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To the solution of the Solonnikov-Fasano problem with boundary
moving on arbitrary law z = 7(¢).

In this paper we study the solvability of the boundary value problem for the heat equation in a domain
that degenerates into a point at the initial moment of time. In this case, the boundary changing with time
moves according to an arbitrary law z = «(t). Using the generalized heat potentials, the problem under
study is reduced to a pseudo-Volterra integral equation such that the norm of the integral operator is equal
to one and it is shown that the corresponding homogeneous integral equation has a nonzero solution.
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Introduction

In many practically important engineering problems, the process of forming a temperature field in the
structure under study is accompanied by the removal of a part of the substance from the surface, which leads
to a change in its boundaries over time. The need to take into account the of the boundaries mobility of the
studied domain significantly complicates the solution of the corresponding problems [1-5].

For example, in mathematical modeling of thermophysical processes in an electric arc of high-current di-
sconnecting devices, the heat equation is used, which takes into account the effect of heat sources in the arc and
the effect of contracting the axial section of the arc in the cathode region into the contact spot [6]. Moreover,
the diameter of the contact spot is much less than the section diameter of the developed column of the arc,
which makes it possible to consider it as a mathematical point. At the initial moment of time, the contacts are
in a closed state and solution domain of the problem is absent; then, the solution domain changes over time
according to the conditions for opening the contacts.

From a mathematical point of view, the singularity of the problem under consideration lies, firstly, in
the presence of a moving boundary, and secondly, in the degeneration of the solution domain at the initial
moment [7, 8]. Problems in domains with moving boundaries are also relevant in modeling physical processes
in a gas discharge plasma, during melting of electrical contacts, the effect of an electric arc on contacts, in
studying the problems of thermal shock in domains with a moving boundary, in solving a number of problems
in hydromechanics [9-13].

Applying the method of generalized heat potentials, a number of similar problems can be reduced to the
solution of sinqular Volterra type integral equations of the second kind. It is essential here that if in the
boundary value problem the variable domain does not degenerate into a point at the initial moment of time,
then the integral equation equivalent to it is solved by the method of successive approximations. If the domain
degenerates into a point at the initial moment of time, then the integral equation of the boundary value problem
has a singularity, which is that the integral from the kernel tends to unity as the upper limit of integration tends
to the lower one, and this means that the method of successive approximations is not applicable to it.

Statement of the problem

Let’s study the solvability issues of the following boundary value problem:

ou  5,0%u

o5~ Coz=f@t), {0<z<a®), t>0} (1)
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Ou B du(t) = Ou B
% o - ’U,o(t), dt + oz (8] - ul(t)v (2)

where (t) = u(y(t), 1), 7(0) = 0 for 7(t) = [t(1 + ag(®)], w > L.
Function (t) : (0,00) — (0, 00) satisfies the following conditions:
1. asymptotics of the function v(¢) as t — 0 and as t — oo has the form ¢*, where w > %;

2. starting from some moment of time ¢} until moment of time t5 the function «(t) is arbitrary, strictly
monotone and one-to-one, i.e. there is a reverse transformation ~~1(¢).

We introduce the classes of solutions and data of the problem as follows:
(@ + O] ) u(@, 1) € Loo(G), ie. u(z,t) € Loo(Gs (z + [y 1)1,

2w—1

fa,t) € WA (G0 exp { (0] 5 /(402 } )
uo(t) € Loo (Rys [y(1)]"C/27D) 1 un(t) € Loo (Ras [y(0)]*/271) .

This kind of boundary value problem (1) arises, for example, in studies of the Stefan problem [14].

Transformation of problem (1) and reduction of it to the integral equation

Introducing a new unknown function v(z,t) = 2%, we transform problem (1)—(2) to the next problem:
v 0%
a—a—:f(x,t), {0<z<t, t>0} (3)

= (), (4)

z="(t)

v(x, 1),y = vo(t), (gz + 1"'@2”(0@)

where f(x,t) = aféi’t), vo(t) = ug(t), wi(t) = ul(t) + f(w t)

=y(t)
Remark 1. Each solution to boundary value problem (3)—(4) defines a unique solution (up to a constant) of
boundary value problem (1)—(2).

We will find the solution of problem (3)—(4) as the sum of heat potentials [15]:

(“ zaf/ A T e"p{ 42€(_§)2)}f (& mdedrs

4a3f / (t— T 3/2 { 4a2(a; -7) v(r)dr+ (5)

2af/ e p{‘M}w(r)dr

The function defined by equality (5) satisfies the equation (3) for any functions v(t) and ¢(t), which are
still unknown and are to be determined further.

Satisfying solution (5) with boundary conditions (4), we obtain the following integral equation:

+/O K, (t,7)p(T)dr = F(t), (6)

kernel K, (¢, 7) of which can be represented as a sum:
4 .
S
i=1
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where:
y_ 1 @) +(7) (v(t) +v(n))?
ST exp{_ 1t =) }
2 L () —~(7) (y(t) = 7(n)*
Kg)_ 2a+/T (t 7_)% exp{— 4a? (t —T) }’
TS J N S ) {(74(t)2+7(7))2}’
T (4 7)3 a?(t—1)
ke L 1@ () —y()
a W(t—T)% 4a? (t — 7

The free term of equation (6) has the following form:

K A IR ol CO N DN (R ()
7l = s |

Lev®) [f A (1) e
— /o< o g g f e 26 )

2af / / [t— 3/2 Xp{ ifz()f%} (Z(_t)T;:sfz exp{—m}] f(& T)dedr—

= 149/ () - &%) 5
. —— dédr.
e A e e R
We will find the solution of integral equation (6) in the class of functions:

) (1) € Loo(0,00), e, (t) € Lo (0,005 ()] &),

For convenience, we represent equation (6) as follows:

Ft) = -

RO B
a0+ [ [7()} K (£, 7)r (r)dr = F(t), ()

where X .
pi(t) =t p(t),  Fi(t) =t F(1).
Remark 2. ([16], p.183) If the (particular) solution of the integral equation

+ [T K @0y =
+ /wR(:v,t) F(b)dt

then the (particular) solution of the integral equation (with a modified kernel)

+ /x K (z,t) ?q((gtc))y(t)dt = f(x)

is given by formula

is given by the formula
x
g(z)
va) = 5@)+ [ Rt L fo
a g(t)
The same is true for the solutions of the corresponding homogeneous equations.
Such kind of the Volterra integral equations were considered in the papers [17, 18].

Note that a feature of integral equation (7) is the following property of the kernel K., (t,7):
t
lim K, (t,7)dr = 1.
t—0+

In order to solve integral equation (7), cons1der the corresponding characteristic integral equation.
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Characteristic integral equation. Estimates for kernels of integral operators

For integral equation (7) we will construct a characteristic equation

Taw]= B
o(t) + /0 [7(7_):| Ky (t,m)e(m)dr = ¢g(t), ®)
where
Kn(t,7) = 3 K, (t7),
iy = L @0 (O O + o) {he)
QGﬁ (h/( Zw=1 [’Y(T)] zww,l) 3

KOy = 2. (2w —=1)% - [y(O)] = ‘{[’Y(T)F} (2w — 1) (['y(t)] B
b ay/m (120-1 _ r2w—1)3

Next, we show that it is indeed characteristic equation for the equation (7). Firstly, we note that the kernel
K}, (t,7) has the property:

¢
i (1) -
tlgr(l) ; K (t,m)dr = 1.

Equation (8), using the following the change of variables:

90 = (5 0) = a0 = (n) T
® {(24011 't1>m] =p1(t1), g [(zwll 'tl)m] =g1(t1),

reduces to the following integral equation [8]:

1 (tl)‘i‘/ol\/ZKl (t1,71) 1 (1) dmi = g1 (1) - 9)

The kernel K (t1,71) has the form:
4 .
Kl(tl,Tl) = ZK%l)(tl,Tl),
i=1
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where i
) = g p{w}
B - 2
2
Kt m) = _a\2/%. (t: —171)5 .exp{_@(?(;t%};

K= e |

1—T1

Solution of integral equation (9) has the form [8]:

@ (t1) =g(t1) +/0 \/E‘R(tlﬂ—l) g (t1) dr 4+ C - Phom (t1) , (10)

which also belongs to the class Lo (Ry; Vi1 exp {£z}).
Moreover, the following Lemma holds for the resolvent [§].
Lemma 1. The resolvent R(t1,71) admits an estimate

T1 t1711

<" [
Rltn ) < 0" o { - o

}, 0<m <t <4o0.

Solution of characteristic integral equation (8)

Returning to the old variables, in equality (10), we obtain the solution of characteristic equation (8):

ey =g+ | t (%) T 67064+ O rem (2o-ves-nHE ).

T

and the resolvent Ry, (t,T) satisfies the estimate

bw—3 1
()] @ [y B N
Bultr) < €1 ) G exp] 0 DBOL Mgg_l) oy

o (w)] el

Theorem 1. For any right side g () € Lo (R; [y (t)]2wl> integral equation (8) has a general solution

o€ Lo (R B O)E)

¥ (t) =g (t) +/0 <:3//((7t_))> 2w Rh (t,’]‘)g(t) dr + C - ©hom ((2(,;) _ 1) t2w71) ,

where @pom (t) is the solution of the homogeneous equation, and for the resolvent Ry (¢, 7) we have estimate (11).
Solution of integral equation (7). (Regularization method for solving the characteristic equation)

Using Remark 2, we consider equation (6), which we represent as:

o)+ / K, (t,7) o (7) dr = / (K (t7) — Ko (7)) 0 (7) dr + F (). (12)
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Assuming the right-hand side of equation (12) is temporarily known, we write its solution as:

t T

t
= / b = i ol drt /Rh (&) /[Kh (r,11) = Ky (r,m0)] @ (1) dry o drt
0 0 ,
t
o /R" (t,7) - F(7)dr + Co - Prom (2w —1) - #271).
0
In the iterated integral, we change the order of integration and change the roles of the variables 7 and 7,
then we obtain

() + / R (t,7) -0 (7) dr = Co - gpom (20— 1) - £2°°1) + B (1) (13)

The kernel K (t,7) has the form:
K(t,r) =K (t,7) + K (t,7)
where
t

f((t,r) =K, (t,7) - K, (¢, 1), K (t,7) = / R(t,m) Ky (m1,7) — Ky (71, 7)) d7y.

1

Let’s introduce the following notations:

K 61 =PV en {0 b K () = PP e {-Q0}, i=1,2.3.4,

where
" T R VR (7C3) R o700) R o100) e RASTCO I
Ph, (taT): 2&\/7?. - RN )
(b1 =)
0y = 207D (O + b= ol
h \BHT) = 201 2w—1
102 (h®]% )
D7) = () +(7) 1) _ (v(t) +7(1))*
AT v B R T

Now we prove the following theorem.
Theorem 2. If function v(t) = [t(1+ ap(t))]*, where ag(t) = tPo(t), B > 0, and function o(t) is twice
continuously differentiable for 0 < ¢ < oo, and |o(t)| < C, o(t) # 0, then we have an estimate:

w—1
1K 07) = Bt 7)] £ C() e % [exp (=Q4 (1,7)/2) + exp (—Qn(t,7)/2)] (14)
and the limit relation: .
tl—i>r-|r—lo [Ky(t,7) — Kp(t,7)]dT =0 (15)
0

holds.
Note that estimate (14) is obvious for the terms

‘K,(j) (t,7) — KO (¢, 7)| for i = 2,3, 4.

Now we prove the estimate (14) for i = 1.

42 Bulletin of the Karaganda University



To the solution of the Solonnikov-Fasano problem...

Lemma 2. If ap(t) is monotonically increasing function, then the inequalities:

2w—1 2w—1

[t(1 + ao(1))] — [7(1 4 ag(7))]
[t(1 + ao(0))]* 7% (1 + ao(t1) + traf(t))(t — 7)

[+ ao(t)]* ™" = [r(1 + ao(r))]*
[+ ao(®))]*7 (1 + ao(t) + tiag(h)) (8~ 7)

hold, where t; =7+ 6,(t —7), 0<6; <1.
Proof of the Lemma 2. It’s obvious that [20; 456]:

2w—1<

1
<1 for §<w<1,

<2w-—1 for w>1,

1— 2w—1 1
Wwo1<— T <1 if t<w<l, 0<z<1;
11—z 2
17582(4)71
1§17§2w—1, if w>1, 0<z<1.
—x

Let w > 1, then for 0 < 7 <t we get
1+ ()] 72 (t — 7 + tao(t) — Tao() < [t + ao(t)]? ™ = [7(1 + ao (7)) <

< (2w — 1) [t(1 + a7 (t — 7 + tao(t) — Tao(7)).

Using Lagrange’s interpolation formula, we have

tag(t) — Tao(T) = (o (t1) + trag(tr))(t — 1),

where t; =7+ 601(t —7), 0< 61 < 1.

The proof is analogously for the case % <w< L

The following lemmas are proved in a similar way.

Lemma 3. If the function v(t) = [t(1 + ap(t))]”, where ag(t) = tPa(t), 8 > 0 and the function ag(t) increases
monotonically for 0 < ¢t < oo, and |o(t)| < C, then estimate:

twtB

(t—7)

PV (t,7) — PO (t,7)| < Oy (w)

oo

holds.
Lemma 4. Under the conditions of Lemma 3, estimate:

t2w+B

‘Qill(t7 T) - Qi(t,’]’)’ < Ml + M2t2w—1

t—T
holds.
Proof of the Theorem 2. First, we establish the following inequality:

[t(1 + ao(t))]” ¢

oyt = M T

For those values of parameter w, 0 < 7 < t < oo, for which |Q}(t,7) — Q1 (£,7)| > 0, the required estimate
follows from the following inequalities:

Pg(t,T) =

}Kilz(th) - K}y(t77—)| < |(Pi1(tv7—) - P—:(tﬂ—)) eXp{_Q’Y(th)}’ +

+ |P,¢(t, T) €xXp {_Q}ll(t77—)} (1 — exp {_Q'ly(th) + Q:}ll(t77—)})| <
< |P,1 (t,7) — PA}(t, 7')‘ exp {—Q#(t,T)} + {P; (t,7) (Qi(t,T) — Qi (t, T)) exp {—Q}L(t,T)H )

Hence, taking into account the Lemmas 2 — 4, we get:

_ qwtsB v 2w+p
K, — K| <M + + M, = | My + Mot 1) Le@n <
(t—7)2 (t—7)2 t—T1
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twfl _ tﬂ+1 B t2w+5+1 B t2w
<- - (M — + M, + My e <
(t—1)2 t—r (t—7)2 t—T

t—7 \t—T (t—7)2
%—w
_ _ _ e w—1 —q,
+ ! e T CMot* ) e e < C(w) at) t =5
t—r1 a(T) t—T1

If the values of the parameter w and 0 < 7 < ¢ < oo are such that the difference Q (¢, 7) — Qx(¢,7) < 0, then
it is enough in the same inequalities to interchange the functions Q~(¢,7) and Qn(t,7), Py(t,7) and Py(t,7)
accordingly.

The validity of inequality (14) shows that the difference K (t,7) — K} (t, 7) has a weak singularity and the
limit relation (15) holds.

t tw—l
I -
t+0 /0 Wi

Consequently, equation (8) is indeed characteristic equation for equation (7). Theorem 2 is proved.

exp (—Qn(t,7)/2) +exp (—Q(t,7)/2)] dr = 0.

In order to obtain estimates for K (¢,7), and at the same time for K (t,7) estimate for the resolvent, we
represent in the form:

e (O R AUl ey | R Aa eyt (SN ey | (16)

2w — 1 t—n

Here C;(w), M;(w), j = 1,2 are constants depending only on w.

Using estimates (14) and (16), we obtain the following theorem:

Theorem 3. If function ~(t) = [t(1 + ag(t))]”, where ag(t) = tPa(t), B > 0, and the function o(t) is twice
continuously differentiable for 0 < ¢ < oo, and |o(t)| < C, o(t) # 0, then the kernel K(¢,7) has a weak
singularity, i.e. we have an estimate:

t1/2+6

‘I:((t,T)‘ <

1
2 1
7—3/2*Lu+€(t_7_)1/270<5<w 270<7‘<t<oo, (17)

which means that integral equation (7) for any f(¢), [y(t)] "o f (t) € Ls (R4+) has a unique nonzero
solution:

@ (1) € Lo (Roos YOI/ 7).

Proof. Since K (t,7) = K (t,7) + K (t, ), then estimate (17) follows from (14), estimates for resolvent (16)
and below relations. Using the following double inequality [19; 55]:

CitP™ Yt —7) <tP — 7P < Cor? Yt — 7),tme C; = min {1, p}, Cy = max {1, p},

first we get (p = 2w — 1):

N t 1—7/2 3w3/2 t 2w—1
K < M. —y—1 Q n n . n — 7 .
(t,7) < 2(w)/T 7 (T) = =) exp | —Cq(w) p— dn = I(t, 7)

We represent the function I as a sum of two terms:

w—1 t3/2

Ig(t,’r) = Igl(t, T) —+ Igz(t,’r),
for each of which we will have:

= [C) + Caw) (/07 [ - (/7)) = = [C1(w) + Catw) (1/7)).

<

7
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For the second term

V=Tt =) t—n
=
C L 1 2 1
@ #(t w=
< t(w) T exp (Cs(w) ( J;T) )dnﬁ
—THTT (t—m)2 U

t—n
téT
C(w) / 2 Cs( Cs(w)
(w “ 5(w 9 w
S Vies 7_/ % (C’4(w)t n)dn — /exp{ z}dz P
0 2w—1
t 2

In these inequalities, the constants C(w), Cj(w), j = 1,2,3,4,5 are different and depend only on w. The
obtained inequalities imply the required estimate (17). This completes the proof of the Theorem.
Remark 3. From relation (13) it follows that homogeneous equation

/K (t,")pu(r)dT =0,t € Ry,

is equivalent to the nonhomogeneous equation:

‘P(t) +/0 [:( (t,T) . 4)0(7') dr = Cy * Phom (<2w _ 1) . t2w—1) .

Study of the boundary value problem

A solution of the original boundary value problem (1)—(2) have the form:

x

u(z,t) = [ v, t)de, (18)

0

where v(z,t) = Vhom (%, t) + Upare(z, t), and

Vpart (T,1) = 2af/ p—"YE [—exp{—W}—kexp{—mH “ Ppart (T) dT+

2af// t—7 1/2[ eXp{ 4(€(+§) )}+exp{ 4(2(5)7)”~f(5,7)d5dr+

3/2—w

/2—w ~
where the functions (v(t))” = - ¢(t) and (y(t)) S - f(z,t) are bounded and continuous functions on R and
@, respectively.

From (18)—(20) we obtain the following estimates:

uhom(x7t> < aﬁ{—Q erf ( r T ) +
2av2 = 1 (0] 7
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+2exp { (2 - lig;(t)] - }erfc < 2 - 1%([;“)] = ) —

e { 20 + (2w = 1) [y()] } e (x T (20— DO )
4a? 2ay/2w —1- [y(t

o {_290 - (20— D ) }f (_z el
o 207/ 1 (1)

—~ ~— |
)
€

~
= | =
¢
¥ N
el ¢l
= |
-
\/
——

For upert(x,t), we have that

upart(xat) < (L\/’/’F {—261‘f ( i T ) +
20v%— T (O] 5

e { 2 01 100) N } i <W —1-p()] = ) )

4a? 2a
- { 20+ (2w = 1) ()5 }f (x + (20— 1) (O] ) _
4a? 2av2w —1-[y(t)] =

e {2x . V1 o1(0) Nl }f ( (2w -1) h(t)]j“{) } R <mmt>f‘5wl ) .
da? 20V = 1[y(8)] = vE 20

Therefore estimates of these integrals give the statement of the Theorem.

Theorem 5. For any right side f(t) € Loo (R+; ['y(t)]S/ZT_w exp {7(t)/(4a2)}) and for given functi-

2w—1

ons f(a,t) € WL (Gi(®F exp {105 /() } ), wolt) € Loo(Ras [y = )i wa(t) € Loo(Ros

[’y(t)]g/iiw) boundary value problem (1)-(2) has a general solution u(z,t) € Loo(G; (z + [y(1)]3/2~1)71),
which is determined from formula (18)—(20).
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ITekapacot x = (t) 3aHABLIBIFBIMEH KO3FAJIATHIH
CosmoraukoB-Pa3aH ecebiHiH MIenTiMi TypaJibl

2Kympbicra 6acTankpl Me3€TTe KOUBIIATEIH O0JIBICTAFbl 2KBIIYOTKI3TIMTIK TeHAEy YIIIH IeKapaJsIblK, €CeNTiH
merrimi 3eprrenred. MyHza, mekapachl yakplTKa Gaitmanbictel © = () 3aBapLIbIFBIMEH o3repeni. Ka-
PaCTBIPBLIBIIT OTBIPFAH €CEIl YKAJIIbLIAHFAH 2KbIIY ITOTEHIINAJIAPbIHBIH, KOMETIMEH IICEBI0-BOIBTEPPAIBIK
MHTErPAJIJILIK TeHJeyTe KeATipiieai. Al MHTerpaJsIblK, OIepATOP/IbIH, HOPMACBIHBIH, Oipre TeH GOJIybl OHBIH,
epexinesiri 60sbin Tabbtaabl. COHBIMEH KaTap, Cofikec GIPTEKTI MHTErpAJIIbIK, TeHJIEY IiH HOJIIIK eMeC IIe-
IiMiHiH 00JIATBIHBI KOPCETIINEH.

Kiam cosdep: XKBUTyOTKI3TIIITIK TEHIEY, *KBLIXKBIMAJIBI IIIEKAPAa, JKOMBLIATHIH 00JIBIC, TICEBI0-BOJIBTEPPAJIBIK,
WHTErPAJIIBIK, TEHIEY.
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K pentennio 3agaunm CossonHukoBa-Pa3aHo 1Ipu ABUXKEHUN
IPAHUIBI IO IIPOU3BOJIBHOMY 3aKOHY & = (1)

B pa6ore uccieqoBaHbl BOPOCH! pa3permMOCTH TPAHUYHON 3aa4Un JIJIs YPABHEHUST TEIJIONPOBOTHOCTH B
obJtacTr, KOTOpasi BBIPOXKIAETCSI B TOYKY B HAYAJIbHBI MOMEHT BpeMeHH. [Ipm 3TOM M3MEHSIONAscs Co
BpEMEHEM IDaHUIla JABUXKETC 10 MPOM3BOJLHOMY 3aKOHY = = (t). C moMomipbio 060BIIEHHBIX TEIIOBBIX
MMOTEHIINAJIOB HCCJeyeMas 3aJada PeIyIUPyeTcs: K IICEBI0-BOJIBTEPPOBOMY HHTEIPAJIBLHOMY YPABHEHUIO,
0COOEHHOCTH KOTOPOT'O 3aKJ/II0YAETCS B TOM, YTO HOPMa MHTEIPAJBHOTO orepaTropa paBHa emauuuie. [loka-
3aHO, YTO COOTBETCTBYIOIIEE OJHOPO/IHOE UHTErPAJIbHOE YDAaBHEHHE UMeeT HEHYJIEBOE DeIleHue.

Karouesvie caosa: YpaBHEHHNE TEIJIOIIPOBOJHOCTH, IIOJIBU>KHas I'PaHUIla, BBIPDO2K/IaI0IadCs O6J'IaCTI>7 IICeBa0-
BOJIBTEPPOBOEC MHTErpaJIbHOEC ypaBHEHUE.
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