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Unique solvability of boundary value problem for functional
differential equations with involution

In this paper, we consider a boundary value problem for systems of Fredholm type integral-differential
equations with involutive transformation, containing derivative of the required function on the right-hand
side under the integral sign. Applying properties of an involutive transformation, original boundary value
problem is reduced to a boundary value problem for systems of integral-differential equations, containing
derivative of the required function on the right side under the integral sign. Assuming existence of resolvent
of the integral equation with respect to the kernel Ka(t, s) (this is the kernel of the integral equation that
contains the derivative of the desired function) and using properties of the resolvent, integral-differential
equation with a derivative on the right-hand side is reduced to a Fredholm type integral-differential equation,
in which there is no derivative of the desired function on the right side of the equation. Further, the obtained
boundary value problem is solved by the parametrization method created by Professor D. Dzhumabaev.
Based on this method, the problem is reduced to solving a special Cauchy problem with respect to the
introduced new functions and to solving systems of linear algebraic equations with respect to the introduced
parameters. An algorithm to find a solution is proposed. As is known, in contrast to the Cauchy problem
for ordinary differential equations, the special Cauchy problem for systems of integral-differential equations
is not always solvable. Necessary conditions for unique solvability of the special Cauchy problem were
established. By using results obtained by Professor D. Dzhumabaev, necessary and sufficient conditions for
the unique solvability of the original problem were established.

Keywords: system of integral-differential equations, boundary value conditions, parametrization method,
integral equation, resolvent, involution, unique solvability, Special Cauchy Problem.

Introduction

Boundary value problems for integral-differential equations have been studied by many authors [1-7],
however, with the development of computer technology, the question of creating constructive methods for solvi-
ng the problem arises. In connection with this, Professor D. Dzhumabaev proposed a method for parameterizing
the solution of a linear two-point boundary value problem for systems of differential equations [8]. This method
was applied to study various boundary value problems [9-14].

On the segment [0,7] we consider the following boundary value problem:

T T
dz(:) + diag(aq, as, ..., an)w = /Kl(t,s)x (s)ds+ /Kg(t,s)a'c (s)ds+ f(t), te€[0,T], (1)
Ba(0) + C(T) = d,d € R", 2)

where the matrices Ki(t, s), Ka(t, s) are continuous on [0, T x [0, T, respectively, n-dimensional vector-function
f(t) is continuous on [0,T]. «(t) is a reorientation homeomorphism « : [0,7] — [0,T] such that o?(t) =
= afa(t)) = t. It is known that the homeomorphism «(t) is called the involutive transformation. On the
segment [0,7] as such a transformation, we can consider the transformation a(t) = T — t. Properties of the
involutive transformation were studied by G.S. Litvinchuk [14], N.K. Karapetyants and S.G. Samko [15] and
others.
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We consider a value of equation (1) at the point ¢ = «(t)

w—i—diag(ah az, ..., an)dx(t) :/ 1(a(t), d8+/K2 (5)ds + f(a(t))-
0

From the system

420 + diag(as, as, ..., a,) G = le(t,s)z(s) ds+fK2(t,s)5c (s)ds + f(t),
0 0
dale®) o diag(ay, as, ..., a,) 8 = [ Ka(a(t), s)z (s) ds + | Ka(a(t), )i (s) ds + f(a(t))
0 0
we define
T
diag(1 —a2,1— a2, ...,1— a )dx :/ K, (t,s) — diag(ay, ag, ..., an)Ki(a(t),s)] z(s)ds+
0
T
+/ [K2(t,s) — diag(a1, ag, ..., an)Ka(a(t),s)]@(s)ds + [f(t) — diag(a1, az, ..., a,)f(at))].
0
Suppose that the matrix diag(1 — a?,1 — a3, ...,1 — a2) is not degenerate, then it is invertible, and

boundary value problem (1)—(2) can be written in the form

%:/klts / (s)ds+ f(t), te0,T], 3)
0 0
Bz(0) + Cx(T)=d, d € R", (4)
where
Ky(t,s) = diag(1/(1 —a}), 1/(1 = a3),...,1/(1 —a})) [Ki(t,s) — diag(ar, az, ..., an)Ki(a(t),s)],
Ky(t,s) = diag(1/(1 — a?), 1/(1 —a2),..., 1/(1 —a2)) [Ka(t,s) — diag(ay, az, ..., an)Ka(a(t),s)],

f( ) = dlag(l/( - a1)7 1/(1 - a’2)7 ) 1/(1 - an)) [f(t) - diag(a’lﬁ az, ..., an)f(a(t))] :
Condition A. Let the following Fredholm integral equation of the second kind

s)ds + O(t)

o\ﬂ

has a unique solution for any function ®(t) € C ([0,T], R™).
If Condition A holds, then there exists I'z(t, s; 1) — resolvent of the Fredholm integral equation of the second
kind with the kernel K;(t, s) and a solution of the integral equation can be written as

T
+/F2tsl s)ds.
0

By using Condition A, problem (3) — (4) can be rewritten as

T
Ki(t,s)z(s)ds + f(t) + [ Ta(t, 1) (s)ds + f(r)| dr, te[0,T], (5)
& ] fran | e
Bz(0) + Cx(T) = d, de R" (6)
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Changing the order of integration in the integral term we obtain

T T /T T
s (t,s;1) (s,7)x(r)drds = Do(t, 7 1)Ky (7, 8)dr | z(s)ds = | K*1(t,s)z(s)ds.
[reanx I\ /
We denote R R
Ky (t,s) = K*1(t,s) + Ki(t, s),
T
f = j0 + [ Talt7i 0 f(ryar
0
Then we rewrite problem (5) — (6) in the form:
p T
%= [ Rt + fo), e, (7)
0
Bz(0) + Cz(T) = d, de R". ®)

We take the step h > 0, that fits N times on the segment [0,7] and along it we consider the partition
N
0,T) = U [(r = 1)h,rh).

r=1
We denote restriction of the function z(t) on the r-th interval [(r — 1)h, rh) by z.(t), i.e., 2,(t) is a system
of vector functions defined and coinciding with z(t) on [(r — 1)k, rh). Then, the original two-point boundary
value problem for systems of integral-differential equations is reduced to the equivalent multipoint boundary
value problem

d;t’ Z / R (t, 8)a;(s)ds + f(£), ¢ € [(r = 1)h, rh), )
I=G-nn

Bx1(0) + CtiiqgloxN(t) =d, (10)

t—ggl—oxs(t) =Zs11(sh),s=1,N — 1. (11)

Here (11) are gluing conditions at the interior points of the partition ¢t = jh, j =1, N — 1.

If the function z(t) is a solution to problem (7)—(8), then the system of its restrictions z[t] = (x1(t), z2(t), ...,
xn(t)) will be a solution of multipoint boundary value problem (9)—(11). And in inverse, if the system of vector
functions Z[t] = (Z1(t), Z2(t), ..., Zn(t))’ is a solution to problem (9)—(11), then the function Z(¢), defined by the
equalities Z(t) = Z,.(t), t € [(r — 1)h,rh), r =1,N, (T) = tii;rl O:EN(t) will be a solution of original boundary

value problem (7)—(8). By A, we denote a value of the function z,(¢t) at the point ¢ = (r — 1)h and on each
interval [(r —1)h, rh) we change z,(t) = u,(t)+ A, = 1, N. Then problem (9)—(11) is reduced to the equivalent
multipoint boundary value problem with parameters

duy
o= / Rt 9)[uy () + Al + £(0). (12)
I=NG=1)h
u[(r —1)h] =0,t € [(r — 1)h,rh),r =1, N, (13)
B)\1+C)\N+C lim ’LLN(t) :d, (14)
t—T—-0
As + lm us(t) = Asy1,s =1, N — 1. (15)
t—sh—0

Problems (9)—(11) and (12)—(15) are equivalent in the sense that if the system of functions z[t] = (x1(t),
xa(t), ..., zn(t))" is a solution of problem (9)—(11), then pair (A, u[t]) will be a solution of the problem
(12)"(15), where A = (21(0), 2a(h)s . en (N — D)) ult) = (21(6) ~22(0), 22(8) - 22() oo 2 (8) — 2 ((N
—1)h)). And in inverse, if pair (X, @[t ]) is a solution of the problem (12)-(15), where A = (A1, A2, ..., An)’,
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alt] = (y(t), da(t), ..., an(t))’, then the system of functions Z[t] = (A + @1 (t), Ag + G2 (t), ..., An + an (2))" will
be a solution of problem (9)—(11).

Appearance of the initial conditions w,.[(r — 1)h] = 0,r = 1, N, allows us to determine functions u,(t),
r =1, N, from the systems of integral equations for fixed values A = (A1, Aa, ..., An)":

t N Jh t
u,(t) = / > / Ki(7,8) [uj(s) + \;] dsdr + / f(r)ydr, te[(r—1)h,rh). (16)
(r—1h 7= G- (r=1)h

From (16) defining , un (t), , lir}? 0us(t), s = 1, N — 1, putting the corresponding expressions into
—sh—

I
L Nh=0 ’

the conditions (14), (15), and multiplying both sides of (14) to h > 0, we get the system of linear equations
concerning to the unknown parameters A, r =1, NV :

Nh N Jh
hBA; + hCAyn + hC / > / Ki(7,s)\jdsdr =

(N21h =N

Nh Nh N Jh
= hd — hC / f(r)(r)dr — hC > Ky (7, 8)uj(s)dsdr (17)
(NZ1)h (NInn =GR
sh N jh

Ao+ / > / Ky (7, 8)Ajds dr — Agyq =

(s—1)n 7= 0n

sh N jh sh
=— / Ki(7,8) uj(s) ds dr — / f(r)dr, s=1,N—1. (18)
(s=Dhr =L (s—1)h

We denote the nN x nlN dimensional matrix corresponding to the left side of the system of linear equations
(17), (18) by Q(h). Then the system of linear equations (17), (18) can be written in the form:

Q(h)A = —F(h) — G(u,h),\ € R"", (19)
where
Nh h (N=1)h
F(h)=| —hd+ hC / fi(r)dr, /fl(T)dT, . / fi(r)dr |,
(NZ1)h 0 (NZ2)h

Nh jh

G(u,h) = | hC / > / Kl(T,s)uj(s)dsdﬂ/hf:
0

(N)R TGS 7=

jh
Ky(r,s)uj(s)dsdr, . ..,
j—1)h
(N=Dh gk
Z / K (7, s)uj(s)dsdr
(NI =N
Therefore, to find unknown pairs (A, u[t]), solutions of the problem (12)—(15)... we have a closed system
of equations (16), (19). We find solution of the multipoint boundary value problem (12)—(15) as a limit of the
sequence of pairs (N*) u(F[t]), k =0,1,2, ..., defined by the following algorithm:
Step 0. a) Assuming, that the matrix Q(h) is invertible, from the equation Q(h)A = —F(h) we define the
initial approximation by the parameter \(%) = ()\go), )\go)’ e )\5\9)) € RN A0 = —[Q(R)] "' F(h).
b) Putting the found )\7(«0), r = 1, N into the right side of the system of integral-differential equations (12)
and solving the special Cauchy problem with conditions (13), we find u(?[t] = (ugo)(t), ug))(t)7 . ,ug\?) (1))
Step 1. a) Putting the found values 1L£0)(1f)7 r=1,N into the right side of (19), from the equation
QM)A = —F(h) — G(u®, h) we define AV = (A ALY A,
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b) Putting the found )\7(}), r = 1, N into the right side of the system of integral-differential equations (12)
and solving the special Cauchy problem with conditions (13), we find u()[t] = (ugl)(t), ugl)(t), e 7ug\l,)(t))’ and
etc.

Continuing the process, at the k-step of the algorithm we find the system of pairs (A*), u(®)[t]), k =0,1,2, ....

Unknown functions wu[t] = (u1(t), ua(t),...,un(t)) are determined from the special Cauchy problem for
systems of integral-differential equations (12) with initial conditions (13). In contrast to the Cauchy problem
for ordinary differential equations, the special Cauchy problem for systems of integral-differential equations is
not always solvable.

Sufficient conditions for unique solvability of the special Cauchy problem (12), (13) for known values of the
parameters A are established by

Theorem 1. Let the partition step h = T'/N satisfy the inequality

o0(h)=pBTh < 1,

where § = (t,s)e%(?,%“}](x[o,T]HKl(t,S)H.

Then, the special Cauchy problem (12), (13) has a unique solution.

Sufficient conditions for feasibility and convergence of the proposed algorithm, as well as existence of a
unique solution to problem (1), (2) are established by

Theorem 2. Let the following conditions hold:

1) Condition A,

2) matrix diag(1 —a?,1— a3, ...,1— a2) is invertible,

3) conditions of Theorem 1 hold,

4) matrix Q(h) is invertible and the following inequalities hold:

QM HI < ~(h),

__n)
1-06(h)

Then the two-point boundary value problem for systems of integral-differential equations (1), (2) has a
unique solution.

Proof of Theorem 1 and Theorem 2 is similar to the scheme of the proof of Theorem 1 and Theorem 3 from
[16] and is carried out according to the above algorithm, taking into account the specifics of the system (1).

In [5], necessary and sufficient conditions for unique solvability of a linear boundary value problem for the
following systems of differential equations were obtained

q(h) () max(1, h[|Cl))é(h) < 1.

T

d
%= [ Koais @, tepT),
0
Bz(0) + Cz(T)=d, d € R".
Theorem ([8; 1216]). For unique solvability of the problem (14), (15) it is necessary and sufficient existence
of h € (0, hg] : Nh =T, where the matrix Q. .(h) is invertible.
The above theorem implies
Corollary. For unique solvability of the problem (1), (2) it is necessary and sufficient the conditions 1 and
2 of Theorem 2, as well as existence of h € (0, ho] : Nh = T, where the matrix Q. .(h) is invertible.

Where hg is defined from the condition g(hg) = fThe < 1, and the matrix Q. .(h) is defined in the same
way as in [8].
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K.ZK. Hazaposa, K.bl. Ycmanon

Kooica Azmem Hcayu amovimdazor Xaavikapanrvix, Kasax-mypix yrusepcumemsi, Typxicman, Kazaxeman

NuaBoaonusabsl pyHKINOHAJABI-Ad depeHnna abIK TeHaeyJiep
VIIiH MIeTTIiK ecemnTiH OipMoH/Ii IeImiIiMIiIiri

Maxkasiazma TeHIEYIIH OH, »KaFbIHBIH, KYPaMbIHIA WHTErPaJl TaHOACHIHBIH, ACTBIHA 13AeMiHIl DyHKIMSAIaH
TYBIHIBICHI 6ap WHBOJIIOTUBTI TYpPJIeHIIpyMeH DpearosibM TUIITEC HHTETPAJILIK-Au(MHEPEHITNAIBIK, TEH-
neyJiep Kyieci yIIiH MIETTIK ecell KapacThIpbLIIbl. VHBOJIOTUBTI TYPJEHIIPY/IiH KacUeTiH maiiiaaany-
JaH GacTaIKbl ecell OH, XKakK, OeJIIriHAe MHTerpal TaHOACBIHBIH ACThIHIAA 13eTiH/Al (DYHKIUSIIAH TYBIHIBICHI
6ap MHTErpaaabIK-TudOEPEHITHAIIBIK, TEHAEY YIIH IMETTIK eCenKe KoHEe MHTETPAJIIbIK TEHIEY/IIH SIpO-
cot Ko (t, s)-xe (izmeningl GpyHKIMATAH TYBH/BICHL 6ap UHTErPAJIIBIK, TEHAEYAIH AAPOCh) GalIaHbICThI pe-
30JIbBEHTACHI 6ap JIEN KopaMaJIIal, HHTErpaIIblK-1uddepeHnaIbK TEHIEY OH, YKak, OoJIiriHae i3ae s
bYHKIUAIAH TYBIHABICHL KOK, TeHIeyre KeaTipiseni. Asbiaran mertik ecen npodeccop H.C. Txxymabaes
YCBIHFaH IapaMeTrpJiey oiciMed nibirapblirad. Ockl 9IicTiH HEri3iH/e ecell XKaHa eHri3iiren OyHKINAIIAPFa
GaiitaHbICTBI apHaiibl Komm ecebin KoHe eHri3iireH mapamerpiiepre GailjIaHBICTBI CHI3BIKTHI AJreOPaIbIK,
TeHeyep XKyiteci memnryre kenripiseai. Ecentin mrermimin Taby aaropurmi yebiHbLIFaH. Benrini 6omranmait,
Kol muddepeHnma bk TeHaeysep yirin Komm ecebine kaparanjia HHTErPAJIbIK-11dOdHEPEeHITUATIBIK, Te-
HJleysiep Kyiteci yiriH apHaiibl Komm eceGinin 6apJblK, yakbITTa mremnriMi 6ap 6osta 6epmeiini. [Ipodeccop
I.C. IxxymabaeBThIH aJIFaH HOTHUXKEJIEPIH KOJIIAaHA OTHIPHIN, apHaiibl Komm ecebinin 6ipMoH/Ii mremnimiMTi-
JITIHIH KaKeTTi MapTTapbl TarailbIHIaJIIbI.

Kiam cesdep: nuTerpasabik-anddepeHInaIablK, TEHAEYIEP KYiieci, MeTTIK mapTTap, mapamMeTpJiey 9Iici,
MHTErPaJIJIbIK, TEHJEY, Pe30JbBEHTa, HHBOJIONMs, OIpMOH/II IermiiMaIuTiK, apHaiisl Komm ecebi.
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OagHo3HaYHAasT Pa3peInnMOCTh KpaeBoil 3aa4un i
dbyukimonaJbHO-IUMDEePEHNTNATBHBIX YPAaBHEHUN C WHBOJIIOIHE

B craTbe paccMmoTpena kpaeBas 3ajada Jjisl CHCTEM WHTErpo-amddepeHInaipHbIX ypaBHeruit Tuma Ppe-
ATOJbMa C MHBOJIOTHBHBIM IIPEOOPA30BAHUEM, COMEPIKAIas B MPABOHl 9acTU MPOU3BOIHYIO OT MCKOMOM
byt 1071 3HaKOM uHTerpaJia. [1o1b3ysach cBOICTBOM MHBOJIIOTUBHOIO IIPEOOPA30BAHUS, 33/1a49a CBEJIe-
Ha K KPaeBOl 3ajade MJis CUCTEM HHTErpo-auddepeHIalbHbIX YPABHEHUM, COIepKaIell B MpaBoil Ja-
CTH TPOU3BOJIHYIO OT MCKOMON (DYHKIMH MO 3HAKOM HHTerpaJja. llpesamosiarasi cymecTBOBaHIE DPE30JIb-
BEHTBI MHTErPAJIbHOIO yPAaBHEHUsI OTHOCUTEJBHO S7Ipa K, (t,s) (smpo MHTErpaIbLHOrO ypaBHEHU, KOTOPOE
COJIEP?KUT TPOU3BOIHYIO OT MCKOMOH (DYHKIMH) W UCHOJIBb3ysl PE30JbBEHTY, MHTErpo-aud depennuaabaoe
ypaBHEHUE CBEJIEHO K YPAaBHEHUIO, HE COIAEPIKAIINEMY ITPOU3BOIHYIO OT MCKOMOM (DYHKIIUK B IPABOM YacTH
uHTErpo-auddepeHuaabHOro ypapaenus. /lajiee moydeHHast KpaeBasl 3a/a4da pelraeTcs MeTOJIOM Iapa-
MeTPHU3AINH, TpeIokeHHbIM mpodeccopoM /1. Jlxxymabaesbim. Ha ocHOBe JaHHOTO MeTO/1a 3aa1a CBEeIeHA
K PeIeHnIo CIeruaabHoi 3a1a4un Kol oTHOCHTEIbHO BBEJEHHBIX HOBBIX (DYHKIIAM U K PEIIEHUIO CUCTEM
JIMHEHHBIX aJredOpanvdecKnX ypaBHEHUI OTHOCHUTEIBHO BBEJIECHHBIX HapamerpoB. [Ipeioken ajaropurm Ha-
XOXKJIeHus pemnteruii. Kak u3BecTHO, B oT/in4dne OT 3aja4un Ko /111 0ObIKHOBEHHBIX (b dDepeHIuaaIbHbIX
ypaBHEHHUH, crieruajbHas 3adada Ko 1jisi cucreM UHTErpo-auddepeHnaabHbIX YPaBHEHUN He BCEeria
paspermmma. ABTopaMu OBLIN YCTAHOBJIEHBI HEOOXOAUMBbIE YCJIOBHSI OJHO3HAYHON Pa3pEelIuMOCTHU CIIEIIAa Tb-
Hoit 3agaun Komu. Vcmons3yst pesyabraTsl, momydenubie mpodeccopom 1. JlxxkymabaeBbiM, ObLIN HallI€HBI
HEOOXO/IMMbIE U JIOCTATOYHBIE YCJIOBUS OJIHOZHAYHON Pa3peImMOCTH UCXOTHON 3a/1a4u.

Kmouesvie crosa: cucrema nHTErpo-audpepeHnnaabHbIX yPaBHEHU, KPAeBble YCIOBUSI, METOT TapaMeTPH-
3aIui, UHTErpajJbHOE ypPaBHEHUE, PE30JIbBEHTA, MHBOJIIONUS, OJHO3HAYHAS Pa3PEIIUMOCTD, CIIeIHUaIbHAsS
3aga4a Kormmm.
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