result (30):
i (4n* + 32n3 + 87n? + 92n + 28) _
— (64nS + 76805 + 3792nt + 9856m3 + 1422012 + 108000 + 3375)
ERSTIN Rt DN T
Using the deﬁmtlon of generalized hypergeometric function, we get
i (4n* + 32n3 + 87n? + 92n + 28) 7
= (64n8 + 768n5 + 3792n* + 9856m3 + 14220n2 + 10800n + 3375)
9 3 3 3 3 .
28 27 27 25 29 > 37 37 1a
— o Fr 1. (39)
3375 7T 7 71 7 1 9 9.
27 25 923 29 3 ) 4y

Using equation (19) in equation (39), we arrive at the result (30).

Proof of the results (31) to (38):

The proof of the results (31) to (38) can be obtained in an analogous manner by following the same steps
as in the proof of the above result (30). So we omit the details here.

Conclusion

In this paper, we have obtained the summation of some infinite series by using some summation theorems of
positive and negative unit arguments, Riemann Zeta functions, polygamma functions, lower case beta functions
of one-variable and other associated functions. We have also obtained some new hypergeometric summation
theorems, which are not found in the literature. We conclude this paper with the remark that the summation
of various other infinite series can be derived in an analogous manner. Moreover, the results deduced above
are expected to lead to some potential applications in several fields of Applied Mathematics, Statistics and
Engineering Sciences.
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M.U. Kyperm, JIxx. Mamkug, A.X. bxar

Iorcamun Munrus Heaamua (Opmano yrusepcumem), Horo-/leau, Yndicman

I'umepreomeTpusabiK (pyHKIUSITIAP MEH >KapTbhLjIail 6eJmnieK
9JIicTepiMeH Keiibip ImeKci3 cepusijiapabl >KUHAKTAY

Maxkanama Keitbip IIeKci3 KaTapsap/IblH *KapThLiail OeJIIeK 9IiciMeH OH YKOHE TepIC CHHTYJISIPJIBIK J19JIe]I-
nepai, Pumanubiy 3eTa pyHKIUIAPHIH, ToJUraMMa pyHKIUAIAPIH, Killll perucTperi 6ip aiiHbIMAJIBIHBIH,
GeTa QYHKIUSIIAPBIH YKOHE OacKa /1a 6ailIaHbICTBI (DYHKITUSIAD/IbI }KUHAKTAYIBIH KeiOip rumepreoMeTpusi-
JIBIK, TeopeMaJiapbl XKuHaKTaran. CoHgali-aK Keiibip rumepreoMeTpusiIbIK XKUBIHTBIK T€OpeMaJjiap aJIbIHFaH:

93333 T T 77l . 5 4 41 1.2 . 953115 .
8F7[ 55155533 155,5:5,5:5:2,251 ], 5F4[ 333055 02,21 ], 5F4[ ****** 2,3,31 ]

sPa[ 2550552251, sAl 5.5.3.5.53.5. 5. 51 ], 4R 55,115,521 ],
aFs [ 5,5L55,5.21 [, aB [ 5515, 6,21 ] and aFs[ 1,1,1,1;3,3,3;-1 ]

Kiam cosdep: Pumannbiy 3eta byHKIusIapsl, noauramMmma gpyHknusnapsl, Jlyramn Tteopemacsl, Bepaysin
kenmyitrenepi, Karaman koncranracsl.
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M.N. Kyperm, JIxx. Mamkug, A.X. Bxar

torcamus Munnus Heaamus (Lerwmparvnod ynusepcumem), Horo-/leau, Hnous

CyMmMupoBaHe HEKOTOPBIX OECKOHEYHBIX PS/I0B METOIaMU
runepreomMeTrpuiecknX (pyHKIIW U YaCTHBIX JTpoOeit

B crarpe momydeHo cymMMumpoBaHME HEKOTOPBIX GECKOHEYHBIX PsiJIOB METOJOM YACTHUIHBIX JApobeit u ¢ 1mo-
MOIIIBIO HEKOTOPBIX TUIIEPIE€OMETPUYECKUX TEOPEM CYMMUPOBAHUS ITOJI0KUTEIbHBIX U OTPUIATEJbHBIX €11~
HUYHBIX apryMeHTOB, n3eta-yHKinit Pumana, moauramva-dyHKnii, 6era-pyHKINi 0THON mepeMeHHO! B
HIKHEM PErucTpe W JIPpYyTruX CBsA3aHHBIX GyHKIui. Kpome Toro, aBropamu mosryueHbl HEKOTOPbLIE T'HIEp-
reOMEeTPUYIECKUE TEOPEMbI CYMMHUPOBAHUS JIJIS:

93333 TT 771 4 41 1.2 . 95311.5 .
8F7[ §a§7§7§7§737371757575757572»231 }7 5F4[§’§’§’§7§7§71727271 ]7 5F4[ Z:§7§7§7§v17273’311}
13 5 5 1 1.5 115 5 3 3 7 7 3 3 5 5
sFal 2,521 5 9,22,1 ], sFal 5.5.5,5,1,5,5,2,5;—1 ], aF3[ 2,3,1,1;3,5,2;1 ],
21 7 5 9. 75 13 11 o, . .
4F3[ 55571717§7§7271 ]7 4F3[ 67%71717?7?7271] u 4F3[ 17111717313)37_1]

Kmouesvie caosa: n3era-dpynrimu Pumana, nosmuramma-dyHkiun, Teopema Jlyrasia, muHOorowwieHsl bep-
HYyJLIH, KOHCTaHTa KararaHa.
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