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Paracompact-type mappings

Recently a new direction of uniform topology called the uniform topology of uniformly continuous mappings
has begun to develop intensively. This direction is devoted, first of all, to the extension to uniformly conti-
nuous mappings of the basic concepts and statements concerning uniform spaces. In this case a uniform space
is understood as the simplest uniformly continuous mapping of this uniform space into a one-point space.
The investigations carried out have revealed large uniform analogs of continuous mappings and made it
possible to transfer to uniformly continuous mappings many of the main statements of the uniform topology
of spaces. The method of transferring results from spaces to mappings makes it possible to generalize many
results. Therefore, the problem of extending some concepts and statements concerning uniform spaces to
uniformly continuous mappings is urgent. In this article, we introduce and study uniformly R-paracompact,
strongly uniformly R-paracompact, and uniformly R-superparacompact mappings. In particular, we solve
the problem of preserving R-paracompact (respectively, strongly uniformly R-paracompact, uniformly
R-superparacompact) spaces towards the preimage under uniformly R-paracompact (respectively, strongly
uniformly R-paracompact, uniformly R-superparacompact) mappings.

Keywords: uniformly continuous mapping, uniformly locally finite open cover, uniformly star finite open
cover, uniformly finite-component open cover.

Introduction

The most important properties of the paracompact-types are paracompact, strongly paracompact, and
superparacompact spaces in General Topology. One of the interesting problems of Uniform Topology is extending
the basic properties of uniform spaces to mappings.

For coverings o and [ of the set X, the symbol a > 8 means that the covering « is a refinement of the
covering 3, i.e., for any A € « there exists B € f such that A C B. For coverings «, § of a set X and
x € X, M C X wehave: aNf ={ANB:A¢€aBepj} alx)=USta,z), St(e,z) = {A € a: Az},
a(M) = St(a, M), St(a, M) ={Aca: ANM # o}.

A topological space X is called paracompact if every open cover « has a locally finite open refinement [1]. A
topological space X is called strongly paracompact if every open cover « has a star finite open refinement [1]. A
topological space X is called superparacompact if every open cover « has a finite-component open refinement
[2]. A uniform space (X, U) called uniformly R-paracompact if every open covering has a uniformly locally finite
open refinement [3]. A uniform space (X,U) called strongly uniformly R-paracompact if every open covering
has a uniformly star finite open refinement [2]. A uniform space (X, U) called uniformly R-superparacompact
if every open covering has a uniformly finite-component open refinement [2].

Let f: (X,7) — (Y,n) be a continuous mapping of topological space (X, 7) to a topological space (Y,7).
A mapping f : (X,7) = (Y,n) is called a paracompact (strongly paracompact, superparacompact) mappings
if for each open covering « of (X, 7) there exist a open covering 8 of (Y,n) and locally finite (star finite, finite
component) open covering 7 of (Y, n) such that f=18 A~ = « [4].

Throughout this article by a uniformity we understand a uniformity defined with help of covers, for the
uniformity U by 7y we understand the topology generated by this uniformity, for the Tychonoff space X by
Ux we understand a universal uniformity, all uniform spaces are assumed to be Hausdorff and mappings are
uniformly continuous.

“Corresponding author.
E-mail: kanetov@mail.ru

62 Bulletin of the Karaganda University



Paracompact-type mappings

Uniformly R-paracompact, strongly uniformly R-paracompact and
uniformly R-superparacompact mappings

Let f: (X,U) — (Y,V) be a uniformly continuous mapping of a uniform space (X,U) to a uniform space
v, V).

Definition 1. A uniformly continuous mapping f : (X,U) — (Y, V) of a uniform space (X, U) to a uniform
space (Y, V) is called

(Py) uniformly R-paracompact,

(P2) strongly uniformly R-paracompact,

(Ps3) uniformly R-superparacompact
mapping if for any open covering « of the uniform space (X, U) there exist such open covering 3 of the uniform
space (Y, V) and

(p1) uniformly locally finite

(p2) uniformly star finite

(ps3) uniformly finite-component
an open covering v of a space (X, U) such that f~!8 A~y = a.

Proposition 1. Let f : (X,U) — (Y, V) be a uniformly continuous mapping. If (X, U) is a uniformly R-para-
compact (strongly uniformly R-paracompact, uniformly R-superparacompact) space, then the mapping f is a
uniformly R-paracompact (strongly uniformly R-paracompact, uniformly R-superparacompact) mapping.

Proof. Let f: (X,U) — (Y, V) be a uniformly continuous mapping of a uniformly R-paracompact (strongly
uniformly R-paracompact, uniformly R-superparacompact) uniform space (X, U) to a uniform space (Y, V) and
a be an arbitrary open covering of the space (X,U). Then there exists a uniformly locally finite (uniformly
star finite, uniformly finite-component) open covering A of the space (X,U) such that A > «. Let 8 be an
arbitrary open covering of the space (Y, V). Then, f~!f is an open covering of the space (X, U). It is clear that
f7YB A X = a. Therefore, the mapping f is a uniformly R-paracompact (strongly uniformly R-paracompact,
uniformly R -superparacompact) mapping.

Proposition 2.1f f : (X,U) — (Y, V) is a uniformly R-paracompact (strongly uniformly R-paracompact, uni-
formly R-superparacompact) mapping and Y = {y}, then the uniform space (X, U) is a uniformly R-paracom-
pact (strongly uniformly R-paracompact, uniformly R-superparacompact) space.

Proof. Let a be an arbitrary open covering of the space (X,U). Then there exist an open covering 3 of a
space (Y, V) and a uniformly locally finite open covering 7 of a space (X, U) such that f='8 A~ = a. It is clear
that f~!8 A~y = 7. So, (X,U) is a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly
R-superparacompact) space.

Lemma 1. If « and B are the uniformly locally finite (uniformly star finite, uniformly finite-component)
coverings of the space (X,U), then a A § is also a uniformly locally finite (uniformly star finite, uniformly
finite-component) covering of the space (X, U).

Proof. We carry out the proof for a uniformly locally finite case, and the rest of the cases proceed similarly.
Let «, 8 be the uniformly locally finite coverings of a space (X, U) Then there exist such uniform coverings

A,n € U that for any L € A\, E € . We have L C UA and E C UB],WhereA €ao,Bjef,i=1,2,.

Jj=1

j=1,2,...,k. Hence, LN E C (U A)N( U By) C U U (A; N Bj). It is clear that A A7 is a uniform covering
= i=1j=1
and L E € AAn. Note that each L M € )\ A n meets with a finite number of elements of the covering a A 3.
Hence, o A 8 is a uniformly locally finite covering of the space (X, U).

Lemma 2. Let f : (X,U) — (Y, V) be a uniformly continuous mapping. If 5 is a uniformly locally finite
(uniformly star finite, uniformly finite-component) covering of a uniform space (Y, V), then f~!3 is a uniformly
locally finite (uniformly star finite, uniformly finite-component) covering of a uniform space (X, U).

Proof. We also carry out the proof for a uniformly locally finite case, and the rest of the cases can be
proceeded similarly. Let 5 be a uniformly locally finite covering of the space (Y, V). Let us show that the
covering f~!f3 is a uniformly locally finite covering of the space (X,U). Since 3 is a uniformly locally finite,
there exists a uniform covering A € V such that each element of which meets only with a finite number of
elements of the covering 8. For each L € X there exist By, Bs, ..., B, from 8 such that L C |J B;. Therefore,

i=1

AL C YU Bi) = U fH(By), where f71(B;) € B, i =1,2,...,n. It’s clear that f~*A\ € U. Then f~')is
i=1 i=1

the required uniform covering. So, the covering f =13 is a uniformly locally finite covering of the space (X, U).
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Proposition 3. A composition of two uniformly R-paracompact (strongly uniformly R-paracompact, uni-
formly R-superparacompact) mappings is again a uniformly R-paracompact (strongly uniformly paracompact,
uniformly R-superparacompact) mapping.

Proof. Let f : (X,U) — (Y,V) and g : (Y,V) — (Z,W) be the uniformly R-paracompact (strongly

uniformly R-paracompact, uniformly R-superparacompact) mappings. Let « be an arbitrary open covering
of the space (X,U). Then, there exist an open covering 8 of a space (Y,V) and a uniformly locally finite
(uniformly star finite, uniformly finite-component) open covering «y of a space (X, U) such that f~*8Ay = a. Due
to the uniformly R-paracompactness (strongly uniformly R-paracompactness, uniformly R-superparacompact-
ness) of the mapping g, for an open covering § there exist such an open covering A of the space (Z, W) and a
uniformly locally finite (uniformly star finite, uniformly finite-component) open covering n of the space (Y, V)
that g~ A An = B.
Then, (go f)"IAA(f"InAy) = f1BAy = a. Put f~'np A~y = p. According to Lemmas 1 and 2, a covering p
is a uniformly locally finite (uniformly star finite, uniformly finite-component) open covering of a space (X, U).
Therefore, go f : (X,U) — (Z,W) is a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly
R-superparacompact) mapping.

Proposition 4. Let f : (X,U) — (Y,V) be a uniformly continuous mapping of a uniform space (X,U)
to a uniform space (Y,V) and (M,Uys) be a closed subspace of a space (X,U). If f is a uniformly R-pa-
racompact (strongly uniformly R-paracompact, uniformly R-superparacompact) mapping, then its restriction
flar = (M,Up) — (Y,V) is also a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly
R-superparacompact) mapping.

Proof. Let f : (X,U) — (Y, V) be a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly
R-superparacompact) mapping and let (M, Ujys) be a closed subspace. Let as be an arbitrary open covering
of the space (M,Ups). Then there is an open covering « of a space (X,U) such that ap = a A {M}. Let
B be an open covering of a space (Y, V) and v is a uniformly locally finite (uniformly star finite, uniformly
finite-component) open space (X,U) such that f~18 A+ = a. Then, f|X/115 A Ypm > apr. Hence, the mapping
flar = (M,Up) — (Y, V) is a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly R-su-
perparacompact) mapping.

Theorem 1. If the mapping f and the space (Y, V) are uniformly R-paracompact (strongly uniformly R-pa-
racompact, uniformly R-superparacompact), then (X, U) is R-paracompact (strongly uniformly R-paracompact,
uniformly R-superparacompact).

Proof. Let f and (Y, V) be a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly R-su-
perparacompact) and « be an arbitrary open covering of the space (X, U). Then, there are an open covering
of a space (Y, V) and a uniformly locally finite (uniformly star finite, uniformly finite-component) open covering
~ of a space (X, U) such that f~*3 A~ = «a. In the covering 3 a refinement a uniformly locally finite (uniformly
star finite, uniformly finite-component) open covering 7 of a space (Y,V). Then f~!'n A~y = «a and, according
to Lemmas 1 and 2, the covering f~'n A~ is a uniformly locally finite (uniformly star finite, uniformly finite-
component) covering. So, (X,U) is a uniformly R-paracompact (strongly uniformly R-paracompact, uniformly
R-superparacompact) space.
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B.D. Kaneros!, A.M. Baiizxypanosa?

LKy cin Baaacazyn amuimdaen, Kopeoia yammows yrueepcumemi, Biuker, Kopevizcmar;
2 Koipews Pecnybaukaces ¥ammous evwavim axademuacouor, Mamemamura unemumymos, Biwkes, Kopewacman

ITapakomMmnaxTiji OeitHeeyIiH TYpJiepi

Keitiari ke3mepi GipKaJIbIITHI Y3/IIKCi3 OeiiHeseyep/iid, 6ipKAJBIITBI TOMOJOTUSICH JEIN ATAJATBIH YKaHA
OarplT KAPKBIHJLI JaMu 6acTalbl. Byl OarbIT, €H ajabiMeH, OIpKAJIBIITE KeHICTIKTepre KAThICThI HEerisri
YFBIMJIAD MEH MoJIiMzeMesiepi 6ipKaJIbIITh y3iiicei3 Geiinesnieynepi Taparyra apaaiarad. COHBIMEH KaTap,
OIpKAJIBIIITHI KEHICTIK OChbI OipKAJIBINITHI KeHICTIKTI Oip HYKTe i KEeHICTIKKe KapalaibiM OipKAJIBIITHI Y3iTic-
ciz Geitnesey periuge Tycininemi. 2Kyprizinren 3eprreysep ysimiccis GeitHeneynepis, yiIKeH, 6ipKATBITITHI
aHAJIOTTAPBIH AHBIKTA/IbI XKOHE O61PKAJIBIITHI KEHICTIK TOMOJIOTHSICHIHBIH, KOIITEreH HEri3ri TY>KbIPhIMIaPbIH
OipKAJIBIIITHI Y3isicci3 OeitHeseyiepre oTKi3yre MyMKiHaik 6epzai. HoTtmxkenepsi kenicrikren GeitHesieyre ay-
BICTBIPY KOITETeH HOTHXKEJIEP/Il KOPBITHIHAbLIAYFa MYMKIHIIK Gepeni. CoHAbIKTaH OGipKAJIBINTH KEHICTIK-
Tepre KaTbICThI KeHOIp yFbIMIAp MEeH MaJiiMjiemesepi 6ipKaJIbIIThl y3iaiccis beitHeseyiepre rapary ecebi
e3eKTi 60sbI TabbLIaabl. OChl )KYMbICTa R-TIapakKOMITaKT, KATTHI OipKAJIBINTHI R-TIapakKOMIIaKT KoHe 6ip-
KanpnThl R-cynepnapaknakT Geitresnepi enrizimin, seprrenmi. lepbec xarmaiina, R-mapakommakT (Tuicia-
11e, ore GIpKAIBIITEL R-IIapakoOMITaKT, 6ipKaIbIIThl R-CynepnapakinakT) KeHicTikrepin Geiinere xapait 6ip-
KaJbIIThl R-napakoMuakT (TuiciHimie, ere GipKaJdbIITHl R-IapakoMIIaKT, GipKAJIBIITEL R-CyleprapakiakT)
OeitHeIEyIEpMEH caKkTay ecebi Terniiesmi.

Kiam cesdep: GIpKaJIBINITHI y3imiccis OeliHesey, 6ipKabIIThI JOKAIILI AKBIPJIbI AIIBIK KaObIH, 61pKAJIBIITHI
JKYJIIBI3IBI AKBIPJIBI AIIBIK, >KAObIH, 6IPKAJIBIITHI AKBIPJIbI KOMIIOHEHTT] alllbiK, XKaObIH.

B.9. Kaneros!, A.M. Baitzxypanosa?

! Kuipeviscruti nayuonaavhod yrusepcumem um. Xycyna Banacazvina, Buwrker, Kopewacman;
2 . .
Hrnemumym mamemamuru Hayuonaroroti axademuu naykx Kvipewsckol Pecnybauku, Buwxek, Kupevidcman

ITapakomMnakTHbIE TUTIBI OTOOPaXKEHMIA

B mocnennee Bpemss MHTEHCHBHO pPa3BHBAETCsI HOBOE HAIPABJIECHUWE PABHOMEPHOW TOIMOJOTHUA — DPABHO-
MepHAasl TOIOJIOIMsl PABHOMEDHO HENPEPBIBHBIX OTOOpayKeHui. DTO HaIpaBJIEHUE IOCBSIIEHO, B IIEPBYIO
oYepesb, PacCIpPOCTPAHEHUIO Ha PABHOMEPHO HEIPEPBIBHBIE OTOOPAXKEHUs OCHOBHBIX TOHSATUI W yTBEp-
XKJICHUH, KACAIOIIUXCS PABHOMEPHBIX IPOCTPAHCTB. IIpu 3TOM paBHOMEDHOE IPOCTPAHCTBO MMOHUMAETCSH
Kak IpocTeiiliiee pAaBHOMEPHO HEIPEPBIBHOE OTOOPayKEHWE ITOr0 PABHOMEPHOI'O IIPOCTPAHCTBA B OJHOTO-
YedHOe MPOCTPaHCTBO. [IpoBesieHHbIe NCCTeIOBAHNSI BBISIBUIM OOJIBININE PABHOMEPHBIE aHAJIOTH HEIPEPHIB-
HBIX OTOOparKeHUH 1 MO3BOJIMIA TIEPEHECTH HA PABHOMEDPHO HEIIPEPBIBHBIE OTOOPAXKEHNSI MHOTHE OCHOBHBIE
YTBEPKJIEHUS PABHOMEPHON TOIOJIOTMH IIPOCTPAHCTB. MeToj 1epeHeceHusi pe3yjbTaToB C HPOCTPAHCTB
Ha OTOOparkeHWsI I03BOJIsIeT 0000IUTH MHOrme pesdyibrarbl. [losToMy 3azada pacnpocTpaHeHHsI HEKO-
TOPBIX MOHATUN U YTBEPKICHWUH, KACAIONIMXCS PABHOMEDPHBIX IPOCTPAHCTB, HA PABHOMEPHO HEIPEPbIB-
Hble 0TOOparkeHHsI SBJIAETCH aKTyaJbHOM. B HacTosimeil paboTe BBeIEHBI U UCCIEI0BAHbBI pABHOMEDHO R-
MapakOMIIAKTHBIE, CUJILHO PABHOMEPHO R-TlapakoMIIaKTHBIE U PABHOMEPHO R-cymneprapakoMIIaKTHBIE OTO-
Gpakenmsi. B gacTHOCTH, pemena 3ajada COXpaHeHns R-MapakOMIAKTHBIX (COOTBETCTBEHHO, CHJIBHO DaB-
HOMEpHO R-I1apakOMIIAKTHBIX, PABHOMEDPHO R-CyleprnapakOMIaKTHBIX) IPOCTPAHCTB B CTOPOHY IPoo6Gpas3a
IIpM PABHOMEPHO R-MapaKOMITAKTHBIX (COOTBETCTBEHHO, CUJIBHO PABHOMEPHO R-TapakOMIIAKTHBIX, PABHO-
MepHO R-CylepnapakOMIIAKTHBIX) OTOOPAKEHUIX.

Karouesvie cro6a: paBHOMEPHO HEIIPEPBIBHOE OTOOPaKEHNE, PABHOMEPHO JIOKAJIbHO-KOHEYHOE OTKPBITOE I10-
KPBITHE, PABHOMEPHO 3BE€3JHOE KOHETHOE OTKPBITOE MOKPBITHE, PABHOMEPHO KOHEYHO-KOMIIOHEHTHOE OTKPBITOE
MIOKPBITHE.
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