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On zeros of an entire function coinciding with exponential
typequasi-polynomials, associated with a regular third-order
differential operator on an interval

In this paper, we consider the question on study of zeros of an entire function of one class, which coi-
ncides with quasi-polynomials of exponential type. Eigenvalue problems for some classes of differential
operators on a segment are reduced to a similar problem. In particular, the studied problem is led by the
eigenvalue problem for a linear differential equation of the third order with regular boundary value condi-
tions in the space W3(0,1). The studied entire function is adequately characteristic determinant of the
spectral problem for a third-order linear differential operator with periodic boundary value conditions. An
algorithm to construct a conjugate indicator diagram of an entire function of one class is indicated, which
coincides with exponential type quasi-polynomials with comparable exponents according to the monograph
by A.F. Leontyev. Existence of a countable number of zeros of the studied entire function in each series is
proved, which are simultaneously eigenvalues of the above-mentioned third-order differential operator with
regular boundary value conditions. We determine distance between adjacent zeros of each series, which lies
on the rays perpendicular to sides of the conjugate indicator diagram, that is a regular hexagon on the
complex plane. In this case, zero is not an eigenvalue of the considered operator, that is, zero is a regular
point of the operator. Fundamental difference of this work is finding the corresponding eigenfunctions of the
operator. System of eigenfunctions of the operator corresponding in each series is found. Adjoint operator
is constructed.

Keywords: entire function, zeros, quasi-polynomials, indicator diagram, series, operator, regular periodic
boundary value conditions, eigenvalues, system of eigenfunctions.

Introduction and Formulation of the problem

We consider the question on distribution of zeros of an entire function of the following form:
A = Nk — k)bt V2 4 (kg — ko)elkathn VAL

-l—(kg _ kl)ekzs’/x + (k3 o kl)e(k3+kl)\3/X + (kl _ kz)eksw + (kg _ kg)e(kﬁk?’)%),

where ky = 1, ky = —1 43 kg = —1 — 3,
Eigenvalue problems for some classes of differential operators on a segment are reduced to a similar problem.
In particular, the following problem on eigenvalues in the space W3(0,1) leads to the studied question:

Lou=1(u) =u" () = —du(z), 0 <z < 1, (1)

Ui (u) = u(0) = 0, Uz(u) = u(1l) =0, Us(u) = u'(0) = u'(1), (2)
where U; (u), Ua(u), Us(u) are linear forms, which are regular, according to J.D. Birkhoff [1, 2]. An important
result established by Birkhoff was to estimate resolvent of a regular differential operator and to establish
asymptotics of the spectrum. In the monograph by M.A. Naimark [3; 67], a subclass of regular boundary
conditions, so-called strongly regular boundary conditions, was singled out, where it was noted that for an odd
order of the equation all regular conditions are strongly regular.

Connection between zeros of quasi-polynomials and spectral problems was reflected in [3—15]. Zeros of entire
functions having an integral representation were studied in [16-23].
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Main Results

We consider the question on distribution of zeros of the entire function A;(\) = A\g%) on the complex
plane A.

Ay(N) = (kg — kg)em\?ﬁ ¥ (k- kQ)e(k2+kl)%+
+(k3 — k1)6k2% + (k’3 — kl)e(ka-i-kl)% + (kl _ k/,z)eksw + (k2 _ kg)e(k2+k3)% =0. (3)

In [11, 14] the following was proved:

Proposition 1.

1. There are infinitely many zeros of an entire function Aj(A);

2. Distance between two adjacent zeros of the same series (j — const) is exactly %‘;

3. Zeros of each series lie on the rays perpendicular to the segment, that is, perpendicular to sides of the
hexagon containing

(K1, (ks + k1)); (ks, ks + k1); (ko + kss ks); (k2, ko + k3); (Ko, ko + k1); (ko + ki, k).

The rays which are perpendicular to the indicator diagram are called critical. According to the result of the
monograph [6], there are exactly six critical rays on the plane ), that is argv/\ = 5, n=0,1,2,45
In [11, 14| the zeros of the entire function A()):

(In|zj| + i(Arg(z;) + 2mk))?

Ajk = pa , k=0,£1,£2,..; 7=1m (4)
were found, and conjugate indicator diagram—hexagon was constructed on the complex plane .
Taking k1 = 1,ky = f% + ’i§7k3 = 75 - z@, into account, due to the formula (4) and Proposition 1,

we have that along the ray perpendicular to the segment passing through the points 2;1 — iv/3 there are zeros
of the quasi-polynomial (\/3 + 3i) - e(+iV3X _ 9\ /3. e?}, they are majorizing exponents. In this case, other
exponents from (3) do not contribute along this ray. Let’s find zeros of the quasi-polynomial:

(\/?:_’_ 3i) - e(1+i\/§)>\ —9V3. 2 =

(V34 3i) - eIHVIX = 91/3. 2

oikr | 2| 4 darg( 245
—1414V3 —3+iV3
2v3

Which are zeroes of the first series, where In |2 \f Y 3| 4iArg( Tarai ) = const. Similar procedure is performed

Akl = , k=1,2,3,..

on the other sides of the hexagon, and along other perpendicular rays we have the corresponding series of zeros
of the quasi-polynomials from (3):

e segment [—1 —4+/3;1 — i1/3], 2-nd series of zeroes \yy = % + 2&17;%), k=1,2,..,(14+iV/3)

e segment [—1 4 4+v/3; 1 + iv/3], 3-rd series of zeroes A3 = ikm + const, k=1,2, ...,

e segment [—2; —1 — i/3], 4-th series of zeroes \py = 11’5\7} + fizlf/%, k=12
e segment [2; 1 + i/3], 5-th series of zeroes \ys = —i’f\% - fj:?\s/%, k=1,2
e segment [—1 + Z\[ —2], 6-th series of zeroes \yg = 11’5\% + 2(‘131’;5\%), k=1,2,..,

The zeros that were found are adequately eigenvalues of the operator Lo [11].
Fundamental difference of this section from [11, 14, 22, 23] is the determination of eigenfunctions of the
operator Lg. The following theorem takes place.

Theorem. Let the entire function Ay (\) = \%) in (3), according to [11, 14|, be a characteristic polynomial

of the spectral problem (1), (2) and all points of Proposition 1. be satisfied, as well as zeros of the characteristic
polynomial (4) be the corresponding eigenvalues of the operator Lg. Then the system of eigenfunctions of the
operator Lg of each series:

Mathematics series. Ne 3(103)/2021 45



N.S. Imanbaev, Ye. Kurmysh

f()()( (”f)d
B e 3( G 43§>x.sm(

o (= 5 )orsna (B ) ava (- o
i (5] romis (A ) ()i (5 ):

sm\f( k\f T )x chf( 6)x+cos(k27T—6>x cosf(—k\[—k

R

R P

e~ 5 o (B (35 EV.] e (B
A Py f(km[—gx>~ch\/§<kzr—27;)x+sin(lzr—24)x smf(lmf
e el 5o () wn (s
_Qz)x_sm(’jf_i)x.wm&f 8) hf(—%)>

km krv/3 @ km T . km
cos<4 24>z sm\f( 8>'ch\/§(424)x+sm<4

_|_

+Cs

ugs () = C4 (cosQ (kw— g)x—i—isinQ (Imr— g) :c) + [Cgch\/g(lmr— g) T

- COS (kﬂ—%)x+035h\/§(k7r—g)x~sin(k7r—g)x—i—i(Cgsh\/g(k‘ﬂ'—%) -

46 Bulletin of the Karaganda University



On zeros of an entire function ...

y/? x k
Ugg (T) = Cye" e 25w {cos2 (; — g) x4+ isin2 (

- cos (IWT*g)SE*CzCh\/g(lmrfg>x-sin(lm—g> x)},
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. shv3 (k;r + ﬂf) x>‘| } efkﬂTﬁz . 67%“";
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for each series, where k =1,2,3,....
Here is the scheme of the proof:
General solution of the equation (1) has the form:
u(z) = C1e** 4 (CycosV/3Ax 4+ Cysiny/3Az)e 2. (5)

Substituting the zeros of each series into (5) in order and satisfying the equation (1), as well as the boundary
value conditions (2), we obtain the corresponding eigenfunctions of the operator Lg.

Remark. Questions of completeness, uniform minimality, and basis property of systems of eigenfunctions
of the operator Ly remain open. Note that questions of the basis property of systems of root vectors of the
multiple differentiation operator with regular, but not strongly regular boundary value conditions were studied
in [24-30].

Conjugate problem

1 1
By using integration by parts, we obtain the Lagrange formula: [I(u)v(z)dx + [u(z)l*(v)dz = u”(1)v(1)—
0 0
—u"(0)v(0) = [v"(0) — v (1)] - w'(0) + u(1)v" (1) — u(0)v"(0).
Here [*(v) is an adjoint differential expression:
Fv)==v"(z), 0<z<l1. (6)

Consequently, an operator Lf, adjoint to the operator Ly is given by the differential expression (6) and
boundary value conditions:

Vi(v) =v(1) = 0, Va(v) = v(0) =0, V3(v) = v'(0) —v'(1) = 0.
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Kecinagizeri ymoriamm peTTi peryssapJbl guddepeHimanabik
onepaTopMeH OaiijIaHbICKAH, SKCIIOHEHIINAJI bl TUIITEr]
KBa3UKOIIMYIIeJIIKTepMeH coiikec KeJieTiH OyTiH (byHKINSTHBIH,
HOJIJIePl >KaliJIbl

Maxkasaia KepceTkinrepi eJmeM/ 1 SKCITOHSHITHAJIBI TUIITETT KBA3UKOIIMYIIIETIKTEPMEH CoifKeC KeJIeTin Oip
KJIACTarbl OYTiH DyHKINATAPABIH HOJIJIEPIH 3ePTTEY MaceJieci KapacThIPhLIAbl. MyHIarbl KapacThIPHIIATHIH
Moceie, KOII »KaFaaiiaap/ia, Keibip Kiaactapaarbl Kecimiaeri auddepeHnnablK onepaTopIap/IblH MEHIITIK-
Ti MOHIEpiH 3epTTeyTe OepinreH ecenTepieH TybIHAaMbI. Jomipek affTKanga, KApacThIPbLIATHIH MOCeJIere
W23(0, 1) kenicriringeri pery/spJbl METTIK mapTTapMeH Gepiiared yImiHm peTTi ChI3BIKTHIK auddepenim-
aJIABIK TEeHJIey/IiH MEHIIIKTI MOHJIEPIH 3epTTeyre apHaJFaH eCellKe aJjbll KeJseli. 3eprresneTid 6yrin dyH-
KIIWsI, TiKesIel eproATHIK METTIK ITapTTapMeH OepiireH ChI3BIKTHIK, AuddePEeHITNAIbIK, YIIIHII PeTTI orme-
paTop VIIiH arajfaH CIeTPaJIbIK eCelITiH XapaKTePUCTUKAJIBIK aHBIKTaybIIIbL 60Jibi Tabblnanbl. A.D. Jle-
OHTBEBTIH, MOHOTDADUSICHIHIAFHl HOTUXKECIHIH, HETI31HIe, KAPACTHIPBIIBII OThIPFaH 6Ip KIACTaFbl ©JIIIEM/T
KOPCeTKImTepi 6ap 9KCIOHEHIWAJIBI TUITEr KBA3WKOIMYIIECJTIKTEPMEH COMKec KeseTiH OyTiH (yHKIms-
HBIH TYHiH/IeC NHINKATOPJIBIK, JUArPAMMAaChIH KYPY/IBIH aJropuTMi KepceTiireH. ByTin GyHKInAHBIH 9p0ip
CepUsiTaFbl CAHAJBIMJIBI HOJIAEPIHIH 6ap GOMyBI J9JIEIEHTeH YKOHE OJIAP/IBIH KECIHIIIEr peryIspIibl mepu-
OATBIK IIETTIK MapTTapMeH OePireH ChI3BIKTHIK, YITIHII PETTI quddDepeHITnaIIbIK, OTePATOPIBIH, MEHITKTI
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MOHEP] eKeHIIri cumarTaarad. ByTiH (QYHKIUSHBIH 9p CEePUSIAFbl KOPIIIeC KATKAH HOJIIEPIHIH apaka-
MIBIKTBIFbI AHBIKTAJFAH YKOHE Op CepHUsl KOMILJIEKCTI »KA3bIKTBIKTArbl TYWIHIEC WHINKATOPJIBIK, JIHArpaM-
MAaHbBIH, FHU JYPbIC aJITBIOYPBINITHIH KaObIpFaJapblHa MEePIEHINKY/IAP, KOOpAUHATaJIap 0ac HYKTeCiHeH
MIBIFATHIH CoyJIesIep 60JIaThIHIBIFB KOPCeTiareH. Ajtaliia, HOJl HYKTeCl »KOFapbla aflThIIFAH KAPaCThIPhLIA-
TBIH OIEPATOP/IbIH, MEHIIIKTI MOHI OOJIMANTBIH/IBIFI, SIFHU HOJI OIIEPATOP/ILIH PEryJsipJibl HYKTeCi eKeH/Iir
cAnaTTaJraH. ByJ >KyMBICTarbl ajIbIHFAH HOTUXKEHIH €PEeKIIeJIiri, onepaTop/IblH, 9P CepUsIarbl MEHIIIKTI
MOHJEpiHEe CoKec MeHIMKTI GyHKnusIap XKyieciniy Tabburybiaga. CoHmail-ak, OCbl )KYMBICTBIH 3€pPTTEY
HBICAHBIHA afHAJIBIIT OTHIPFAH OIEPATOP/ILIH, TYHIHIEC OIepaTOpbl KYPbLIFaH.

Kiam cesdep: 6yTiH DyHKIUSHBIH, HOJIIEPi, KBASUKOIIMYIIETIKTED, HHINKATOPJIBIK IUArPAMMAa, CEpUsI, Ole-
parTop, peryJspbl IEPUOATHIK, IIETTIK MapTTap, MEHINKTI MOH/IEp, MEHIIKTI (DyHKITUIIapIAbIH KYiieci.

H.C. Nman6aes'?, E. Kypmpir!

1 . . .
IOoicno-Kaszaxcmanckutl 2ocydapemeentovili nedazozuneckuti ynusepcumem, Llvmxenm, Kazaxcman;
2HHcmumym MAMEMAMUKY U MAMEMATNUNECKO20 Modesuposarus, Aamamu, Kasaxcman

O nynasax nesoii pyHKIMN, cOBIaaaoIIeil ¢ KBa3uIOJIMHOMAaMU
9KCIIOHEHIINAJbHOIO TUIMA, CBI3aHHON C peryJjasspHbIM
anddepeHInaIbHBIM OIEPATOPOM TPEThEero Mopsa/aKa Ha OTpe3Ke

B crarbe paccMoTpen Bompoc pacmpesiesieHust Hysiei 1esioi (PyHKIINT OJHOTO KJIACCa, KOTOPBIE SIBJISTIOTCS
KBa3UIIOJIMHOMAMU SKCIOHEHIIMAJIBLHOTrO Tuma. K 1momobHoi mpobiiemMe pesynupoBaHbl 3a3/1a4n Ha COOCTBEH-
Hble 3HAYEHUsl JJII HEKOTOPBIX KJIaccoB JuddepeHnmralbHbIX OlepaTopoB Ha OTpe3ke. B dacTHOCTH, K
M3y1IaeMOMY BOIIPOCY TPHUBOIUT 3a/1a9a HAa COOCTBEHHBbIE 3HAUEHUS JTUHEHHOTO MudHEPEHITNATHLHOTO YPaB-
HEHUsI TPEThEro MOPs/IKA C PErYJIAPHBIMA KPAEBBIMU YCJIOBUSAMHU B IIPOCTPAHCTBE WS'(O, 1). Uccnenyemas
nesiast (PYHKIUS aJeKBATHO SIBJISIETCS XapaKTEPUCTUIECKUM OIpPEIeIUTeIeM CIEeKTPAJbHONW 3a1auu JIJIst
JMHEWHOTO MnddEepEeHNNaTIBHOTO OTIEPATOPA TPETHETO MOPSIIKA C MEPUOANITECKUMA KPACBBIMA YCJIOBUSMU.
TlocTpoena conpsizkeHHasi MHAUKATOPHAsS JAMarpamMMa IeJoi (DyHKINNA SKCIOHEHIMAIbHOIO THUIIA COU3Me-
pUMBIMEU TOKa3aTeasiMu. J{0Ka3aHO CyIeCTBOBAHME CUETHOTO UYMCJIa HYJel UCCIeayeMOi 1esioil (hyHKIuN
B KayKJIOM CepHH, KOTOPBIE SBJISIOTCS OJJHOBPEMEHHO COOCTBEHHBIMU 3HAYEHUSIMU PACCMATPUBAEMOIO JTUd-
dEPEHITUATBLHOTO OIEPATOPa TPETHEr0 MOPSIKa C MEPUOJAMIECKUMHU KpaeBbIMHU ycaoBusiMu. OnpeneseHo
paccTosiHre MeXKJIy COCEIHUMHU HYJISIMM KaXXIO# Cepuu, JiexKkalllee Ha Jydax, MepHeHIUKYJISIPHBIX CTOPO-
HaM COIPSI?KEHHOW WHIMKATOPHON AMArpaMMBbl, TO €CThb MPABUJIHLHOTO IMECTHYTOJbHUKA Ha KOMIIJIEKCHOMN
IUIOCKOCTH. [1py 3TOM HyJIb HE SIBJIsIETCST COOCTBEHHBIM 3HAUYEHHEM PACCMaTPUBAEMOro oneparopa. [IpuHnm-
MHUAJBHBIM OTJIMIUEM HACTOSIIEN PAOOTHI SIBJISIETCST HAXO0XK/IEHNE COOTBETCTBYIONINX COOCTBEHHBIX (DYHKITHI
paccMaTpuBaeMoro omeparopa. I1ocTpoeH COnpszKeHHBIH OmepaTop.

Karouesvie caosa: nienast (pyHKIUsI, HYJIU, KBA3UIIOJMHOMbBI, WHAUKATOPHAs JUarpaMMa, CEepHsi, OIepaTop,
peryJisipHbIe IEPUOIMIECKIE KPAeBble YCIOBHUsI, COOCTBEHHbIE 3HAYEHNUSI, CUCTEMa, COOCTBEHHBIX (DYHKIIHIA.
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