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Grid method for solution of 2D Riemann type problem with
two discontinuities having an initial condition

This study aims to obtain the numerical solution of the Cauchy problem for 2D conservation law equation
with one arbitrary discontinuity having an initial profile. For this aim, a special auxiliary problem allowing
to construct a sensitive method is developed in order to get a weak solution of the main problem. Proposed
auxiliary problem also permits us to find entropy condition which guarantees uniqueness of the solution
for the auxiliary problem. To compare the numerical solution with the exact solution theoretical structure
of the problem under consideration is examined, and then the interplay of shock and rarefaction waves is
investigated.

Keywords: 2D nonlinear scalar conservation law, Riemann problem, finite differences scheme in a class of
discontinuous functions.

Introduction

In the half plane Rﬁ_ = R? x [0,T) we consider the following problem for the function
u=u(z,y,1)

Ou  Ofi(u)  Ofa(u)
E—’— Ox * Oy =0, (1)

ur, P1 <@ <P,
u(rcosp,rsing,0) =ug(p) = (2)
ugz, @€ [07 27T] \ [4,01, 902] :
Here u; and wusy are known constants. The existence and uniqueness of the global weak solution verifying the
entropy condition of problem (1), (2) is proved in [1-4]. But the methods in these articles do not give enough
information about the qualitative nature of the solution. A similar one-dimensional problem has been examined
in detail in [5-8].
Obtaining exact solutions of the problems in terms of (1), (2) for the cases fi(u) = “72 and

fa(u) = “?3 was first discussed in [9]. This technique is referred to as Guckenheimer structure in the literature.
In [10-18] Guckenheimer structure is developed under conditions

" /
Al faw) € CY (R0, [ > 0,500 > 0, (B >0 ®
2
and generalized characteristic analysis method has been suggested. In [19-23] various numerical methods have
been developed for problem (1), (2).

In [22-25] a new method is proposed in a class of discontinuous functions to obtain the exact solution
of problem (1), (2) in which fi(u) = “72 and fo(u) = “72 have both continuous initial functions with compact
support and two-piece constant initial function. The same method is also included in [26] for the Cauchy problem
for the one-dimensional Hopf equation.
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In this paper for problem (1), (2) we introduce a special auxiliary problem with some advantages over the
main problem. Using the proposed auxiliary problem, a new finite difference method is developed to find the
numerical solution of the main problem. To compare the resulting solution with exact solution, and for sake
of simplicity, we first consider the exact solution of the problem with f;(u) = “72 and fo(u) = “72 Proposed
method is also valid for other fi(u) and fs(u) functions satisfying condition (3).

As is well known, equation (1) is invariant to the transformation (z,y,t) — (cz,cy,ct) for any ¢ > 0, and
due to the existence and uniqueness theorem the problem has a self-similar solution as follows

Ty

u(z,y,t) —u(t, +

For this reason, equation (1) will be considered in the domain (5 =5 n= %) Under the coordinates (&,7)
equation (1) can be written as follows for a continuously differentiable u

1), t>0.

(€ —w)ug + (n—u)uy, =0. (4)

The initial condition for (4) becomes

lim u(&,n) =uo(p), ¢ e€l0,2n].
tanp = g,

§2+772%oo

So, outside a sufficient distance on (£,7) domain, the discontinuities of up(y) function produces two types of
simple waves; shock waves and rarefaction waves (including semi-contact discontinuity). The importance of
Riemann solution is the examination of the interaction of these waves in the region that includes the coordinate
origin.

Since equation (4) is a first order differentiable equation, the following is equivalent to an ordinary differenti-
able system of equations

(5)

du(€n(8)) _
T - 0.
Thus, the function u takes constant values over the following characteristics

dn B E—u
¢ n—u
It is clear that the characteristics are the following lines for any k&

n=u+k(§—u).

As it is seen, the characteristic lines are the lines that end at the singular points (£,1) = (u, u) of the integral
curve of (5). These singular points match the characteristic lines defined as follows after the transformation of u

T = ut,
{ Yy = ut.
Thus, the singular curve of the characteristics becomes I'(u) : {n = £}. The singular curves of the singularities,
similar to the singular curve of characteristics, are the same as I'(u), I's (u,u) C {(&£,n) € R?, n = &}, since
each of the lines originating from the origin of singularity of Riemann data are the edges of the characteristic
domain.
When u; = 1, us = —1, two noninteracting rarefaction waves originating from {z > 0,y = 0} and

{z =0,y > 0} occur sufficiently outside of the region that includes the coordinate origin. The solution at t = 1
becomes as follows [19]

1, ¢>1andp>1,
-1, ¢< -1 or n<—1,
n, £€>n and —1<n<l1,
£ £<n and —1<€é<1

u(x,y,l) Zv(fﬂl) =

as shown in Figure la.
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Figure 1. a) The exact solution to (1), (2) when u; =1, ug= -1, t =1.
b) The exact solution to (1), (2) problem, u; = =1, us =1, t =1, [19].

Since these waves do not interact, we can expand them to (£,7) domain.

When u; = —1, us = 1 in the solution of problem (1), (2) two shock waves occur along the lines
{z >0, y=0} and {x =0, y > 0} sufficiently outside the region that include the origin. We can expand these
waves without interaction until the coordinate origin, preserving the entropy condition and reach the solution

as follows
-1, £€>0, n>0,

u(§,m) =

1, otherwise

as seen in Figure 1b.
Auziliary problem and numerical solution

To find the numerical solutions to the aforementioned problems various finite difference methods have been
investigated in the literature [1, 9, 21]. As it is known, the solution to the one dimensional Riemann problem,
even when the initial function is sufficiently smooth, contains discontinuities whose locations are unknown
beforehand. In two-dimensional problems the number of discontinuities may be infinite. Special investigation is
required to see which of these discontinuities are physically meaningful. Thus, directly using finite differencing
for the problems which have discontinuities in the solution may spread the discontinuities to several points.

Due to the difficulties of working with the discontinuous functions, the paper proposes an original method
to find the numerical solution of the problem that expresses the physical properties of the problem correctly. To
this end, no problem arise in using the familiar methods in the literature to find the numerical solution to the
auxiliary problem, which has advantages over the original problem but also is conventionally equivalent to the
original problem. By using the numerical solution to the auxiliary problem one can find the numerical solution
to the original problem.

As mentioned before, a classical solution may not exist for problem (1), (2). In this case, we define a weak
solution as follows.

Definition 1. A function u(x, y,t) satisfying initial condition (2) is called as a weak solution of the problem
(1), (2), if the following integral relation

of (@,y,t) | v?(z,y,t) (Of (x,y,t)  Of(x,y,t)
/szm{“(x’y’t) ot 2 ( or T dy >}dzdydt

+ [ f(x,y,0)u(z,y,0)dzdy = 0
RZ

holds for any test function ¢ : R? x R — R, f(x,y,t) € Ccee.
To obtain the weak solution following [22], if we integrate equation (1) for any a and ¢ over

Dzy:{a<§<x,c<n<y}CR2,
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we find the following

) T py Yy T
5 | [ i ([ eannans [Cenna)
= % (/J uz(a,n,t)dnJr/m u2(€,c,t)d§) : (6)

Here a and ¢ may also be Foo. Let us include the following function

w(z, / / (&, t)dédn. (7)

We can show

Muw(z,y,t) = u(z, y,t). (8)
Here M(-) = g g) is a differential operator. In the notation of (7) and (8) we can write equation (6) as follows
ow(z,y,t) Y 2 L[ 2
+f (u*(z,m,t) — u?(a,n,t)) dn+ = (u?(&,y,t) — u?(& ¢ t)) dE = 0. 9)
at 2/, 2/,

For equation (9) the initial condition will be
w(z,y,0) = wo(z,y). (10)
Here wo(x,y) is defined as any continuous and differentiable solution of the following equation
Muwg(z,y) = uo(z,y).

We will call problem (9), (10) auxiliary problem.

The auxiliary problem has the following advantages:

1 The differentiability property of the function w(z,y,t) the solution to equation (9) is better than the
function u(z,y, t).

2 To find u(x,y,t) its derivative with respect to any variable is not used, as aforementioned derivatives do

not even exist.
1 t Yy a
U(xvyat) = _5/ |:/ U2($7Tl7t)d77—/ UZ(aﬂ?at)d??
0 c c

From (6) we get
+ /z u?(€,y, t)dE — /w u?(€, e, t)dg} dr

Now, for any positive numbers a; and b; we consider the sum

(l‘ yat> (3C—a1,y7t) +’U($7y7t)_v(m7y_blat)
aq b1

[ e [ e
1 s cnon
*J{ [ 1) e [ en-noma
1 vt [ icunals}
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According to the consideration (3), we can obtain the following estimate

(.’17 yat) (x_alay7t) +’U(l‘,y,t)—’l}(3?,y—b1,t)
aq bl

- % [2M(d — )T +2M (b — a)T} N HQMT(d —¢) b+1 2MT(b— a)}

1[2MT(da1 J +2MT(bb1a)} HzMT ((dal I (bbla)ﬂ = % (11)

ai

where E is a constant. Condition (11) is called entropy condition. This condition implies that, if we get fixed
t > 0 and let x and y tend to —oo and oo, respectively, then we can get only jump down in both direction across
one discontinuity.

Now we will describe the finite difference algorithm to find the numerical solution of problem (9), (10). To
this end we build a grid on D, region as follows.

Assuming L is a sufficiently big positive integer, we cover D(_y, 1) region with = x;, y = y; lines and build
a grid

Qghf,‘?y) {(i,y;) + w5 = —L+ihg,y; = —L+ jhy,i=0,1,2,..,n,j =0,1,2,....,m}.

Now, let us divide [z;, z;11] and [y;, y;+1] into p and ¢ pieces, respectively. Then, let us define the grid formed

by these points as

Qgi;% )= ={& =x; +vhe; ny=y; +phy; v=0,1,2,..,np, pn=0,1,2,...,mg}.

It is clear that (J; QEZ% )) = Qgh[ ? )+ Let us write the integrals in (9) in quadratic form as follows
hoy -

Yi qJ] 1 T; h p-i
/z u?(z,1,t)d Z (@i, N i), 5/5 u? (&, yj, t)dE ~ fZUZ(&/,yj’tk)’
- - v=0

/9:/ (57777 )dfdn hghnZZU xu,y#,tk)

v=0 pu=0

If we take these into account (9), we obtain the following systems of finite difference equations

q-j

Z xmn,uatk) —U2(.’170,77M,tk))

Wi jk+1 =

hth& o U2 2
55 D (UG te) = U (6o 1) (12)

(i=0,1,2,...,n; j=0,1,2,....m; k=0,1,2,..).

For (12), the initial condition is as follows

Wi,j70 zwo(a:i,yj), (i:0,1,2,...,n; ] :O,l,Q,...,m). (13)

Corresponding difference analogy for (9) is

k 47
h
V(xiayjatk-‘rl) = V('xwy]atk ?t Z { Z |: xlvnuvtk) - UZ(U” Wu,tk)

=0 p=1
pt
+he Z {U2(€V7yjatk) —U%(&,, ¢, tk)} }
v=1

As above
V(Z‘i, Yjs tk-l-l) B V(xi—zn yYjs tk+1) + V(le, Yis tk-‘rl) B V(.Ti, Yj—q1» tk-‘rl)
Y4 q1
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V(i yj, te) = V(Tiop,, Yjs tr) n Vi(zs, yj, te) — V(i Yj—qu» tk)
D1 q1

h h
o |:U2(xi7 nuvtk) - Uz(a’777;tatk):| + — |:U2(xivn,u7tk)
1 P

h k qj
_Et { Z
=0

p=1

_U2(xi—p17’r}uatk :| +Z |:U2 gvay_ﬂtk) 2(£V7yj—q17tk):|

hg A a(j—aq1)
5 [U(6 1) - 2<5wc,tk>]]—qj > (U2 (im0, 1) = U (&)

p(i—p1)

hf Z [UQ §V7yj7tk) 2(§V7Catk‘):|} < %7
v=1

where E7 is a constant. So we have obtained entropy solution of the Cauchy problem for Burgers equation.
From (12) we obtain the following

ioJ
Ui ka1 = hahy > Y W@y, g trgr), (i =0,1,m; j=0,1,...,m; k=0,1,...). (14)

v=1p=1

In addition, by using equation (9), finite difference schemes on higher orders with respect to ¢ (such as
Runge-Kutta method) can be used.

Numerical experiments

Two sets of computer experiments are performed using the algorithm proposed above. Such as grid steps
with respect to spatial and time variables and the size of the grid is [0,T] x [—4.0,4.0], he = %I, hy = hy

q )
hy =259 hy =9 p=q=10,n=m =533, t, = 0.005.

In the first of the series of experiments, as seen in Figures 2 and 3, it is assumed that the jump strip on the
initial condition is in each quadrant of xy plane. The results obtained for the cases u; = 1, us = 0 and u; = 0,
ug = 1 are shown in Figure 2 and 3, respectively. Solutions of the auxiliary problem (12), (13) are shown in the
first column of Figure 2 and Figure 3. By using (14) the solution of the auxiliary problem is obtained and the
second column shows the solutions of the main problem (1), (2). In the third column, contours of shock and
rarefaction waves are illustrated.

As seen in Figure 2, in the cases of the initial profile at (1,0,0,0) and (0,0, 1,0) it is observed that two
rarefaction and two shock waves occur. In the other cases, at (0,1,0,0) and (0,0,0,1), one shock and one
rarefaction wave are detected (Figure 3). Comparing the results obtained with the solutions found in [15] with
same data, the importance of the proposed auxiliary problem emerges.

In the second series of experiments, as seen in figures, it is assumed that the jump-fan is in each quadrant
of the zy plane. In these cases, as shown in Figure 4, one shock and one rarefaction wave occur in all cases.

In Figure 5, we assume that the initial data has u; = 0, us = 1 and the dynamics of the wave propagation
at T'= 1 are shown. The results obtained for the cases u; = 1, us = 0 and u; = 0, uy = 1 are shown in Figure 4
and 5, respectively. As seen from the figures one shock and one rarefaction wave always occur on the quadrants.

The solutions we obtained show that the proposed numerical algorithm is highly sensitive and describes all
of the physical properties of the phenomenon correctly.
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Conclusion

In this study an original method for the numerical solution of the initial value problem for two-dimensional
conservation law with two-piecewise constant discontinuous initial condition that accurately describes the all
physical properties of the problem is proposed.

In addition to this, the auxiliary problem has provided the entropy condition, which provides the uniqueness
of the solution. In establishing efficient algorithms for the numerical solution of the two-dimensional Riemann
type problem the method incorporates an auxiliary problem that is equivalent to the original problem, and yet
has advantages over it.
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Bacrankpr kyiige eki y3ijici 6ap Puman tunri
€Ki eJIIeM/Ii eceIlTi eIy iH, TOp dJIicCi

Beprreynin MakcaTbl — bacTankbl npoduii 6ap 6ip epkin y3ijgicTi cakTally 3aHBIHBIH, €Ki JIIeM/Ii TeH eyl
yuria Kommu ecebiniy canapbik menrimia asay. Ot yImiH HEri3ri ecernTiy 9JICi3 IIeNniMil aay/1a ce3iMTall 9IiCTi
KypyFa MYMKIHIIK OepeTiH apHailbl KOMEKIII ecen KYPbLIaIbl. ¥ CHIHBIIFAH KOMEKIIT €Cell, COHBIMEH KaTap,
KOMEKIII eCcenTi MeNnTiMHIH, >KaJIFbl3 60J1ybIHA KEIJIIK OepeTiH SHTPONUSHBIH IAPTTAPBIH TabyFa MYMKIH/IIK
6epei. CaHIbIK MIEITiM/Il 19T IIEeNIIMMEH CaJIbICTBIPY YIITIH aJIIbIMEH €CENTIH TEOPUSIIBIK, KYPBLIBIMbI, COTAH
KeliH COKKBI TOJKBIHIAPBI MEH CUPETY TOJIKBIHIAPBIHBIH 63apa OPEKETTECYl 3epTTEJIreH.

Kiam cesdep: GelCHI3BIKTBI CKAIAPbl 2D cakray 3aHbl, PUMaHHBIH ecenrepi, y3imicTi dpyHKImAIAp Kia-
CBIHJAFBI aKbIPJIbI-abIPBIMIbLI CXEMa, €Ki OJIIIEM/I] ecernTep.

B. Cuncoiican', M. Pacymnos?, O. Enep?

! Viueepcumem Joeye, Cmambyas, Typuus;
2 Hnemumym nedmu u 2aza Hayuonaavrot axademuu nayx Asepbatioocana, Baky, Asepbaidscan;
3 Vnueepcumem Betikenm, Cmambya, Typyua

CeTouHbI1 MeTO/1 pellieHus AByMepHOil 3ajauu tuna Pumana
C AByMsd pa3pblBaMM, UMEOINNMI HAYAJIbHOE COCTOAHUE

Ilens mamHOrO WCCIEIOBAHNST — MOJyYEHUE YUCICHHOTO pelreHns 3aaadqu Komm /11t IByMEepHOroO ypaBHe-
HUSI 3aKOHA COXPAHEHUs C OJTHUM IPOU3BOJIBHBIM Pa3PBbIBOM, MMEIOIIUM HA4YaJbHbIA npoduisb. as sToro
paspaboTaHa cCrenuajbHas BCIOMOTraTelbHAs 3aJlada, MO3BOJISIONAsT TOCTPOUTh YYBCTBUTE/HHBINA METO/T
JJIsl TIOJTy9eHust c1aboro pelreHns OCHOBHOM 3amaqun. [lpemraraemast BcmomoraTeabHast 3a/1a9a TAKXKE T10-
3BOJIAET HAWTU yCJIOBHE SHTPOINHU, rapaHTUPYIOIee eMHCTBEHHOCTb PellleHns BCIIOMOraTesbHON 3ajladvu.
st cpaBHEHUST TUCJIEHHOT'O PEIIEeHMsI C TOYHBIM CHAvYaJ I UCCJIeI0BaHa TEOPETHYECKas CTPYKTYpa paccMar-
TpUBaeMOH 3a/1a4M, & 3aTeM HU3Yy4YeHO B3aMMOJEHCTBHE yJapHBIX BOJIH M BOJIH Pa3perKeHU.

Kmouesvie caosa: HemmHENHBIN cKaJIApHEBIL 2D 3aKoH coxpaHeHud, 3ajada Pumana, KOHEYHO-pA3HOCTHAS
CXeMa B KJIacCe Pa3pPBIBHBIX (DYHKIUI, JBYMEPHOE YpaBHEHUE.
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