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On a New Class of Singular Integro-differential Equations

In this paper for a new class of model and non-model partial integro-differential equations with singulari-
ty in the kernel, we obtained integral representation of family of solutions by aid of arbitrary functi-
ons. Such type of integro-differential equations are different from Cauchy-type singular integro-differential
equations. Cauchy-type singular integro-differential equations are studied by the methods of the theory of
analytic functions. In the process of our research the new types of singular integro-differential operators
are introduced and main property of entered operators are learned. It is shown that the solution of studied
equation is equivalent to the solution of system of two equations with respect to x and y, one of which
is integral equation and the other is integro-differential equation. Further, non-model integro-differential
equations are studied by regularization method. This regularization method for non-model equation is
based on selecting and analysis of a model part of the equation and reduced to the solution of two second
kind Volterra type integral equations with weak singularity in the kernel. It is shown that the presence
of a non-model part in the equation does not affect to the general structure of the solutions. From here
investigation of the model equations for given class of the integro-differential equations becomes important.
In the cases, when the solution of given integro-differential equation depends on any arbitrary functions, a
Cauchy type problems are investigated.

Keywords: singular integro-differential equation, model equation, non model equation, characteristic equati-
on, Cauchy type problem.

Introduction

In addition to the theory of differential and integral equations, the theory of integro-differential (I-D)
equations with regular and singular coefficients plays an important role in theoretical and applied research.
There are many scientific publications where theoretical or applied aspects of the theory of I-D equations are
studied. Of particular interest is research on I-D equations with singular kernels. During the last years the
theory of the I-D equations basically developed in two directions. The first direction is connected with the study
of approximate solutions of I-D equations [1-10]. The second direction is connected with construction of the
general theory for a new classes of the I-D equations [11-18|. Study of the various aspects of I-D equations
in Banach spaces also concerns to the second direction [19-21]. Also, in last years the methods of solving the
direct and inverse problems and problems with small parameters for the I-D equations [22-24] were actively
developed.

One of section in the theory of the I-D equations, which is not studied completely, is the section of I-D
equations with singular and super singular coefficients. Some results in this direction are received by integral
transform methods in [25-27]. But, we note that the singularity in dependent of the studied problems has
different nature. Therefore, the approach of separate authors to study the singular problems happens in different
ways.

In the classical singular integro-differential equations the integrals basically we understood in sense of a
principal value of Cauchy. Consequently, in solving some equations the methods of analytic functions are used.
Unlike this, we will investigate such singular I-D equations, in which integrals are understood in ordinary sense
of Riemann. Therefore, our approaches in studying the given problem are also different from the works [13-15].
This work is a further continuation of our research in [28, 29].
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1. Formulation of problem and basic designation

We denote: D = {(z,y): a<z<c¢, b<y<dtandThy={a<z<c,y=>b}Teo={r=0qa, b<y<d}
In the domain D we consider a partial integro-differential equation with singular coefficients:

K@E%(x,y)+%sﬂ+/ B(®) w(t,y)dﬂr/%w;(%swﬁ

J (t—a)? /
[ [odt [ H(s) -
+b/ (x —a) s—b) (I’S)ds+/(t_a)2 J s—b o(t,s)ds = f(z,y), (1)

where A(x), B(z), E(y), G(z,y), H(xz,y) are given functions connecting to each other by equalities
G(z,y) = A(z)E(y), H(z,y) = B(x)E(y); f(z,y) is the given function on the domain D; ¢(z,y) is a unknown
function.

An importance of studying equation (1) consists in the following idea:

1 The degree of singularity in the kernel of the studied equation with respect to x is equal to 2 and with
respect to y is equal to 1. Therefore the kernels of this equation are not Fredholm type kernels;

2 Singularity in this equation is not understood in the sense of a principal value of Cauchy;

3 For the solution of this equation we do not use methods of the theory of analytic functions;

4 We obtain the solution of the considering equation in the sense of generalized solution from the theory of
regular I-D equations.

To solve the equation (1) we introduce some designations:

1 Through C%:%(D) we denote a class of such functions, which have the first order continuous derivative
with respect to the variable x with an asymptotic behaviour

f(z,y) = ol(x —a)™, (y — b)"],71 > 01,72 > da. (2)

2 We denote C‘;l’ (D) = C%(Ty) and C%%2(D) = C%(T'y).
3 Through C fl(a) (T'1) we designate a class of such functions, for difference of which there is true the following
f(z) = f(a) = 0 as & — a. This type of functions has an asymptotic behaviour

f(@) = fla) = o(z —a)*], 71 > d1.

If f(a) = 0, then we have denotation C§'(T;) = C% (T).
The solution of equation (1) we seek in the class CL:%(D). For this purpose by Ha A(I) B(x) and Hg’}g(y) we
designate operators acting on function ¢(z,y) by rules

2 by #(o) = o) + 2 bptan) + [ ottt 0
Hi’ji;(y)w(x,y) = p(z,y) + / fﬁs;)go(x,s)ds. (4)

b
If A(xz) = A = const, B(z) = B = const and E(x) = F = const, then operators 2’114’2Bg0(x y) in (3) and
Hi’:llgcp(x, y) in (4) we call model operators and the equations corresponding to these operators we call model

equations.
So, equation (1) by means of just entered operators we represent as
1 _
Hz JA(x), B(x)H:g,E(y)go(x? y) - f(xa y) (5)

Then the solution of operator equation (5) is equivalent to the solution of the following system of I-D
equations

H’Ey z,y) = Y(z,y),
{ ()‘P( Y (z,9) (6)

Hz 114(21) B(z)w('r y) f(:l?7 y)a

where 9 (z,y) is a new unknown function and the function f(z,y) has an asymptotic behaviour (2).
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By separating model part of system (6) we obtain

{ Héj:g(b)@(fﬂ, y) = \I/(J), y)a (7)
Hz:z?a)’B(a)w(x,y) = F(z,y),
where )
E(s)— E(b
R R e L ®
b
A(z) — A(a) / B(t) — B(a)
r _ _ ala) — [ 22Tt y)dt.
(,y) = f(z,y) e UCRY) o) U(t,y) (9)
It is obvious that the homogeneous equations of system (7) correspond to characteristic equations
E(b
14+ 20 g (10)
A
B
uw+ Aa) + ,u(—a)l =0. (11)

In dependent of the roots of the characteristic equations (10), (11) we obtain the solution of the system of
equations (7) in following form.

Let A = —E(b) > 0 and the roots of the characteristic equations (11) be real and different, 1 < p; < po.
Then the solution of nonhomogeneous equations (7) gives by formula:

-1
e(a,y) = (y = b er(@) + Wlayy) + (AT W(ay) = By, 12
bla,y) = (@ =) esly) + (@ — ay=ely) + (A2, ) T Flay) = B,

71 _
where By = Ei[c1(z), ¥(z,y)], B2 = Esea(y), c3(y), F(z,y)], operators (Hé’”i“) and (Hx”“””“ ) ! are

a,1—p1,1—po

inverse to operators Hg’llf(b) and Hz’z’(za) B(a)’ respectively, and the explicit form of these operators are

Y A
-1 — 0\ U(z,y)
y,A+1 _ Yy Y
(HM ) \Il(x,y)—)\/(s_b) )
b

1
(et nla,) Flay) =

¢%1][u—un(f‘j)m—wl—ug(f‘j)w}meMt

Substituting the value of ¥(x,y) and F(z,y) from (8), (9) into (12), after some transformations we come
to solving the following Volterra type integral equations

ﬂ%m+/m@wwm@w=Ewmmw%m,
b

wmw+£f/&wwmww=&m@mwwme

B N e
=0 (75) - ()|

f) -G
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If we introduce new unknown functions as o1 (z,y) = (“Z (@ szm 1 (x,y) = (f(flﬁ?l , then instead the integral

equations (13) we solve the following integral equations

ora)+ [ Kial o) (eshds = = [Cl(;xi’ ;j;&”’y”,
(14)
1 Esca(y), c3(y), f(z,9)]
r(e.9) + = [ Kooty ()i = Z2E LTI,
where 5 208
Kia(y,s) = %,
_ H2—H1 _
Koy(z,t) = |1 —p1 — (1 — p2) (?_5) w-i-
r—a\"*""| B(t) - B(a)
e <t —a ) t—a
If the following conditions are fulfilled
Alw) € Tl (T0), Bla) € Tt (T), E(y) € Ty (Ta), )

flz,y) € =221 (D) {ea(y), esy)} € CH(T),

then the integral equations (14) become a Volterra type integral equations with weak singularity in the kernel
and with the continuous right-hand side function. The solution of equations (14) by means of resolvent we write

as
]

_ Bila(@),6(zy) Bile@), v 8)]
901(1,734)* (y—b))\ /Fl(ya ) (S—b))‘ d )

b

Ui(z,y) = EQ[CZ(y()a;C_B(ay));;f(x’ VD / o, 1) =2 62(11(1’i3§)/3’1f(t’y”dt,

where Ty (y, s), I'a(z, t) are corresponding resolvent of integral equations (14).
Now coming back to our unknown functions ¢(z, y), ¥ (z,y) we find the solution of equation (5) (or equivalent
equation (1)) as follow:

Y A
o) = Brfer @) (o) = [ Tats) (L5) Buleata) oo, sl
b

Uz, )=E2[62( ) es(y), fz,y)]— (16)

Tyl t) (‘) " Balea(y), es(y). £t )t

So we proved:

Theorem 1. We assume that conditions (15) are fulfilled; G(z,y) = A(zx)E(y), H(z,y) = B(z)E(y) in I-
D equation (1) and the roots of the characteristic equations (10) and (11) are such that A = —E(b) > 0,
1 < p1 < 2. Then the solution of equation (1) in the class C19(D) is presented by formula (16).

From the validity of this Theorem 1, the following corollary holds.

Corollary. We assume that conditions (15) are fulfilled; G(z,y) = A(z)E(y), H(z,y) = B(z)E(y) in the I-D
equation (1) and roots of the characteristic equations (10) and (11) are such that A = —E(b) < 0, pu1 < p2 < 1.
Then the solution of equation (1) in the class C19(D) is presented by following formula

o) = 00— [ Tat0) (L20) Bt s
b
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where

¥(z,y) = E2(0,0, f(z,y)]

—a H1
FQ .’K t ( —(I) E2[anaf(tay)}dt

F

Let A = —E(b) > 0 and the roots of the characterlstlc equation (11) be real and equal, g1 = p2 = p > 1.
Then the solution to the second equation of system (7) we represent as:

Pz, y) = (x = a)ca(y) + (x — @) In(z — a)es(y)+

(Hzﬁ 1 1)71F($7y) = E3[04(y),c5(y),F(x,y)],

where N
m
- -1 B r—a r—a
(Hawfl,l) F(x’y)_/(ta) |:(:u’_1)1n(ta)+1:| F(tay)dt
Here the operator (Il 1)71 is inverse to I-D operator Hi”i’?a)’B(a), when the roots of the characteristic

equation (11) are real and equal.
In this case repeating the above-stated scheme without stopping in details we obtain the general solution of
equation (11) in a following form:

Y A

o) = Bilea(o),vle)] - [T00) (L24) Buleato), ot s, (17)
b

where

t:a

0(e.9) = Boleaty).cs(w). o)) = [ Tt ( >#E3[64(y),05(y)7f(t,y)]dt

and T'z(z,t) is the resolvent of the integral equation which is written in an explicit form.
Thus the following theorem takes place:
Theorem 2. We assume that the following conditions are fulfilled:
1) G(z,y) = A(x)E(y), H(z,y) = B(z)E(y) in an I-D equation (1);
2) The roots of the characteristic equations (10) and (11) are such that A = —E(b) > 0, pn > 1;
3) The following inclusions take place

A(x)eCi(a)(ﬂ) ()GCEB(G)(FQ ()ECE(b( 2);
fla,y) € CH1AHD), {ea(y), es(y)} € CH(T).

Then the solution of equation (1) in the class C1Y(D) can be represented by formula (17).
Remark 1. In this case, if A = —FE(b) < 0, u < 1, we obtain the unique solution of equation (1) in the form

Y A
o) = B0 (o] = [ Tats) (L5) B0l sl

b

where

m
P a) E3[0,0, f(t,y)]dt

7/)(%21) = E3[0a07f(x,y)} - /F3(xvt) <$ -

a

Let be A = —E(b) > 0 and the roots of the characteristic equation (11) are complex, conjugate and

| V3B(@) - 1+ A{@)?
2 2

Then we can write the solution to the second equation of system (7) as:

P(x,y) = (z — a)* {cos [FIn(z — a)] ¢6(y) +sin[BIn(z —a)e7(y)} +

H(I8, ) Py = Bales(y) exly), Flau))

1= a = pi.

H1,2 =
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(Hiig—l,g)_lF(x,y) = ;/z (9;:5)& {(a ~1)sin [ﬁln (f:s)} +
+8 cos [ﬂln <f_§>} } f(w,s)dt.

-1
Here the operator (Hz’g_l 5) is inverse to I-D operator Hz’zfa) B(ay: When the roots of the characteristic

where

equation (11) are complex and conjugate.
In this case too repeating the above-stated scheme by means of resolvent of corresponding Volterra type
integral equation we obtain the general solution of equation (1) in a following form:

Y

A
el = Brfa ) (o] = [ Tats) (L5) Bileato), ol slas, (19)
b

where
xr

U(e.9) = Bileoy).en(o).f()) - [ TaGe. (

a

r—a

) Ealeo(y), cr(y). f(t,y)]dt.

t—a

Thus, the following theorem takes place.

Theorem 3. We assume that the following conditions are fulfilled:

1) G(z,y) = A(x) E(y), H(z,y) = B(x) E(y) in an I-D equation (1);

2) The roots of the characteristic equations (10) and (11) are such that A = —E(b) > 0, Re 1,2 = a > 1;
3) The following inclusions take place

A(z) € Cq) (T1), B(z) € Ch) (Th), E(y) € Crw) (T2),
Fw,y) € C21AL(D), {egly), er(y)} € C1(T).
Then the solution of equation (1) in the class C1?(D) can be represented by formula (18).
Remark 2. If A = —E(b) < 0, o < 1, we obtain the unique solution of equation (1) in the form

Y

A
o) = B0, vl )] - [ Ts) (L25) Bl0. ot s,
b

where

blo) = Bil0.0, 5] - [ Tate0) ($22) B0, f(e )l

2. Boundary value problem

One of the most important results in the theory of I-D equations is solving the Cauchy type problem and
boundary value problems. The Cauchy type problem, when zy does not the same as singular point, is solved as
in ordinary theory. But in the theory of singular I-D equations it is interesting when corresponding conditions
are given at singular point. In this case such kind problems we call singular Cauchy type problems. The singular
Cauchy type problems are different from ordinary Cauchy problems, that in our case the problem gives with
some weights.

We introduce the following denotation:

Py lp(z,y)] = ﬁw(ﬂc, Y),

T —_ y,1
Pa,/tl [@(I7y)} - (.’17 _ a);“ [Hb’E(y)SD(xay)} ’
. 1 d 1 1
Pa»m’ltz [ga;,(m,y)] = (JC — a)ul_ﬂg_l dr [(33 _ a)pl Hg,E(y)W(x7y) .
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Then the following remark holds:
Remark 3. The solution of type (16) has the following property:

[P }y p— G (‘T)
[ a #1 } = CQ (19)
[ Q, 41542 pr €, y)]] (MQ - ,ul)Cg(y).

Now we consider the following singular Cauchy type problem:

Singular Cauchy type problem. Let the roots of characteristic equations (10) and (11) be such that
A= —E(b) >0, 1 < p; < pg. It is required to find such solution of equation (1), which belongs to the
class C1:°(D) and satisfies the following initial value conditions:

[Pby,A [go(ac,y)] ]y:b = Wl(x)a
[Py, Lol )], _, = wa(y),
[P;,ul,uz [(P/I(l’, y)] ]m:a = wg(y),

where wy(z), wa(y), ws(y) are given functions on the domain D.

By virtue of integral representation (16) and its property (19), for equation (1) we find functions ¢ (), c2(y),
¢5(y) by means of the given functions wy (2), wa(y), ws(y): €1(2) = wi(®), ca(y) = wa(y), ealy) = »—Lrwaly).
Therefore substituting these values into (16), the unique solution of the singular Cauchy type problem be
found as y

A
o(z,y) = Eiwi (), ¢¥(z,y)] — /F1(y»8) (ijb> By [wi(x),9(x, s)]ds,
b

V(1) = Balea(y), (o). £z )] (20)
1 r z—a\" 1
- 10 (22) B eato), et st

a

So we have proved the following theorem.

Theorem. 4 Let all conditions of Theorem 1 be fulfilled. Then the singular Cauchy type problem has a
unique solution, which is given by (20).

Such kind of problems can be investigated, when the roots of characteristic equation (11) are real, equal,
complex and conjugate.
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T.K. Onnames, C.K. Sapudsomna

CuHryJIspJbIK, THTerpo-and depeHImasabIk
TeHJIeyJIepaiH, O0ip »KaHa KJIachl TyPaJibl

Maxkamnama stmpoma epekmestiri 6ap MOMEBIIK KOHE MOJEIbIIK €eMeC Jepbec TYBIHIABLIBI WHTErPO-
nuddepeHnnaIbIK, TeHIeyIepIaiH »KaHa KJachl VIIiH epKiH (QYyHKIUsIap KOMEriMeH WHTErpaJiIablK Yiip
Typingeri memnrimi anbiaral. Varerpo-muddepenimanabik, Tegaeyiaepaiy 6ya typi Komn tunrec cuury-
JISIPJIBIK, HTHTETPO-IuDEPEHITNAIBIK, TeHIEYIepaeH o3reme. Komm THmiHAeri CUHTY/ISIPIBIK HHTErPO-
nuddepeHnnaIbIK, TEHIEYIEeD aHAJIUTUKAJBIK (DYHKIHUAIAD TEOPHUSICHIHBIH, dJiCTepIMEH KapacThIPBIIFaH.
3epTTey GapbICHIHIA CUHTYJISPJILIK, HHTEIPO-IuddePEHITNAIIBIK, OTIEPATOPJIaPIbIH, 2KaHa TYPJIepi eHrisimi,
OCBI €HTI3LJITEeH OIepaTOPJIAPABIH, HETI3r KacueTTepi 3epTTe/l. 3epTTeeTiH TeHIEY/IiH, MMMl X KoHe Y-
K€ KATBICTBI €Ki TeHJiey »KyHeciHiH ImenriMiHe TeH eKeHJIri KOpCeTIJIreH, OJlapblH 6ipi — MHTEerpaJsIblK
TeHJEyY, aJl eKIHIIICI — HHTerpo-nuddepeHInaIbIK TEHIEY OOJIBIN TabbLIaAbl. OPi Kapail MOMIE/bIiK eMec
nHTErpo-auddepeHnnaIbIK, TeHIEYIeD PEryIsipu3ausiay oficimen 3eprreared. Momenbaik emec TeHaey-
i perTeyin 6y 9J1ici TeHJIeY/IiH, MOJEIbIIK OOJIIrH TaHayFa *KoHe TaJJIayFa Heri3/1e/INeH KoHe sIIPOJIAFbl
9JICI3 epeKIeniri 6ap exinm Tunreri Bosbrepp THIITEC €Ki MHTErPAJIILIK, TEHJAEY/II IIeNyre IeiiH a3asijIbl.
Tenneyne momennb ik emec 60K TIH GOJTYBI TIENTIMAEP/IIH, 2KaIIbI KYPBLUIBIMBIHA DCEP €TIENTIHI KOpCeTiIre .
CoHABIKTaH UHTErPo-auddepeHnnaablK, TeHIeYIePIiH OChl KJIaChl YIIIH MOIEIbIIK TeHIEYIep/Ii 3epTTey
MaHbI3bI. Ocbl HHTErpo-audHepeHITIAIBIK, TEHAEY/IIH IIelIiMi Ke3 KeJITeH epPiKTi (DyHKIUsIIapIaH TOyesI Il
bosran karmaiiga Komwu Tunrec ecenrrep 3eprresies.

Kiam cosdep: cuHTynspiblk, nHTErpo-anddepeHnnaablK TEHIEY, MOAEIbIIK TeHIEY, MOIEIbIIK €MeC TEeH-
Jiey, CUIIaTTaMaJIbIK, TeH ey, Ko tumnrec ecer.

T.K. FOnnames, C.K. Sapudzona

O06 oaHOM HOBOM KJIacCe€ CUHTYJISIPHBIX
nHTerpo-anddepeHImaaIbHbIX YPaBHEHMIT

B cratbe mis HOBOrOo Kiacca MOENBHBIX W HEMOAETBHBIX HHTErpo-AudHepeHITnaIbHbIX YPABHEHUI B
YaCTHBIX IPOM3BOJHBIX C OCOOEHHOCTBIO B siJIp€ IIOJIYYEHO DeIlleHWe B BHIE CEMeNCTBa HHTErPAJIBLHOTO
[IPEJICTABJIEHUSI C IIOMOIIBI0O IPOU3BOJIBHBIX (yHKIwmit. Takoit Tun wHTErpo-InddepeHInalbHbIX ypaBHe-
HUIl OTJIMYAETCsT OT CHHIYJSPHBIX WHTErpo-amddepeHmaapubix ypaaenuit tuna Komm. CunrysspHbe
nHTEerpo-auddepenHnraabable ypaBHeHns Tuna Ko n3yyaoTcs MeTo[aMy TEOPUN aHAJTUTAIECKUAX PYHK-
numit. B mporiecce Haero nccieoBanus BBEJAEHBI HOBBIE TUIIBI CHHIYJISIPHBIX MHTErPO-1nddepeHnaIbHbIX
OIEPATOPOB U M3yYEHBI OCHOBHBIE CBOMCTBA ITUX BBEIEHHBIX omeparopos. [lokazano, uTo perenune mccie-
JyeMOTr0 YpPaBHEHUs 9KBUBAJICHTHO PEIIeHUIO CUCTEMBI JIBYX YPaBHEHHMIT OTHOCUTEJIBHO T U Y, OJHO U3 KO-
TOPBIX ABJISETCS NHTEIPAJIBLHBIM YPAaBHEHHUEM, a JPyroe — HHTEerpo-anddepeHnnaJlbHbIM ypaBHeHueM. Ja-
Jiee HEMOJIETbHBIE UHTErpO-audHepeHITnaIbHbIE YPABHEHUS UCCIEIOBAHBI METOIOM PETYISPU3AIIH. DTOT
METO/T PeryysIpU3allid HEMOJIEJIbHOIO yPABHEHNsI OCHOBAH HAa BBIOOpDE W aHAIU3€ MOJEIBHOI 4acTh ypas-
HEHHUSI W CBEJEH K PEIICHMIO JBYX WHTErpaJIbHBIX ypaBHeHuil tuna Bosiabreppa BTOpOro poma co ciaboit
0cobeHHOCTRIO B simpe. [lokazamo, ¥T0 HaJMYMe HEMOJEIBHON YACTH B YPABHEHWH HE BJIUSET HA OOIILYIO
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cTpyKTypy pernennit. OTcrona BaxkHOe 3HAUYEeHNEe TPHOOpeTaeT MCCJIeI0BaAaHNE MOJETbHBIX YPaBHEHUA JIJTst
JAHHOTO KJIacca WHTerpo-auddepeHnualbHbIX ypaBHeHuii. B cirydasx, Korga perieHue JaHHOTO WHTErpo-
nuddepeHInaILHOIO YPpaBHEHNST 3aBUCUT OT JIFOOBIX MPOU3BOJIBHBIX (DYHKIU, UCCIETOBAHBI 38141 TUIIA
Kormmn.

Kmouesvie cao6a: CHHTYIIIpHOE HHTETPO-TudhepeHnnaabHoe ypaBHEHNEe, MOJIE/IbHOE YPaBHEHIE, HEMOJIETh-
HOE ypaBHEHHUE, XapaKTEePUCTUIECKOe ypaBHEeHHE, 3a1a4a Tra Kormm.
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