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Existence and uniqueness results for
the first-order non-linear impulsive integro-differential

equations with two-point boundary conditions
The article discusses the existence and uniqueness of solutions for a system of nonlinear integro-differential
equations of the first order with two-point boundary conditions. The Green function is constructed, and
the problem under consideration is reduced to equivalent integral equation. Existence and uniqueness of a
solution to this problem is analyzed using the Banach contraction mapping principle. Schaefer’s fixed point
theorem is used to prove the existence of solutions.
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Introduction

A lot of problems of physics, engineering, biology and economy are described by differential and integro-
differential equations. Such differential equations were studied rather well in [1–8]. In the above mentioned
papers mainly the differential equations with local conditions are studied. However, in the last years there is
a great interest to differential and integro-differential equations with nonlocal boundary conditions, by which
a number of practical processes are described. Today, there exist a great number of works devoted to ordinary
differential and integro-differential equations with nonlocal boundary conditions in which the theorem on the
existence of solutions are proved for different types of nonlocal conditions [9–20].

Note that numerical methods for multipoint and integral boundary problems for first-order ordinary di-
fferential equations were developed in [21, 22].

It should be noted that the authors know about the study of boundary value problem as the form of{
ẋ (t) = f (t, x (t)) , t ∈ [0, T ] ,

Ax (0) +Bx (T ) = C
(1)

from [23, 24], where A,B ∈ Rn×n are given matrices, f ∈ Rn is a given function and it is assumed that the
condition detB 6= 0 is satisfied. An approximate solution of the problem (1) was constructed using a numerical-
analytical method developed by Samoilenko with the given initial conditions. In [11] the boundary value problem
was investigated as follows:  ẋ (t) = f (t, x (t)) , t ∈ [0, T ] , t 6= ti, i = 1, 2, ..., p,

Ax (0) +Bx (T ) = C,
∆x (ti) = Ii (x (ti)) , i = 1, 2, ..., p.

(2)

Here A,B ∈ Rn×n are given matrices, f, Ii ∈ Rn, i = 1, 2, ..., p are given functions and
det(A+ B) 6= 0. Theorems on the existence and uniqueness of the solution of the boundary value problem (2)
under suitable conditions have been proved. In this article the generalization of the boundary value problem
(2) for the Volterra-Fredholm type system of integro-differential equations with two-point and impulse effect is
studied.
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Problem statement

In this paper we study the existence and uniqueness of solutions of nonlinear integro-differential equations
of the type

ẋ = f(t, x, φx (t) , ϕx (t)), t ∈ [0, T ], t 6= ti, i = 1, 2, ...p (3)

with two-point boundary conditions
Ax (0) +Bx (T ) = α (4)

and impulsive conditions

∆x (ti) = Ii (x (ti)) , i = 1, 2, ..., p, 0 = t0 < t1 < ... < tp < Tp+1 = T, (5)

where A and B are constant square matrices of order n such that detN 6= 0, N = A+B; f : [0, T ]×Rn×Rn×
×Rn → Rn and Ii : Rn → Rn, i = 1, 2, ..., p are a given function and

φx (t) =
t∫

0

µ (t, s)x (s) ds, ϕx (t) =
T∫
0

γ (t, s)x (s) ds, where µ, γ : R×R→ Rn×n

with φ0 = max
t,s∈[0T ]

‖φ (t, s)‖ <∞, γ0 = max
t,s∈[0,T ]

‖γ (t, s)‖ <∞,

∆x (ti) = x
(
t+i
)
− x (ti) , i = 1, 2, ..., p,

where
x
(
t+i
)

= lim
h→0+

x (ti + h), x
(
t−i
)

= lim
h→0−

x (ti + h)

are the right-hand and left-hand limits of x (t)) at t = ti, respectively.
In this work for the Green function is constructed for the two-point boundary value problem and the

considered problem is reduced to the equivalent integral equations. Then the existence and uniqueness of the
solutions is studied using the Banach contraction mapping principle. The existence of the solution is also proved
by applying Schaefer’s fixed point theorem.

This paper is organized as follows. In Section 2, we introduce definition and lemmas, which are the key tools
for our main result. Section 3 focuses the theorems on the existence and uniqueness of the solution of problem
(3)–(5) established under some sufficient conditions on the nonlinear terms. An example is included.

Preliminaries

In this section we present some basic definitions and preliminary facts which are used throughout the paper.
We denote by C ([0, T ] ;Rn) the Banach space of all continuous functions from [0, T ] into Rn with the norm

‖x‖ = max {|x (t)| : t ∈ [0, T ]} ,

where |·| is the norm in the space Rn.
We define the linear space

PC ([0, T ] ;Rn) = {x : [0, T ]→ Rn; x (t) ∈ C ((ti, ti+1] ;Rn) , i = 1, 2, ..., p,
x
(
t−i
)

and x
(
t+i
)
exist, i = 0, 1, ..., p and x

(
t−i
)

= x (ti)}.

Obviously, PC ([0, T ] ;Rn) is a Banach space with norm

‖x‖PC = max
{
‖x‖(ti,ti+1] , i = 0, 1, ..., p

}
.

For the sake of simplicity, we can consider the following problem:

ẋ(t) = y(t), t ∈ [0, T ], (6)

Ax (0) +Bx (T ) = α, (7)

∆x (ti) = ai, i = 1, 2, ..., p. (8)

Lemma 1. Let y ∈ C ([0, T ] ;Rn) and ai ∈ Rn. The unique solution x (t) ∈ PC ([0, T ] ;Rn) of the boundary
value problem for differential equation (6) with boundary conditions (7) and impulsive conditions (8) is given
by
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x(t) = N−1α+

T∫
0

G(t, τ)y(τ)dτ +
∑

0<tk<T

G (ti, tk) ak (9)

for t ∈ (ti, ti+1] , i = 0, 1, ..., p, where

G (t, τ) =

{
N−1A, 0 ≤ τ ≤ t,
−N−1B, t < τ ≤ T.

Proof. If function x = x(·) is a solution of the differential equation (6), then for t ∈ (0, T )

t∫
0

y(s)ds =

t∫
0

ẋ(s)ds =
[
x(t1)− x(0+)

]
+
[
x(t2)− x(t1

+)
]

+ ... +
[
x(t)− x(ti

+)
]

= −x(0)−
[
x(t1

+)− x(t1)
]
−
[
x(t2

+)− x(t2)
]
− ...−

[
x(ti

+)− x(ti)
]

+ x(t),

where x0 is an arbitrary constant vector. Using this formula and condition (8), we can write

x(t) = x(0) +

∫ t

0

y(s)ds+
∑

0<ti<t

ai. (10)

Now we define x0 so that the function in equality (10) satisfies condition (7). Then we have

(A+B)x(0) = α−B
T∫

0

y (t) dt−B
∑

0<tk<T

ak.

This obviously implies

x0 = N−1α−N−1B

T∫
0

y (τ) dτ −N−1B
∑

0<tk<T

ak. (11)

Now in (8) we take into account the value x0 determined from the equality (11) and yield

x (t) = N−1α−N−1B

T∫
0

y (τ) dτ −N−1B
∑

0<tk<T

ak +

t∫
0

y (s) ds+
∑

0<ti<t

ai. (12)

Since equality (
E −N−1B

)
= N−1A

is true, then we can introduce the following function:

G (t, τ) =

{
N−1A, 0 ≤ τ ≤ t,
−N−1B, t < τ ≤ T.

Using this function, equality (12) can be written as an impulsive integral equation (9).
Lemma 2. Assume that f ∈ C ([0, T ]×Rn;Rn). Then the function x (t) is a solution of boundary-value

problem (3)–(5) if and only if x (t) is a solution of the impulsive integral equation

x(t) = N−1α+

T∫
0

G(t, τ)f(τ, x (τ) , φx (τ) , ϕx (τ))dτ +
∑

0<ti<T

G (ti, tk) Ik (x (tk)) . (13)

Proof. Let x (t) be a solution of the boundary value problem (3)–(5). This lemma can be derived by a similar
argument to Lemma 1. By checking directly, we make sure that the solution of integral equation (13) satisfies
the boundary value problem (3)–(5). Lemma 2 is proved.
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Main results

We introduce the following conditions:
(H1) The functions f : [0, T ]×Rn ×Rn ×Rn → Rn and Ii : Rn → Rn i = 1, 2, ..., p are continuous;
(H2) There exist a constants M ≥ 0 and li ≥ 0, i = 1, 2, ..., p such that

|f (t, x1, x2, x3)− f (t, y1, y2, y3)| ≤M (|x1 − y1|+ |x2 − y2|+ |x3 − y3|) ,

|Ii (x1)− Ii (y1)| ≤ li |x1 − y1| , i = 1, 2, ..., p

for each t ∈ [0, T ] and all x1, x2, x3, y1, y2, y3 ∈ Rn;
(H3) There exists a constants K, k such that |f (t, x)| ≤ K, |Ji (x)| ≤ k, i = 1, 2, ..., p for each t ∈ [0, T ] and all
x ∈ Rn.

Theorem 1. Assume conditions (H1) and (H2) hold, and

L = S

(
TM (1 + T (µ0 + γ0)) +

p∑
i=1

li

)
< 1, (14)

where S = max
[0,T ]×[0,T ]

‖G (t, τ)‖ .

Then boundary-value problem (3)–(5) has a unique solution on [0, T ].
Proof. Transform the boundary value problem (3)–(5) into a fixed point problem. Consider the operator

F : PC ([0, T ] ;Rn)→ PC ([0, T ] ;Rn) defined by

(Fx) (t) = N−1α+

T∫
0

G(t, τ)f(τ, x (τ) , φx (τ) , ϕx (τ))dτ +
∑

0<ti<T

G (ti, tk) Ik (x (tk)) . (15)

Clearly, the fixed points of the operator F are solutions of the boundary problem (3)–(5).

Setting max
[0,T ]
|f(t, 0, 0, 0)| = Mf , max

k∈{1,2,...,p}
|Ik (0)| = m and let us select r ≥ ‖N

−1α‖+MfTS+mp

1−L . We show that

FBr ⊂ Br, where
Br = {x ∈ PC([0, T ]Rn) : ‖x‖ ≤ r} .

For x ∈ Br, using (H1) and (H2), we get

‖Fx(t)‖ ≤
∥∥N−1α

∥∥+

T∫
0

|G(t, τ)| (|f(τ, x(τ), φx (τ) , γx (τ))− f(τ, 0, 0, 0)|+ |f(τ, 0, 0.0)|) dτ

+

p∑
k=1

|G (ti, tk)| (|Ik (x (tk))− Ik (0)|+ |Ik (0)|)

≤
∥∥N−1d

∥∥+ S
∫ T

0
(M (|x|+ |φx|+ |γx|) +Mf ) dt+ S

p∑
k=1

lk |x (tk)|+mp

≤
∥∥N−1d

∥∥+ SMT (|x|+ T (φ0 |x|) + γ0 |x|) +MfTS + S
p∑
k=1

lk |x|+mp

≤
∥∥N−1α

∥∥+ S

(
MT (1 + T (φ0 + γ0)) +

p∑
k=1

lk

)
‖x‖+MfTS +mp ≤ r.

In order to show that the operator F is a contraction, let for any x, y ∈ Br we have

|Fx− Fy| ≤
T∫

0

|G(t, τ) (f(τ, x(τ), φx (t) , γx (t))− f(τ, y(τ), φy (t) , γx (t))| dτ

+

∣∣∣∣∣
p∑
k=1

G (ti, tk) (Ik (x (tk))− Ik (y (tk)))

∣∣∣∣∣
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≤MS

T∫
0

(|x(t)− y(t)|+ |φx (t)− φy (t) + |γx (t)− γy (t)||) dt+ S

p∑
k=1

lk ‖x (tk)− y (tk)‖

≤ S

(
MT (1 + T (φ0 + γ0)) +

p∑
k=1

lk

)
max
[0,T ]

|x(t)− y(t)|

or
‖Fx− Fy‖ ≤ L ‖x− y‖ .

It is seen that F is contraction by condition (14). So the boundary-value problem (3)–(5) has a unique solution.
Theorem 2. Assume conditions (H1)–(H3) hold. Then boundary-value problem (3)–(5) has at least one

solution on [0, T ].
Proof. Let F be the operator defined in (15). We shall use Schaefer’s fixed point theorem to prove that F

has a fixed point. The proof will be given in several steps.
Step 1 : F is continuous. Let {xn} be a sequence such that xn → x in PC ([0, T ] ;Rn). Then, for each

t ∈ (ti, ti+1] , i = 0, 1, ..., p

|(Fx) (t)− (Fxn) (t)| =

∣∣∣∣∣∣
T∫

0

G (t, τ) (f(τ, x(τ), φx (t) , γx (t))− f(τ, xn(τ), φxn (t) , γxn (t))) dτ

∣∣∣∣∣∣
+

∣∣∣∣∣
p∑
k=1

G (ti, tk) (Ik (x (tk))− Ik (xn (tk)))

∣∣∣∣∣
≤ S

(
TM (1 + T (φ0 + γ0)) +

p∑
k=1

lk

)
|x (t)− xn (t)| ≤ L ‖x− xn‖ .

From here we get ‖(Fx) (t)− (Fxn) (t)‖ → 0 as n→∞, which implies that the operator F is continuous.
Step 2: F maps bounded sets into bounded sets in PC ([0, T ] ;Rn). Indeed, it is enough to show that for

any η > 0 there exists a positive constant ω such that for each x ∈ Bη = {x ∈ PC ([0, T ] ;Rn) : ‖x‖ ≤ η} we
have ‖F (x)‖ ≤ ω. We have for each t ∈ [0, T ]

|(Fx) (t)| ≤
∥∥N−1α

∥∥+ S (TK + pk) .

This implies that
‖F (x)‖ ≤

∥∥N−1α
∥∥+ S (TK + pk) = ω.

Step 3: F maps bounded sets into equicontinuous sets of PC ([0, T ] ;Rn). Let ξ1, ξ2 ∈ [0, T ] , ξ1 < ξ2,Bη be
a bounded set of PC ([0, T ] ;Rn) as in Step 2, and let x ∈ Bη.

Then, we have

F (x (ξ2))− F (x (ξ1))

= (A+B)
−1
A
ξ2∫
0

f(τ, x(τ), φx (τ) , γx (τ))dτ − (A+B)
−1
B

T∫
ξ2

f(τ, x(τ), φx (τ) , γx (τ))dτ

− (A+B)
−1
A

ξ1∫
0

f(τ, x(τ), φx (τ) , γx (τ))dτ − (A+B)
−1
B

T∫
ξ1

f(τ, x(τ), φx (τ) , γx (τ))dτ

= (A+B)
−1
A

ξ2∫
ξ1

f(τ, x(τ), φx (τ) , γx (τ))dτ + (A+B)
−1
B

ξ2∫
ξ1

f(τ, x(τ), φx (τ) , γx (τ))dτ

=

ξ2∫
ξ1

f (τ, x (τ)) dτ.
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As t2 → t1, the right-hand side of the above equalities tends to zero. As a consequence of Steps 1 to
3 together with the Ascoli–Arzela theorem, we can conclude that F : PC ([0, T ] ;Rn) → PC ([0, T ] ;Rn) is
completely continuous.

Step 4: A priori bounds. Now it remains to show that the set ∆ = {x ∈ PC ([0, T ] ;Rn) : x = λF (x)
for some 0 < λ < 1} is bounded. Let x ∈ ∆. Then, x = λF (x) for some 0 < λ < 1. Thus, for each
t ∈ (ti, ti+1] i = 0, 1, ..., p, we have

x(t) = λN−1α+ λ

T∫
0

G(t, τ)f(τ, x(τ), φx (τ) , γx (τ))dτ + λ

p∑
k=1

G (ti, tk) Ik (x (tk)) .

From here
‖x‖ ≤

∥∥N−1α
∥∥+ S (TK + pk) .

Therefore, the set ∆ is bounded. The conclusion of Schaefer’s fixed point theorem applies and the operator
F has at least one fixed point. So, there exists at least one solution for the problems (3)–(5) on [0, T ].

Example

Consider the following system of integro-differential equations: ẋ1 = 0.5x2 + sin
(

0.2
∫ t

0
tsx1 (s) ds

)
,

ẋ2 = 0.5x1 + cos
(

0.2
∫ 1

0
tsx2 (s) ds

)
with two-point boundary conditions

x1 (0) = 0, x2 (1) = 1

and impulsive condition

∆x1 (0.5) =
|x2 (0.5)|

10 (1 + |x2 (0.5)|)
,

where t ∈ [0, 1], A =

(
1 0
0 0

)
, B =

(
0 0
0 1

)
and µ (t, s) =

(
0.2ts 0

0 0

)
, γ (t, s) =

(
0 0
0 0.2ts

)
, and

S = 1, M = 0.5, µ0 = γ0 = 0.2, l1 = 0.1.
Then L = TSM (1 + T (µ0 + γ0)) = 0.5 (1 + 0.2 + 0.2) + 0.1 = 0.8 < 1.
Thus, by Theorem 1, the boundary value problem has a unique solution on [0, 1].

Conclusion

The boundary conditions considered in this paper are general enough and can be used extensively in a
wide class of problems. In this article the existence and uniqueness of the solutions for the first-order nonlinear
impulsive differential equations with two-point conditions are established under sufficient conditions. Note that
the methods given here can be used in similar multi-point problems for the ordinary differential equations as
follows:

ẋ (t) = f(t, x (t) , µx (t) , γx (t)), t ∈ [0, T ]

with multi-point and integral boundary conditions

m∑
i=0

lix (ti) +

T∫
0

n (t)x (t) dt = α.

Here 0 = t0 < t1 < ... < tm−1 < tm = T ; n (t) ∈ Rn×n is a given function; li ∈ Rn×n, i = 1, 2, ...,m are given
matrices; α ∈ Rnis a given vector and

detN 6= 0, N =

m∑
i=0

li +

T∫
0

n (t) dt.
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Екi нүктелi шекаралық шарттары бар бiрiншi реттi сызықты емес
импульстi интегро-дифференциалдық теңдеулер үшiн шешiмнiң

бар және жалғыз болуы

Мақалада импульстiң әсерiнен екi нүктелi шекаралық шарттары бар бiрiншi реттi сызықтыемес
интегро-дифференциалдық теңдеулер жүйесiнiң шешiмдерiнiң бар және жалғыз болуы талқыланды.
Грин функциясы құрылды және қарастырылып отырған есепке эквиваленттi интегралдық теңдеу
келтiрiлдi. Бұл есептiң шешiмiнiң бар және жалғыз болуы банахтың сығымдалған бейнелеуiнiң прин-
ципiн қолдана отырып талданды. Қозғалмайтын нүкте туралы Шефер теоремасы шешiмдердiң бар
екендiгiн дәлелдеу үшiн қолданылды.

Кiлт сөздер: екi нүктелi шекаралық шарттар, импульстiк жүйелер, шешiмнiң бар және жалғыз бо-
луы, қозғалмайтын нүкте теоремалары, бiрiншi реттi дифференциалдық теңдеу.
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Существование и единственность результатов для нелинейных
импульсных интегро-дифференциальных уравнений первого

порядка с двухточечными граничными условиями

В статье обсуждены существование и единственность решений системы нелинейных интегро-диффе-
ренциальных уравнений первого порядка с двухточечными граничными условиями при импульсных
воздействиях. Построена функция Грина, и рассматриваемая задача сведена к эквивалентному ин-
тегральному уравнению. Существование и единственность решения этой задачи проанализированы
с помощью банахова принципа сжимающего отображения. Теорема Шефера о неподвижной точке
использовалась для доказательства существования решений.

Ключевые слова: двухточечные граничные условия, импульсные системы, существование и единствен-
ность решения, теорема о неподвижной точке, дифференциальное уравнение первого порядка.
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