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Cohomology of simple modules for sl3(k) in characteristic 3

In this paper we calculate cohomology of a classical Lie algebra of type Az over an algebraically field k of
characteristic p = 3 with coefficients in simple modules. To describe their structure, we will consider them
as modules over an algebraic group SLs(k). In the case of characteristic p = 3, there are only two peculiar
simple modules: a simple that module isomorphic to the quotient module of the adjoint module by the
center, and a one-dimensional trivial module. The results on the cohomology of simple nontrivial module
are used for calculating the cohomology of the adjoint module. We also calculate cohomology of the simple
quotient algebra Lie of A by the center.
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Introduction

The cohomology theory of modular Lie algebras is one of the interesting questions in the theory of Lie
algebras. Many significant results are devoted to the study of the cohomology of classical modular Lie algebras.
Their restricted cohomology with coeflicients in the dual Weyl modules was studied in [1-3]. Central extensions
are described in [4, 5]. In [6, 7] the outer derivations are calculated. As the second cohomology, local deformations
are calculated in [8-10].

Among the classical modular Lie algebras, the cohomology of simple modules is completely described only
for a three-dimensional Lie algebra of type A; [11]. It is known that for other classical modular Lie algebras
a complete description of the cohomology of simple modules has not yet been obtained. In this paper we give
a complete description of such cohomology for the Lie algebra of type As over an algebraically closed field of
characteristic p = 3. The first cohomology groups of simple modules for Ay was computed in [12]. A similar result
for the second cohomology groups was obtained in [13]. In all other cases, the computation of the cohomology
structure of simple modules for A is close to completion. The results will be published in the next works of the
second author.

Let us introduce the basic definitions and notation. Let g be a Lie algebra over a field k characteristics of p
and M be a g-module. We denote the n-th exterior power of the space g by A™(g) and let

C™"(g,M)=Hom(A", M)=(¢ : gx---xXg— M), n>0

is a space of multilinear skew-symmetric mappings in n arguments with coefficients in M. We put

+oo
C"(g, M) =0, n<0, C%g,M)=M, C*(g,M)= P C"(g. M).

n=-—oo

Define the coboundary operator

as follows:
d(ly,lg, - lngr) =

Z(_l)’b-‘r]w([l“l]]’ 7lAi7' o alja"' aln-i-l) +Z(_1)Z+1[lzaw(lla alAiv"' 7ln+1)]7

i<j
where 1) € C"(g, M). Then d? = 0, therefore B*(g, M) C Z*(g, M), where

Z*(gvM) = <¢€C*(97M) : d’l/)20>k,

*Corresponding author.
E-mail: ibrayevsh@mail.ru

36 Bulletin of the Karaganda University



Cohomology of simple modules for sl3(k) ...

So, we can introduce the factor-space
H*(g,M) = Z"(g,M)/B" (g, M).

The spaces C*(g, M), Z*(g, M), B*(g, M), H*(g, M) are called space of cochains, space of cocycles, spaces of
coboundaries, and space of cohomologies of the Lie algebra g with coefficients in the g-module M respectively.
Similarly, the spaces
C™ (g, M), Z"(g, M) = Z*(g, M) N C" (g, M),

Bn(g7M) = B*(gvM)an(g7M) I/IH”(Q,M) = H*(ng) ﬂcn(g,M)

are called space of n-cochains, space of n-cocycles, spaces of n-coboundaries, and space of n-cohomologies of the
Lie algebra g with coefficients in the g-module M respectively.

We say that the g-module M is peculiar if H*(g, M) # 0. We say that the M is n-peculiar module over g if
H (g, M) # 0.

Now let g be a classical Lie algebra of type A, over algebraically closed field & of positive characteristic
p >0 and M is a g-module. We decompose C*(g, M) into a direct sum of weight subspaces with respect to the
maximal torus T of the group G = SL3(k):

C*(g7M): @ C;(gvM)7

neX(T)

where X (7T) is the additive character group of T. Then

H"(g,M)= & H;(gM).
HEX(T)

Identify the space C™(g, M) with the space A" g* @ M and denote by [[(V) the set of weights of the
G-module subspace V of H*(g, M).

Since [T(H™(g,M)) C pX(T)NII(A" g* @ M), then we can consider only the elements of the subspace
C" (g, M) of C"(g, M) with weights contained in the set pX (T) TT(A" ¢* ® M). The corresponding subspaces
of cocycles and cohomologies are denoted by Zn(g, M) and Fn(g, M). Note that

H"(g,M)=H"(g,M).
We will use the following well known formulas:
dim H"(g, M) = dim Z" (g, M) +dim Z"~ (g, M) — dim C" ' (g, M), (1)
dim H"(g, M) = dim HY™ 87" (g, M*). (2)

The weight subspaces are invariant under the action of the coboundary operator, therefore the formula (1) is
also holds for weight subspaces:

dim H7(g, M) = dim Z,.(g, M) + dim Z,, (g, M) —dim C,, (g, M). (3)

Let L(r, s) be a simple g-module with the highest weight rw; + sws, where wy, wy are fundamental weights.

It is known that the composition of a representation of SLs(k) on a vector space L with a d-th power
of the Frobenius map defines a new representation, on which the Lie algebra g acts trivially. We denote the
resulting module by L(?. To each weight u of the space L there corresponds a weight p?u of the space L4,
The cohomology group H™(g, M), as a SLs(k)-module, consists of either a twisted module L% for some d,
or a one-dimensional trivial module k. For the multiplicity of a SLs(k)-module L(® in H"(g, M), we use the
notation [H™(g, M) : L¥]. Further, for convenience we use the following abbreviations: H"(g,k) := H"(g),
@B,V :=mV, where V is a SLs(k)-module.

Let’s formulate the main result of this paper:

Theorem 1. Let g be a classical Lie algebra of type As over an algebraically closed field k of characteristic
p =3 and M ba a simple g-module. Then there are the following isomorphisms of SLs(k)-modules:

(a) H'(g) = H%(g) = k, H?(g) = H®(g) = L(1,00V @ L(0, 1)V, H*(g) = H®(g) = L(1,0)V & L(0, 1)V k;

(b) H'(g, L(1,1)) =2 H" (g, L(1,1)) = L(1,0)V & L(0, 1)V ek, H3(g, L(1,1)) & H>(g, L(1,1)) = HO(1,1)1),
H*(g, L(1,1)) = 2H°(1,1)®),

In other cases H™(g, M) = 0.
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Proof of the Theorem 1
As the basis vectors for g we choose the special derivations of the algebra of divided powers O3(1) :
hy = 210y — 2202, ho = 220 — 1303, €1 = 1102, €2 = 1203, €3 = 1103, f1 = 201, fo = 1302, f3 = 130.

Over a field of characteristic p = 3, the Lie algebra g is not simple, it has a one-dimensional center (hy — ho)g.
The quotient algebra by the center is a simple Lie algebra; we denote it by g or As.

It is known that the peculiar modules of the Lie algebra g are restricted [11]. According to Lemma 3.1 in
[13], only the following two simple restricted modules are peculiar: L(0,0) = k and L(1,1) = §. For L(1,1) we
get the following description:

L(1,1) = (hy, ha,e1, e, €3, f1, f2, f3 : h1 — hg = 0);.

Consider each of these modules separately.
Let M = L(0,0) = k.
Lemma 1. There are the following isomorphisms of SLs(k)-modules:
(a) H°(g) = k;

(b) H?(g) = L(1,0)™ & L(0,1)®);
(c) H*(g) = L(1,00M @ L(0, 1)V & k;
(d) H°(g) = L(1,0)M & L(0,1)™) & k;
(e) HS(g) = L(1,00M & L(0,1)™;

(f) H8(g) = k.

In other cases H"(g) = 0.

Proof. The statements (a) and (f) are obvious. The triviality of H'(g) in characteristic p = 3 was proved
in [12].

(b) The set 1_[(62 (g)) only consists of the following weights: 0 + 3wy, £3(w1 — w2), £3ws. Therefore, only
the trivial one-dimensional module and the twisted simple modules L(l,O)(l), L(0, 1)(1), can be as nonzero
composition factors of H?(g). They are generated by the classes of cocycles with dominant weights 0, 3wy, and
3ws respectively.

The subspace ég(g) is 4-dimensional and spans by the cochains hi A h3, el A ff, e5 A f5, e5 A fa. If arh] A
hs 4 azel A fi + ases A f5 + aqel A fy € 72(9) then, by cocycle condition, a; = 0, ay = as + az. Therefore
dim Z,(g) = 2. Since dim Cy(g) = 2 and dim Zg(g) = 0, by (2), dim Ho(g) =2 +0— 2 = 0.

The subspace 612@1 (g) is one-dimensional and spans by the cochain f; A f5. Notice that af; A f € 72(g) for
alla € k. Therefore dim Zy, (g) = 1. Since dim Ty, (g) = 0, by (3), dim Ha,, (g) = 1. So[H?(g) : L(1,0)V]=1.

Arguing as in the previous case, we obtain [H?(g) : L(0,1))] = 1. Thus H?(g) = L(1,0)™ @& L(0,1)™M).

(¢) The sets of weights H(C3 (g)) and H(é2 (g)) coincide. Therefore, we consider only the weight subspaces
of 3-cochains corresponding to the dominant weights 0, 3wy, and 3ws.

=3 . . . .
The subspace C(g) is 8-dimensional and spans by the cochains
RINE A ST RS AL f1 B N A S5, B A€l A f5,
hiNesAfs, hy Nes N fs, es AT A S, ex Nes A fs.

Suppose that a linear combination of these vectors with coefficients b;, i = 1,--- , 8 respectively, is a 3-cocycle.
Then the cocycle condition implies that

b1 +bo+bs+br—bg =0, by+bs—br+bg =0, b3+bs+bs+br—bg = 0, 2by+2b7 —2bg = 0, 2b5+2bg+2b7 —2bg = 0.
Whence it follows that dim Z3(g) = 3. By (3),

dim H3(g) = dim Zg(g) + dim Z-(g) — dim Ca(g) =3 +2—4 = 1.
Therefore [H3(g) : k] = 1.

The weight subspaces 62)\ (9), 62 A, (@) are two-dimensional and span respectively with 3-cochains:
AN fENFE WS A A f5 and B A f5 A f5, RS A f3 A f5. Using the cocycle condition, we get dim 7;\1(9) =
= dim Zs,(g) = 1. So, H3(g) = L(1,0)M & L(0, )™ & k.
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Now we prove that H*(g) = 0. It’s obvious that H(64(g)) = H(é?’(g)). Therefore we consider only the

weight subspaces
—A —A —A
Co(9), Cs,, (), Cs,y(9)-
The subspace 63 (g) is 10-dimensional and spans by the cochains
Ry AR ANel A ff, hY ARy ANes A fa, hi ANhS ANes A fy, hi Ael Aes A f3,
hy Nep Ney N fz, hi Aes N ST A fy, hy Nes A A f3,
exNeNFINfy, e1Nes AN fI N f3,ea Nes A fy Afs.
Suppose that the linear combination of these vectors coefficients b;, i« = 1,---,10 respectively is a 4-cocycle.

Then by = by = by = 0, by = bg, bs = by. Whence it follows that dim z3(g) = 5. By (3), dim Hg(g) = 5+3—8 = 0.
Therefore, [H*(g) : k] = 0.

It’s obvious that Zs, (g, M)) = Zs,, (g, M)) = 1. Then by (3), Ha,, (g, M)) = Ha, (g, M)) =1+1-2 =0.
So, H*(g) = 0.

Using (2) and the statements (b), (c), we get the statements (e), (f) respectively. The proof of Lemma 1 is
complete.

Now let M = L(1,1).

Lemma 2. There are the following isomorphisms of SL3z(k)-modules:

(a) H'(g, L(1,1)) = L(1,0)V & L(0, 1)V & k;
(b) H3(g, L(1,1)) = HO(1,1)");
(c) H*(g, L(1,1)) = 2H°(1,1)V);
(d) H>(g, L(1,1)) = HO(1, 1)),
()H7(g, (1,1)) = L(1,00M ¢ L(0,1)® @ k.

In other cases H"(g, L(1,1)) = 0.
Proof. The calculations smnlar to the previous Lemma 1 yield:

1) [1(C"(g, L(1,1))) = [I(C" (s, L(1, 1)) = {0},
[1(C' (g, L(1,1))) = {0, £:3wy, £3(w1 — wa), £3ws} for i = 1,2,6,7,
T1(C7 (9. L(1,1))) = [I(C" (8, L(1, 1))) U {3 (w1 + wa), £3(2w1 — wz), £3(—wy + 2wz)} for j = 3, 4;
9) dim C(g, L(1,1)) = dim Cj(g, L(1,1)) = 1, dim Cy(g, L(1,1)) = dim Cu(g, L(1,1)) = 8,
dim Ca(g, L(1,1)) = dim Cy(g, L(1,1)) = 22, dim Co(g, L(1,1)) = dim Cy(g, L(1,1)) = 38,
dim Cly(g, L(1,1)) = 44;
3) dim Cj,, (g, L(1,1)) = dim Cy,, (g, L(1,1)) = 0, dim Cs,, (g, L(1, 1)) = dim Cs,, (g, L(1,1)) = 2,
dim Cy,, (g, L(1,1)) = dim Cy,, (g, L(1,1)) = 7, dim Cj,, (g, L(1,1)) = dim Ty, (g, L(1,1)) = 14,
dim Tl (g, L(1,1)) = 18 for i = 1,2;

. —0
4) dim C3(w1+w2)(g7 L( )) dim C3(w1+w2)(g7 L( ) )) 07

. —1
dim C3(W1+W2)(97L(1’ 1)) dim CS(wl-&-wQ)(gv ( )) =0,

. —2
dim CB(w1+w2)( ( )) dim 03(w1+w2)(gv ( ) )) = 0

. —=3
dlm 03((4)1“”&)2)(97 (17 1)) - dlm 03(w1+w2 (g7 ( ) )) = 1

. —4
dim CS w1+w2)(g7 (17 ))
dim Zo<g, (11) = dim 7500, 201, >> - 6, dim Z(g, L(1,1)) = dim Zg(g, L(1,1)) = 18,

. —4
dim Zy(a, L(1,1)) = 8 1 7

) dim Z3 (g ( )) dlm Z?)UJ (g7L(1a 1)) = 07 dim 730.)1 (ga L(L 1)) = dim 73(.% (ng(la 1)) = 17

L
dim Zs,, (g, L(1,1)) = dim Zs,, (g, L(1,1)) = 1, dim Ca,, (g, L(1,1)) = dim Ch,, (g, L(1,1)) = 6,
dim 6;% (g, L(1,1)) =8 fori=1,2;

7) dim Zs (e, 4o (8, L(1,1)) = dim Z3(,, 40, (0. L(1,1)) = 0,
. —1 . =7
it Zye s (9 L1 1) = ditn Zy, (0 L(L, 1) =

. -2
dim Z3(w1+w2)(ga L( )) = dim Z3(w1+w2)(ga ( ))
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(9, L(1,1)) =
!
dim Z3(w1+w2)(ga (17 )) -
Then, by (3), dim H., ( ( )) = 0 except in the following cases:
i) dim Ho(g, L(1,1)) = dim Ho(g, L(1,1)) = 1, dim Ho(g, L(1,1)) = dim Ho(g, L(1,1)) = 2,
dim Hy(g, L(1,1)) = 4;
ii) dim Hy,, (g, L(1,1)) = dim Hy, (g, L(1,1)) = 1 for i = 1,2;
) . =5 !
iii) dim Hg(wl+w2)(g,L(l, 1)) = dim H3(wl+w2)(g,L(1, 1)) =1, dim H3(wl+w2)(g,L(1, 1)) =2.
Analyzing the dimensions of the weight subspaces of the corresponding cohomology groups, we obtain the

required statements of Lemma 2. The proof of Lemma 2 is complete.
Combining the results of Lemmas | and 2, we obtain all the statements of Theorem 1.

. -3
dlm Z3(w1+w2) dlm Z3(w1+w2)(g, (1, 1)) = 1,

Cohomlogy of the adjoint module

Using Theorem 1, we can easily compute the cohomology of the adjoint module for g. There is the following
short exact sequence of g-modules:
0—-k—g— L(1,1) — 0.

Consider the corresponding long exact cohomological sequence of SLs(k)-modules
— H"" (g, L(1,1)) = H"(g) — H"(g.9) — H"(9,L(1, 1)) — H""(g) — - -

It is known that H?(g, g) = 0 [14]. Then, according to Theorem 1, the last long exact cohomological sequence
splits into the following five exact sequences:

0— H%g) — H"(g,9) = 0,

0— H'(g,0) = H' (g, L(1,1)) = H*(g) = 0,
0 — H*(g) — H*(g,0) = H"(g,L(1,1)) = 0,
0— H*(g,9) = H"(9,L(1,1)) » H’(g) = H"(g,9) = H"(g, L(1,1)) — H’(g) = H(g,0) = 0,
0— H'(g,9) = H(g,L(1,1)) = H*(g) = H(g,0) = 0.

The first three short exact sequences yield the following isomorphisms of A-modules respectively:
H(g,0) =k, H'(g,0) = k, H(g,9) = L(1,0)V © L(0,)V & H(1,1)V @ k.

Since 3(w1 + wa) ¢ [[(H'(g)) for i = 5,6, then the fourth exact sequence splits and yields the following
isomorphisms:

H*(g,9) = H*(g, L(1,1)) = H°(1,1)M, H°(g,9) = L(1,00V @ L(0,1)™ & H°(1,1)V & k,

Hg,9) = L(1,0)Y @ L(0,1)®,

Similarly to the previous case, from the last exact sequence we obtain
H'(g,9) = L(1,0)" @ L(0,1)") @ k, H(g,8) = k.

Thus, we get the following
Proposition 1. Let g be a classical Lie algebra of type As over an algebraically closed field k& of characteristic
p = 3. Then there are the following isomorphisms of SLs(k)-modules:
(a) H'(g,9) = H'(g,9) = H®(g.9) = k;
(b) H*(g,g) = H®(g,9) = L(1,0)V & L(0, 1)V & H(1, )V & k;
(c) H*(g,9) = 2H(1, 1)1);
(d) H(g.9) = L(1,0)) & L(0,1)(V;
(e) H(g.g) = L(1,0)V & L(0,1)1) & k.
In other cases H"(g,g) = O.
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Cohomlogy for Ay

Recall that A, is the quotient algebra of the classical Lie algebra of type Ay over an algebraically closed
field of characteristic p = 3 by the center. In this section we compute cohomology of the simple Lie algebra Ay
with coefficients in the simple modules.

First, we consider an arbitrary Lie algebra g with the center Cy such that the corresponding quotient algebra
is a simple algebra. The following result immediately leads to our goal.

Lemma 3. Let g be a simple quotient Lie algebra of a Lie algebra g by the center Cj. Then
H™(g,9) = H"(g,9) for all n > 0.

Proof. The space g can be equipped with the structure of a module over each of the Lie algebras
Cqg,gand g:

Cy x g — 8, (¢,a) — p(c)a, where p is a nonzero linear form on Cj;

9xg—0, (a1,a2) = [a1,a9], a1 €9, B2 €7;

§x7 =7, (a1,a2) = [a1,a2], @1, a2 €73

The short exact sequence of cochain complexes

0= (C*(Cy,9).d) = (C*(9,9),d) = (C*(g,9),d) = 0
gives a long exact cohomological sequence
co = H'H(Co,9) — H™(3.9) —» H"(9.9) = H"(Cg,8) — -+

Since H"(Cy,g) = 0 for all n > 0 [15, Lemma 4.2], it follows from the fact that last cohomological sequence is
exact that H™(g,g) = H"(g,g) for all n > 0. The proof of Lemma 3 is complete.

Remark. A special case of Lemma 3 for n = 1 was proved in [7]. Using Lemma 3 to Theorem 1, we obtain
a complete description of the cohomology of a simple Lie algebra A, with coefficients in simple modules.
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A.A. Ubpaesa, [I1.IT1. bl6sipaes, I.'K. Emmypar

Kopxwm Ama amoimdazer Kosviiopda yrusepcumemi, Kwsviiopda, Kasaxcmar

Cunarramacs! 3 sl3(k) yiria »xk9if MOAYJIbAEPAiH, KOTOMOJIOTUSITIAPHI

Makasaga cunarramacsl p = 3 ajredpaJiblK TYHBIK k epicine KaTbicTbl A TypiHeri Kiaccukasibik, Jlu anre-
6pachl KO3 DUIMEHTTEPIHIH, XKl MOIY/IbIEPIAErT KOTOMOJIOTHSLIAPHI ecenTered. KypblIbIMBIH Gepy VIIiH
osmapapl SLs(k) anre6pasblK rpyNIIACBIHBIH, MOYJIbIEP] peTiHAe KapacThlpran. Opic cumarramacer p = 3
OoJIFaH/Ia TEK €Ki apHalbl K9 MOJIy/Ib 6ap: KipiKTipijJreH MOMYyJIb/IiH IIeHTp OOHbIHIIA (haKTOP-MOJIYJIiHe
U30MOP(MTHI MOY/Ib *K9He BIp OJIIeM i TPUBUAIL MOLYJh. 2ol TpUBUAJIL eMeC MOIY/IbIIH KOTOMOJIOTHSI-
JIapbI TYyPAaJIbl AJIBIHFAH HOTHKeJeP KipIKTIpijireH MOJyJ/Ib/IiH KOTOMOJIOTUSIJIAPBIH eCerTeyre KOJITAHBLIIbI.
Coubiven karap, As-HiH 1eHTp GOUbIHIIA XKoii (haKTOp-aJIrebpachIHbIH, Ja KOIOMOJIOTHJIAPBI €CEIITe I

Kiam cesdep: Jlu anrebpachl, Kol MOJLYJIb, IIIEKTEJINeH MOIYJIb, KOTOMOJIOTHsI, JI9J1 Ti30€eK.

A.A. Ubpaesa, I1.I11. Ubpaes, I'.K. Emmypar

Kuwizviropduncrut yrusepcumem umenu Kopxoim Ama, Kvsviiopda, Kasaxcman

Koromostornu nipocterx MojyJteit s sl3(k) B xapakrepucrtuke 3

B craTbe BBIUMCIIEHBI KOTOMOJIOTHM KJIACCUYECKOM anrebpbl JIu Tunma As Haj anrebpanmvecKu 3aMKHYTHIM
mosieM k XapaKTepuCTUKA p = 3 ¢ KOIMDDUIMEHTAMHI B TPOCTBIX MOy IsxX. st onucanus CTpyKTypBI aBTO-
PBI PACCMOTPEJIM UX KaK MOJIY/IM HaJ anrebpamdeckoit rpynmoit SL3(k). B ciayuae xapakrepuctuku p = 3
CYIIECTBYIOT TOJIBKO JBa, MIPOCTBIX OCOOBIX MOJYJIEi: MPOCTON MOIYJIb, M30MOPMHBIN (haKTOP-MOIYJIIO TPU-
COEIMHEHHOTO MOJIYJIsI TI0 IEHTPY, W OJHOMEPHBIN TPUBUAJIBHBIN MOIYJb. Pe3yabTaThl, MOJIyJeHHbIE TSt
KOIOMOJIOTHH IIPOCTOr0 HETPUBUAJIBLHOIO MOJLYJIsl, IIPUMEHEHBI JIJIsi BBIYUCJIEHUsI KOTOMOJIOTUU PHUCOEIH-
HEHHOTO MojyJsisi. KpoMe TOTo, paccyuTaHbl KOTOMOJIOTUU TPOCTOi bakTop-aarebpsr Jlu, anrebpsr Az mo
LEHTDY.

Kmouesvie crosa: anrebpa Jlu, mpocToit MoIy/ib, OTpaHUIEHHBIN MOY/Ib, KOTOMOJIOTHSI, TOTHAST [TOC/IeI0Ba~
TEJIbHOCTD.
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