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On the boundedness of the fractional maximal operator
on global Orlicz-Morrey spaces

The article deals with the global Orlia-Morrey spaces GMΦ,ϕ,θ(R
n). We find sufficient conditions on pairs

of functions (ϕ, η) and (Φ,Ψ), which ensure the boundedness of the fractional maximal operator Mα from
GMΦ,ϕ,θ(R

n) in GMΨ,η,θ(R
n). It is proved that under some additional conditions on the function ϕ, the

conditions obtained are also necessary. In the proof, the boundedness condition is essentially used, the
maximal Hardy-Littlewood functions and the estimate of the norm of the characteristic function in global
Orlicz-Morrey spaces are used.

Keywords: Orlicz space, Morrey type space, the fractional maximal functions, the global Orlicz-Morrey
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Introduction

The classical Morrey space was introduced in the works of Charles Morrey in 1938 [1] in connection with the
study of the solution of quasilinear elliptic differential equations. Inrecent decades, the boundedness of various
operators in spaces of Morrey type has been actively studied. This paper, we consider the boundedness of the
fractional maximal functions in global Orlicz-Morrey spaces. We note that the issues of the boundedness of the
fractional maximal operator and the Riesz potential in various function spaces are well studied. For classical
Lebesgue spaces they are detailed in monographs [2, 3].

We give definitions of the classical operators of the theory of functions and various Morrey spaces of interest
to us and some papers in which the boundedness of these operators in these spaces is considered.

The Hardy-Littlewood maximal operator

Mf(x) = sup
r>0

1

| B(x, r) |

∫
B(x,r)

| f(y) | dy

is bounded on Lp for 1 < p <∞.
Let f ∈ Lloc1 (Rn). The fractional maximal operator Mα are defined by

Mαf(x) = sup
r>0
|B(x, r)|αn−1

∫
B(x,r)

|f(y)|dy, 0 ≤ α < n,

where B(x, r) is an open ball centered at a point x ∈ Rn of radius r > 0. If α = 0, then M0 ≡ M is the
Hardy-Littlewood maximal operator.

The classical Morrey spaces Mp,λ(Rn) are defined as the set of all functions f ∈ Llocp (Rn) for which

‖f‖Mp,λ(Rn) = sup
x,r>0

r−λ/p ‖ f ‖Lp(B(x,r)),

where 0 ≤ λ ≤ n, 1 ≤ p <∞. It’s clear that ‖f‖Mp,0(Rn) ≡ ‖f‖Lp(Rn), ‖f‖Mp, n
p

(Rn) ≡ ‖f‖L∞(Rn).
Let 1 ≤ p ≤ ∞, ω be measurable non-negative function on (0,∞), not equivalent to zero. The generalized

Morrey spaces Mp,ω(·) ≡Mp,ω(·)(R
n) are defined as the set of all functions f ∈ Llocp (Rn) with finite norm

‖f‖Mp,ω(·) ≡ sup
x∈Rn,r>0

(ω(r)‖f‖Lp(B(x,r))) <∞.
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The generalized Morrey space Mp,ω(·) coincides with the classical Morrey spaces for ω(r) = r−λ where
0 ≤ λ ≤ n

p .
The generalized Morrey space Mp,ω(·) ≡Mp,ω(·)(R

n) introduced by (Mizuhara, Nakai 1990, 1994) [4, 5] and
they were reviewed in [6], in which various sufficient conditions are given for the boundedness of the maximal
Hardy-Littlewood functions, the fractional maximal functions and the Riesz potential in these spaces. Global
Morrey-type spaces GMp,θ,ω(·)(R

n) and the local Morrey spaces were considered by of Burenkov V.I., Guliev
V.S., A.Gogatishvili, R. Mustafaev ([7–9]), in which various sufficient, and for some values of the parameters,
necessary conditions for the boundedness of the maximal Hardy-Littlewood functions, the fractional maximal
functions in these spaces are obtained.

Let 1 ≤ p ≤ ∞, 1 ≤ θ ≤ ∞, ω be measurable non-negative function on (0,∞), not equivalent to zero. The
global Morrey spaces GMp,θ,ω(·) ≡ GMp,θ,ω(·)(R

n) are defined as the set of all functions f ∈ Llocp (Rn) with finite
quasinorm

‖f‖GMp,θ,ω(·) ≡ sup
x∈Rn

‖ω(r)‖f‖Lp(B(x,r))‖Lθ(0,∞),

where B(x, r) is an open ball centered at a point x ∈ Rn of radius r > 0.
The spaces GMp,θ,ω(·)(R

n) coincides with the generalized Morrey space Mp,ω(·)(R
n) at θ =∞.

The results on the boundedness of various classical operators in the theory of functions in global and local
Morrey spaces (until 2013) are presented in review articles by V. I. Burenkov [10, 11].

Another well-known space that generalizes Lebesgue space Lp is the space introduced by Orlicz ([12]).
We recall the definition of Young functions.
A function Φ : [0,+∞] → [0,∞] is called Young’s function if Φ is a convex function, left continuous, and

such that
lim
r→+0

Φ(r) = Φ(0) = 0, lim
r→+∞

Φ(r) =∞.

From the convexity of the function and Φ(0) = 0 it follows that any Young function is increasing.
If there is s ∈ (0,∞) such that Φ(s) =∞, then Φ(r) =∞ for r ≥ s.
Let E be the set of all Young functions Φ such that

0 < Φ(r) < +∞,

for
0 < r < +∞.

If Φ ∈ E , then Φ is absolutely continuous on every closed interval in [0,∞) and bijective from [0,∞) to
itself.

For a Young function Φ, the set

LΦ(Rn) = {f ∈ Lloc1 (Rn) :

∫
Rn

Φ(k|f(x)|)dx < +∞, for some k > 0}

is called Orlicz space. In the works [13, 14] the questions of the boundedness of classical operators of the theory
of functions in Orlicz spaces were studied.

If Φ(r) = rp, 1 ≤ p < ∞, then LΦ(Rn) = Lp(R
n). If Φ(r) = 0 (0 ≤ r ≤ 1) and Φ(r) = ∞ (r > 1), then

LΦ(Rn) = L∞(Rn).
LΦ(Rn) is a Banach space with respect to the norm

‖ f ‖LΦ(Rn)= inf{λ > 0 :

∫
Rn

Φ(
|f(x)|
λ

)dx ≤ 1}.

We note that ∫
Rn

Φ(
|f(x)|
‖ f ‖LΦ

)dx ≤ 1.

For Young’s function Φ and 0 ≤ s ≤ +∞ let

Φ−1(s) = inf{r ≥ 0 : Φ(r) > s}.
If Φ ∈ E, then Φ−1 this is the usual inverse function for Φ. We note that

Φ(Φ−1(r)) ≤ r ≤ Φ−1(r), for 0 ≤ r <∞.
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A Young function Φ is said to satisfy the 42-condition, denoted by Φ ∈ 42, if

Φ(2r) ≤ kΦ(r), for r > 0

for some k > 1.
A Young function Φ is said to satisfy the ∇2-condition, denoted also by Φ ∈ ∇2, if

Φ(r) ≤ 1

2k
Φ(kr), r ≥ 0

for some k > 1. The function Φ(r) = r satisfies the 42-condition but does not satisfy the ∇2-condition.
If 1 < p <∞, then Φ(r) = rp satisfies the ∇2-condition but does not satisfy the 42-condition.

A Young function Φ is said to satisfy the 4′− condition, denoted also as Φ ∈ 4′, if

Φ(tr) ≤ kΦ(t)Φ(r), t, r ≥ 0

for some k > 1. If Φ ∈ ∇2, then Φ ∈ E.
The boundedness conditions for classical operators of the theory of functions in generalized Orlicz-Morrey

spaces MΦ,ϕ were considered by V.S.Guliyev, F.Deringoz, S.Samko and others [15–18].
The purpose of this paper is to consider global Orlicz-Morrey spaces GMΦ,ϕ,θ(R

n) (the corresponding
definition is given in the next section) and find conditions for the boundedness the fractional maximal functions
in these spaces.

1 Definitions, notation, and auxiliary statements

We give the definition of global Orlicz-Morrey spaces in the following way:
Definition 1. Let ϕ(x, r) be a positive, measurable function on Rn × (0,∞) and Φ be a Young function,

1 ≤ θ ≤ ∞. We defined the global Orlicz-Morrey spaces GMΦ,ϕ,θ = GMΦ,ϕ,θ(R
n) as the set of all functions

f ∈ LlocΦ (Rn) with finite quasinorm

‖f‖GMΦ,ϕ,θ
= sup
x∈Rn

‖ϕ(x, r)−1Φ−1(|B(x, r)|−1)‖f‖LΦ(B(x,r))‖Lθ(0,∞).

At θ =∞ the corresponding space is called the generalized Orlicz-Morrey space MΦ,ϕ.
Let ϕ(x, r) be a positive, measurable function on Rn × (0,∞) and Φ be a Young function. We denote by

MΦ,ϕ the generalized Orlicz-Morrey spaces, the space of all functions f ∈ LlocΦ (Rn) with finite quasinorm

‖f‖MΦ,ϕ
= sup
x∈Rn,r>0

ϕ(x, r)−1Φ−1(|B(x, r)|−1)‖f‖LΦ(B(x,r)).

At Φ(r) = rp, 1 ≤ p <∞ the corresponding global Orlicz-Morrey space is denoted by GMp,ϕ,θ(R
n):

GMp,ϕ,θ(R
n) = GMΦ,ϕ,θ(R

n)|Φ(r)=rp .

At
ϕ(x, r) = (Φ−1(r−n)/Φ−1(r−λ))

the corresponding global Orlicz-Morrey space is denoted by GMΦ,λ,θ(R
n):

GMΦ,λ,θ(R
n) = GMΦ,ϕ |ϕ(x,r)=Φ−1(r−n)/Φ−1(r−λ)

At Φ(r) = rp, 1 ≤ p < ∞ and ϕ(x, r) = (Φ−1(r−n)/Φ−1(r−λ)) the global Orlicz-Morrey space coincides
with the Morrey space, i.e. GMp,λ,∞(Rn) = Mp,λ(Rn).

Let Φ be a Young function. We denote by ΩΦ the sets of all positive measurable functions ϕ on Rn× (0,∞)
such that for all t > 0,

sup
x∈Rn

‖Φ−1(|B(x, r)|−1)

ϕ(x, r)
‖L∞(t,∞) <∞,

and
sup
x∈Rn

‖ϕ(x, r)−1‖L∞(0,t) <∞,

respectively.

Mathematics series. № 1(101)/2021 19



N.А. Bokayev, А.А. Khairkulova

We give auxiliary statements that we will need in the proof of the main statement.
By χB we denote the characteristic function of the set B.
Lemma 1. [16] Let Φ be a Young’s function and B a set in Rn finite Lebesgue measure. Then

‖χB‖LΦ =
1

Φ−1(|B|−1)
.

Lemma 2. [16] Let 0 < α < n, 1 < θ <∞ and function ϕ(x, t) satisfies condition

tαϕ(x, t) + ‖rα−1‖Lθ(t,∞) ≤ Cϕ(x, t)β

for some β ∈ (0, 1) and for each x ∈ Rn and t > 0. Then there is pointwise inequality

Mαf(x) ≤ C(Mf(x))β · ‖f‖GMΦ,ϕ,θ
.

Lemma 3. [16] If B0 = B(x0, r0), then rα0 ≤ CMαχB0
(x) for every x ∈ B0.

A function ϕ : (0,∞) → (0,∞) is said to be almost increasing (respectively, almost decreasing) if there
exists a constant c > 0 such that

ϕ(r) ≤ Cϕ(s) (respectively ϕ(r) ≥ Cϕ(s), for r ≤ s).

For Young’s function Φ we denote by £Φ the set of all almost decreasing functions ϕ : (0,∞)→ (0,∞) such
that t ∈ (0,∞) 7→ ϕ(t)

Φ−1(t−n) is almost increasing.
Lemma 4. Let B0 := B(x0, r0). If ϕ ∈ £Φ then there exist c > 0 such that

1

ϕ(r0)
≤ ‖χB0

‖GMΦ,ϕ,θ
≤ C

ϕ(r0)
.

Proof. Let Bs = B(x, s) arbitrary ball from Rn. If s ≤ r, then ϕ(r) ≤ Cϕ(s) and according to Lemma 1 we
have:

ϕ(s)−1Φ−1(|B|−1)‖χB‖LΦ(B) ≤
1

ϕ(s)
≤ C

ϕ(r)
.

Hence
‖ϕ(s)−1Φ−1(|B|−1)‖χB‖LΦ(B)‖Lθ(0,∞) ≤

C

‖ϕ(r)‖Lθ(0,∞)
.

Means
‖χΦ‖GMΦ,ϕ,θ

≤ C

‖ϕ(r)‖Lθ(0,∞)
.

If s ≥ r then by ϕ ∈ £Φ we have:
ϕ(r)

Φ−1(|B0|−1)
≤ C ϕ(s)

Φ−1(|B|−1)

therefore
ϕ(r)−1Φ−1(|B|−1)‖χB0

‖LΦ(B) ≤
C

ϕ(r)
,

it follows that
‖χB‖GMΦ,ϕ,θ

≤ C

‖ϕ(r)‖Lθ(0,∞)
.

Lemma 4 is proved.

2 Results for fractional maximal operator in global spaces of Orlicz-Morrey type

Theorem 1. Let Φ ∈ 4′ ∩52, and 0 < α < n, 1 < θ <∞. Let ϕ ∈ ΩΦ satisfies condition

rαϕ(x, r) + sup
r<t<∞

tαϕ(x, t) ≤ Cϕ(x, r)β
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for some β ∈ (0, 1) and for every x ∈ Rn and r > 0. Define η(x, r) = ϕ(x, r)β , and Ψ(r) = Φ(r1/β). The
maximal operator M the bounded in GMΦ,ϕ,θ(R

n), then the operator Mα is bounded from GMΦ,ϕ,θ(R
n) to

GMΨ,η,θ(R
n).

Proof. By Lemma 2, we have

Mαf(x) ≤ C(Mαf(x))β · ‖f‖1−βGMΦ,ϕ,θ
, x ∈ Rn,

therefore
‖Mαf(x)‖LΨ(B)

≤ C‖(Mαf)β‖LΨ(B) · ‖f‖1−βGMΦ,ϕ,θ
, x ∈ Rn,

where B = B(x, t).
It follows from the definition of Orlicz space that∫

B

Ψ(
(Mf(x))β

‖Mf‖LΦ(B)
)dx =

∫
B

(Φ
Mf(x))

‖Mf‖LΦ(B)
)dx ≤ 1.

Hence
‖(Mf)β‖LΨ(B) ≤ ‖Mf‖βLΦ(B)

so
‖Mαf‖LΨ(B)

≤ C‖Mf‖βLΨ(B) · ‖f‖
1−β
GMΦ,ϕ,θ

.

Based on this inequality, given the boundedness of the maximal operator in GMΦ,ϕ,θ, we obtain

‖Mαf‖GMΨ,η,θ
= sup
x∈Rn

‖η(x, t)−1Ψ−1(|B|−1)‖Mαf‖LΨ(B)‖Lθ(0,∞) ≤

≤ C‖f‖1−βGMΦ,ϕ,θ
· sup
x∈Rn

‖ϕ(x, t)−1Φ−1(|B|−1)‖Mf‖βLΦ(B)‖Lθ(0,∞) =

= C‖f‖1−βGMΦ,ϕ,θ
‖Mf‖βGMΦ,ϕ,θ

≤ C · ‖f‖GMΦ,ϕ,θ
.

Theorem 1 is proved.
Theorem 2. Let Φ ∈ 4′, 0 < α < n, 1 < θ <∞, ϕ ∈ ΩΦ, β ∈ (0, 1), η(t) ≡ ϕ(t)β , and Ψ(t) ≡ Φ(t1/β).
1. Let Φ ∈ 52 and the maximal operator M the bounded in GMΦ,ϕ,θ(R

n), then the condition

tαϕ(t) + ‖rα−1ϕ(r)‖Lθ′ (t,∞) ≤ Cϕ(t)β

for all t > 0, where C > 0 does not depend on t, is sufficient for the boundedness of Mα from GMΦ,ϕ,θ(R
n) to

GMΨ,η,θ(R
n).

2. If ϕ ∈ £Φ, then the condition

‖ tα

ϕ(t)β
‖Lθ(0,∞) ≤

C

‖ϕ(t)‖Lθ(0,∞)
(1)

is necessary for boundedness of the operator Mα from GMΦ,ϕ,θ(R
n) to GMΨ,η,θ(R

n).
3. Let Φ ∈ ∇2. If ϕ ∈ £Φ satisfies the regularity condition

‖rα−1ϕ(r)‖Lθ′ (t,∞) ≤ Ctαϕ(t)

for all t > 0, where C > 0 independent of t, then the condition (1) is necessary and sufficient for the boundedness
Mα from GMΦ,ϕ,θ(R

n) to GMΨ,η,θ(R
n).

Proof. The first part follows from Theorem 1. To prove the second part, we put B0 = B(x0, t), by Lemma
3 , we have

tα ≤ CMαχB0
(x), x ∈ B0.

We estimate by Lemma 1 ana Lemma 3

tα ≤ CΨ−1(|B0|−1)‖MαχB0‖LΨ(B0).

Hence
tα

η(t)
≤ Cη−1(t)Ψ

−1

(|B0|−1)‖MαχB0
‖LΨ(B0).
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Therefore
‖ t

α

η(t)
‖Lθ(0,∞) ≤ C‖MαχB0

‖GMΨ,η,θ
≤ C‖χB0

‖GMΦ,ϕ,θ
≤ C 1

‖ϕ(r)‖Lθ(r,∞)
.

The third part follows from parts 1 and 2. Theorem 2 is proved.
Corollary 1. Let 0 < α < n, 1 < θ <∞, 1 < p < q <∞ and ϕ ∈ Ωp ≡ Ωtp .
1. If ϕ(t) satisfics

sup
r<t<∞

ess inft<s<∞ ϕ(s)s
n
p

t
n
p

≤ Cϕ(r),

then the condition
tαϕ(t) + sup

t<r<∞
rαϕ(r) ≤ Cϕ(t)

p
q ,

for all t > 0, where C > 0 independent of t, is sufficient for the boundedness of Mα from GMp,ϕ,θ(R
n) to

GM
q,ϕ

p
q ,θ

(Rn).
2. If ϕ ∈ £p ≡ £tp , then the condition

tαϕ(t) ≤ Cϕ(t)
p
q , (2)

for all t > 0, where C > 0 independent of t, is necessary for the boundedness of Mα from GMp,ϕ,θ(R
n) to

GM
q,ϕ

p
q ,θ

(Rn).
3. If ϕ ∈ £p then the condition (2) is necessary and sufficient for the boundedness of Mα from GMp,ϕ,θ(R

n)
to GM

q,ϕ
p
q ,θ

(Rn).

If we take ϕ(t) =
Φ−1(t−n)
Φ−1(t−λ)

, 0 ≤ λ ≤ n, Ψ(t) ≡ Φ(t
1
β ), β ∈ (0, 1),

η(t) ≡ ϕ(t)β =

(
Φ−1 (t−n)

Φ−1 (t−λ)

)β
=

Ψ−1 (t−n)

Ψ−1 (t−λ)

at Theorem 2 we get the following result.
Corollary 2. Let Φ ∈ 4′ ∩52, Ψ(t) ≡ Φ(t1/β) and β ∈ (0, 1). If

sup
t<r<∞

rα
Φ−1(r−n)

Φ−1(r−λ)
≤ CtαΦ−1(t−n)

Φ−1(t−λ)

for all t > 0, where C > 0 independent of t, then the condition

tα ≤ C[
Φ−1(t−n)

Φ−1(t−λ)
]β−1

for all t > 0, where C > 0 independent of t, is necessary and sufficient for the boundedness of Mα from
GMΦ,λ(Rn) to GMΨ,λ(Rn).

Remark. The Theorem 1 and 2 are an Adams type result. The similar theorem for the generalized Orlicz-
Morrey spaces MΦ,ϕ was proved in [16–18].
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Н.А. Бокаев, А.А. Хайркулова

Бөлшек максималды оператордың
Орлич-Морри кеңiстiгiндегi шекарасы

МақаладаGMΦ,ϕ,θ(R
n) ғаламдық Орлич-Морри кеңiстiгi қарастырылған. Авторлар (ϕ, η) және (Φ,Ψ)

функцияларының жұптары үшiнMα бөлшек максималды операторының шекарасын қамтамасыз ете-
тiн жеткiлiктi шарттарды тапқан. GMΦ,ϕ,θ(R

n) кеңiстiгiнен GMΨ,η,θ(R
n) кеңiстiгiне ϕ функциясы

бойынша кейбiр қосымша заңдылық шарттарында алынған шарттар да қажет екендiгi дәлелден-
дi. Дәлелдеуде негiзiнен шектiлiк шарты максималды Харди-Литтвуд функциялары және ғаламдық
Орлич-Морри кеңiстiгiндегi сипаттамалық функция нормасы қолданылған.

Кiлт сөздер: Орлич кеңiстiгi, Морри типтi кеңiстiк, бөлшек максималды функциялар, жалпыланған
Орлич-Морри кеңiстiктерi.
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Н.А. Бокаев, А.А. Хайркулова

Об ограниченности дробного максимального оператора
в глобальных пространствах Орлича-Морри

В статье рассмотрены глобальные пространства Орлича-Морри GMΦ,ϕ,θ(R
n). Авторы находят до-

статочные условия на пары функций (ϕ, η) и (Φ,Ψ), которые обеспечивают ограниченность дробно-
максимального оператора Mα из GMΦ,ϕ,θ(R

n) в пространство GMΨ,η,θ(R
n). Доказано, что при неко-

торых дополнительных условиях регулярность на функцию ϕ, полученные условия являются необ-
ходимыми. При доказательстве существенно использованы условие ограниченности, максимальные
функции Харди-Литлвуда и оценка нормы характеристической функции в глобальных пространствах
Орлича-Морри.

Ключевые слова: пространство Орлича, пространство типа Морри, дробные максимальные функции,
глобальные пространства Орлича-Морри.
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