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Determining stress intensity factor in bending
reinforced Concrete beams

There has been analytically solved the problem of determining the stress state in the cross section of bending
reinforced concrete beams with a crack in a linear formulation. For this, the beam is cut along the crack
line and the equilibrium condition of the cut-off part of the beam determines the height of the compression
zone and the tensile stress at the crack tip. The remaining parameters of the stress state are expressed
in terms of these values. The value of the bending moment is determined, above which there takes place
increasing the initial length of the crack. For this case, the length of the operational crack is determined.
The solution is valid for beams of arbitrary section shape. Determining the stress intensity factor (SIF) is
based on the assumptions that the longitudinal forces at the tip of the crack are equal with and without
taking into account stress concentration. The size of the stress concentration zone is determined from the
condition that the local stress is equal to the nominal stress. On this basis a formula has been obtained
for determining the stress intensity factor in rectangular beams. The paper analyzes the dependence of
the stress intensity factor on the crack length, the moment and other geometric and operational factors.
The obtained results allow estimating the bearing capacity of beams with a crack, as well as their crack
resistance by a stress intensity factor.

Keywords: reinforced concrete, beam, bending, compressed zone, crack, reinforcement, stress state, bearing
capacity, stress intensity factor, crack resistance.

A very common type of defects in reinforced concrete structures are cracks. They appear both at the
manufacturing stage and at the operation stage [1-3]. The appearance of cracks in bending elements does not
mean exhaustion of its bearing capacity. It leads to increasing the efforts in the sections with a crack, which
reduces the strength of the element. Due to the opening of the crack width corrosion of reinforcement increases
that reduces the durability of structures. The calculation of the stress state of reinforced concrete structures
with cracks is the focus of many books and articles [1-9]. The crack opening width is one of the criteria for the
ultimate state of reinforced concrete structures with cracks. Its definition is dealt with a lot of works [10-14].
The issues of crack formation are considered in works [15-17].

The above problems are dealt with in a series of experimental studies [8, 18, 19]. A lot of studies have been
carried out by numerical methods [6, 7, 11, 20-22].

Under certain conditions unstable crack development is possible, which is estimated through the parameters
of fracture mechanics [1, 23]. The stress intensity factor (SIF) is the main parameter of linear fracture mechanics.
Some works dealing with determining the SIF in reinforced concrete beams have appeared only recently [24, 25].
It should be noted that these calculations were carried out in a linear formulation. However, the relationship
between stress and strain in concrete is not linear. In this paper an approximate analytical method is proposed
for determining the SIF in reinforced concrete beams.

We will first define the nominal stress in a beam with a crack of the known length [ in a linear formulation.
Let’s consider an I-section with the vertical axis of symmetry (Fig. 1, a). We will introduce the notations:

Agy, A is the area of the shelves overhang in the tension and compression zones;

h¢, he is the thickness of the shelves in the tension and compression zones;

a, a' is the thickness of the protective layer of concrete in the tension and compression zones;

As, AL is the area of reinforcement in the tension and compression zones;

N,, N! are internal forces in the reinforcement in the tension and compression zones.

Let’s cut the beam by the section passing through the crack and show the curve of the stress distribution
in it (Fig. 1, b).
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Figure 1. Towards determining stresses and SIF

The main unknown tasks will be tensile stress at the tip of the crack o,, and the height of the compressed
zone x. Given the linearity of the stress profile, we will determine the maximum compressive stress in concrete

op = omE/zp, (1)

where z, is the height of the tensile zone.

In the zone of the crack the adhesion of the reinforcement to the concrete is broken, and the tensile forces
are mainly perceived by the reinforcement. In sections between cracks tensile forces are also perceived by
reinforcement and concrete. The deformations and stresses in the reinforcement and concrete, as well as the
height of the compressed zone between the cracks vary. This non-uniformity in the calculations is taken into
account by introducing special coefficients that are equal to the ratios of the average values in the section
between the cracks and the values in the section with a crack [2]

ws = €sm/€s; wb = Ebm/gb-
Taking this into account, we will determine the deformations at the reinforcement level as:

vy h—a—x

Es=em— ——— =epmps(h—a—1)/zp, €, =cmbps(x—a')/zp.
s 2p

The stress in the reinforcement will be
0y = Esey = aopmps(h—a—1x)/z, ol =o0l,— Esl, = 0l, — aomtps(z —a')/zp, (2)

where o is the ratio of elasticity modulus of the reinforcement and concrete; o, is pre-stress in the reinforcement
of the compression zone.

The condition of longitudinal forces equilibrium in the section
ombzp/2+ 0sAs — opbx /2 + 0L AL — oy Ac(x — he/2) )z = 0.

The second equilibrium equation in the form of the sum of all the forces moments relative to the zero line
has the form

ouba® /3 + ombzl /3 + 03 As(h — a — @) + 0y Ac(x — he/2)* [z — oL Al(x — a) = My,

where the external moment Mp, is equal to the bending moment in the section with a crack M for the
reinforcement without pre-stress. For the pre-stressed reinforcement of the tension zone the o s stress occurs
after the moment of external forces M exceeds the moment of pre-stress force. Then in the equation the external
moment will be

My, =M —o,As(h —a — x).
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The equilibrium equations are common for all reinforced concrete elements with and without pre-stress,
with different cross-sectional shapes: I-shaped, T-shaped, rectangular beams. For a T-section A, or A is
equal to zero. For a rectangular cross section, the area of both overhangs is zero. In order to obtain explicit
calculation ratios, we will perform a further solution for the most common case of a rectangular cross section
with reinforcement in the tension zone. In this case the equilibrium equations will take the form:

ombzp/2 + 05 A5 — opbz /2 = 0;
opba’ /3 + ombz§/3 +osAs(h—a—x) = My,.
Let’s introduce the following dimensionless parameters:
E=x/h, z=1/h, A=2z/h=1-2—-¢ h=(h—a)/h, pu=As/bh.
Taking into account the expressions for o}, and o5, the equilibrium equations will transform into the form:
A — &+ aphps(ho — €) = 0;
Om [E /A + N + Bapys (b — §)* /] = 3My, /bR

From the first equation we will determine the height of the compression zone, and then that of the tension
zone

(1- Z)2 + O‘/“bbsﬁ
2(1 - Z) + Oél“/)bs ’
From the second equation of equilibrium we will determine the nominal stress at the crack tip

¢ = A=1-z—¢ (3)

om = LMy, /W, (4)

where _
W =bh?/6, L=05) [+ X+ 3aups(h—&)?].

The A(€), L parameters do not depend on the section dimensions and the acting loads. Therefore, it is
expedient to build in advance the graph of these parameters dependence on the crack length. Figure 2 shows
such a graph for

h=0.907, v=oauy = (200/24) - 0.015(0.6/0.5) = 0.15.
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Figure 2. Stress state parameters dependence on the crack length

This solution is valid as long as the nominal stress is less than or equal to the concrete tensile strength Ry;.
Otherwise, the initial crack length will increase. The value of the moment at which this happens is equal to

M, = RyyW/L.

Using the graph in Figure 2 and this formula, we can find the moment value for crack growth M,,. The
second line of Table 1 shows the values of this moment in kNm for the beam section (15 x 30) cm, where the
destructive moment M, = 53.6kNm.

92 Bectnuk Kaparanmgurckoro yuuBepcurera



Determining stress intensity factor...

If the nominal stress at the crack tip o, exceeds the tensile strength of the concrete Ryi(Mp,, > M,,), then
the crack length will increase. To determine a new crack length in (4), we assume L = Ry W/M. Then, from
the system of nonlinear equations (3) and (4) we also determine & and z. To solve this system, we can use the
graphs in Figure 2.

Let’s determine the SIF at the crack tip Kj. The tip of the crack is a strong stress concentrator. According
to the linear theory of elasticity, the stress there is determined by the formula

o9 = K1/ 2nr, (5)

where r is the distance from the crack tip to the point considered.
Determining the SIF is based on the equality of the longitudinal forces at the crack tip with and without
stress concentration. Local stresses are determined by formula (5), and nominal stresses by formulas (3) and (4).
Let us determine the length of the stress concentration zone "a" from the condition of equality of the
nominal and local stresses at the end of this zone (Fig. 1, ¢). The rated stresses at the distance «a» from the
crack tip

On =0m(l —a/zp) =op(l—1t).

Equating the local stress to this value, we will obtain
a=K?/2n02.

The longitudinal forces per unit width of the beam in the zone of concentration are

a

L = /U@dr = K1\/2a/7 = K} /mo,.

0

The longitudinal forces in the same zone without considering concentration are equal

2
Om +0n  Omt+on Kj

I = - .
2 2 2 2702

Equating these forces, we will obtain

Om = 30,.-

From here it follows that ¢ = 2/3.
Now we will determine the SIF

K =V2rao, = 0.6830.,/2p.
Substituting here (4), we will finally obtain
K1 = 0.683LV AR My, /W. (6)

If the nominal stress at the crack tip om exceeds the tensile strength of the concrete Ryt (M, > M,y,), then
it is necessary to find a new operational crack length, and the SIF is calculated using the formula

K1 =0.683V A\hRp:.

Let’s analyze the SIF changing dependent on the crack length. In third line of Table 1 there is shown the SIF
changing (N/m?3/?) in the beam of the (15 x 30) cm section at the acting moment M = 4.5kNm (M < M,,).

Table 1

SIF change depending on the crack length

Z 0.1 0.2 0.3 0.4 0.5 0.6 0.7
M, | 4.61 | 4.63 5.0 6.0 828 | 155 | > M,
Kr | 0378 | 0.347 | 0.293 | 0.217 | 0.131 | 0.051 0
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We see that with increasing the crack length, the SIF decreases to zero. This is explained by the fact that
in bending there necessarily exists a minimum zone of compressive stresses. With increasing the length of the
crack, this reduces the length of the zone of tensile stresses to zero. At z, = 0 tensile forces are perceived only
by the reinforcement, the crack does not develop. In this case, the SIF becomes equal to zero and the beam is
destroyed due to the achievement of the limit of the yield strength in the reinforcement or crushing the concrete
of the compression zone.

If, with a known crack length and a given moment, the SIF will be smaller than the maximum SIF value
1¢ for this material, then there is a steady development of the crack. If K; > K¢, the crack is unstable and a
rapid crack growth is possible with a slight increase of the moment. The growth of the crack length continues
until the SIF drops to the ;o value. This SIF value corresponds to a certain value of the crack length, which is
determined from expression (6). This value is easier to find graphically by plotting the ; dependence on z using
the graphs in Figure 2.

The assessment of the bearing capacity of the beam is made by the magnitude of the stress in the
reinforcement (2) and the maximum compressive stress in the concrete (1). The parameters oy, x, 2z, found
through the initial (M < M,,) or operational (M > M,,) crack length are substituted into these formulas.

Let’s analyze the SIF changing dependent on the crack length at M = 6kHm. From Table 1 we conclude
that in this case M > M, for zg = 0.1 = 0.3, M = M,, at zg = 0.4 and M < M,, at zo = 0.5 and 0.6. At
20 < 0.4

L=16-10%-225-10"3/6 = 0.6.

From the graph in Figure 2 we will find A = 0,233 and then by the formula for the SIF we will obtain
K =0.683-1.61/0.233 - 0.3 = 0.29M N/m?/2.

At 20 = 0.5
o=M/W =6-10%/2.25-10"% = 2.667M Pa.

By the graph in Figure 2 we will find L = 0.435, A = 0.164. Then by formula (6) we will obtain
K; = 0.175M N/m?/?. Similarly we determine the SIF at zo = 0.6 : K; = 0.069M N/m?>/2,

From here we see that at M > M, the SIF does not depend on the length of the initial crack. It depends
only on the length of the operational crack that depends on the acting moment.

Let’s analyze the SIF changing with the external moment changing. To do this, we will calculate the SIF
at zg = 0.2 (M,,, = 4.63kNm). The results are shown in Table 2, where the moment is in kNm, the SIF is in
MN/m?/?.

Table 2

SIF changing dependent on the moment

M 2 4 4.63 6 8 12 16 20
K 0.154 | 0.308 | 0.357 | 0.29 | 0.255 | 0.203 | 0.178 | 0.159

The Table shows that if M < M,,, then the SIF increases in direct proportion to the moment, reaching its
maximum at M = M,,,. At M > M, the SIF decreases due to increasing the length of the operational crack.

The obtained results allow estimating the bearing capacity of beams with a crack, as well as their crack
resistance by the stress intensity factor.
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0. Xabunouna, 2K.B. Bakupos, 2K.C. Hyryxunos, H.J1. Batun

Hinerin TemipbeTOHIbI apKAJIbIKTAPAAFbl KEPHEYIIH
KApPKbIHABLIBIK, KO3 UIMEeHTiH aHbIKTay

Ecenrin ananmuTukasbIK IIeniMi )KapbIFbl 0ap UiIeTiH TeMipOeTOHIbI APKAJJIBIKTaAP/IbIH, KOJIAEHEH, KUMAChIH-
JaFbl KepHeyai aHbiKTaiapl. OJ1 VINiH apKaJblK KapblK, OOMBIMEH Keciiell »KoHe apKaJbIKTHIH OeJIiHTeH
GeJIiriHiH, Tere-TeHIiK KaraibIHAH ChIFbIJIFAH AfMaKTBHIK OMIKTII MEH >KApPBIKTBIH YIIBIHIAFbl CO3BbLIATHIH
KepHey aHbIKTaJIbl. KepHey/iH KaJiFaH mapaMeTpJepi ocbl eJImeMIep apKbLiabl KopceTiimi. 2KapbIikThiy Oac-
TaKbl Y3bIHBIFBIHBIH, Y/IFAIObIHA OAMTAHBICTHI LTy MOMEHTI aHbIKTaJ bl OJT VIITiH *KapBIKTHIH Maii1agany
Y3bIH/IBIFBI AHBIKTAJIFaH. Byl KUMaHbIH epKiH (popMacChIHIAFBI aPKAJIBIKTAD YIMH oain rremriM. Kepreymin,
KapKBIHIABLIBIK, KO3 MUITMEHTIH aHbIKTay KEPHEY/IiH MIOFBIPJIAHYbIH eJIeMeil KoHe KapbIK, YIIbIHIAFbl O0i-
JIBIK, KYIITEPAiH TeHJiriHe HerizpenreH. Kepreyniy moreIpiIany aliMarbIHBIH OJIIIEMI YKEPTiTiKTI KepHEYIiH
HOMUHAJIIIBIK, KEPHEYJIErl TeHJIIK IapTTapblHaH aHbIKTaJIbl. OChbl Herizje apKaJbIKTap/IblH TIKOYPBIIITHI
KUMaCBIHIAFbl KEPHEYIIH KaPKBIHIBLIBIK, KO @UIINEHTIH aHBIKTANTHIH (pbopMyJia ajbiHFan. Makasaga Kep-
HEY/IiH KapPKBIHIBLIBIK KO MUIMEHT] X KapBIKTHIH Y3bIHIBIFBIHA, MOMEHTIHE, 6aCKa /18 TEOMETPHUSIIBIK, JKOHE
nadianany akTopJapblHa TOYeJIIiri Tajsganrad. AJIBIHFAH HOTUXKEJED KapbIFbl 6ap apKaJbIKTap/IblH
KeTeprint KabijeTiH, coH/aii-aK, KEePHEYIiH KAaPKbIHIbLILIK KoM MUIUEeHTi OONbIHIIA OJIapAbIH KAPBIKKA
Te3imMaiiirin H6arasmayra MyMKiHAiK Gepesi.

Kiam ces3dep: TeMipbeTOH, apKAJIBIK, Uiy, CHIFBLIFAH aiffMaK, )KapbIK, apMaTypa, KEPHEYJII XKaFail, cCaaIMak,
KeTepy Kabieri, KepHeyIiH KapKbIHIBLIBIK KoM MUITUEHT], KapbIKKa TO3IMIITIK.

0. Xabumonna, 2K.B. Bakupos, 2K.C. Hyryxwunos, H.I1. Batun

Onpenenenne KoadduimeHTa THTEHCUBHOCTH HAITPSIXKEeHUI
B N3rnbaeMbIX »KeJie300eTOHHBIX DaJIKaxX

AmnanuTnyecku perieHa 3a1a49a 00 ONpeIe/IeHNN HAMIPSI)KEHHOI'O COCTOSTHUSI B CEUEHUN U3TM0AEMBIX KEJI€30-
OEeTOHHBIX OAJIOK C TPEIMHON B JUHENHHOH mocTtanoBKe. /[y aToro 6aika pa3pe3aeTcs MO JUHUU TPEITUHbI
¥ U3 YCJIOBUI PABHOBECHsI OTCEUYEHHON JacTy OAJIKU OIIPEJIEISIIOTCS BBICOTA CKATON 30HBI ¥ PACTATUBAIOIIEe
HaIpsi?KeHNe Y BEPIIUHBI TpemuHbl. OcTaIbHbIE TapaMeTPhl HAIIPSI?KEHHOT'O COCTOSTHUST BBIPAXKAIOTCST 9epe3
otu BesmunHbl. OmpeiesieH0 3HAYEHNE M3TUOAIONIEr0 MOMEHTA, MPH IPEBBIMNEHNN KOTOPOTO MPOUCXOIUT
yBeJIMYeHNe [IePBOHAYAJIBLHON JJIMHBL TPeIuHbL. [lJist 9T0r0 ciay4ast onpeeseHa AJIMHA SKCIULYATAIMOHHON
TpemuHbl. Perenne cipaBenBo 1jist 6aJI0K TPOU3BOJILHON (hopMbl ceuenusi. Onpenenenne kKovddurimen-
Ta WHTEHCHUBHOCTU HAIPSI’)KEHUII OCHOBAHO HA IPEJITIOJIOKEHIH O PABEHCTBE IPOJIOIBHBIX CHJI ¥ BEPIITHHDI
TPELIUHBI C y4eToM ¥ 6e3 ydera KOHIEHTDAIMKM HalpsKeHuil. PasMep 30HBI KOHIIEHTPAIUU HAIIPSIKEHUN
OIpeJIEISIETCsI U3 YCJIOBUsI PABEHCTBA MECTHOTO HAIPSI?)KEHUsT HOMIUHAJILHOMY HampsizkeHuto. Ha 9Toit ocHoBe
nosydeHa popmysia st oupeaeaeHns KodddUuimenTa NHTEHCHUBHOCTY HAMPSI)KEHUH B OaIKaX MPIMOYTOJIb-
HOTrO cedeHusi. B pabore npoaHam3upoBaHa 3aBUCUMOCTD KOI(DMUIMEHTA NHTEHCUBHOCTY HAIIPSI?KEHUIN OT
JJTAHBI TPEIIUHBI, MOMEHTA U JIPYTUX T€OMETPUIECKUX U IKCILUIYATAIMOHHBIX (hbakTopoB. [lomydyenunie pe-
3yJIBTATHI IO3BOJISIIOT OIEHUTh HECYIYIO CIOCOOHOCTH OAJIOK C TPEIIMHON, & TaKyKe MX TPEIMHOCTONKOCTH
110 K03 DUIMEHTY HHTEHCUBHOCTU HAIIPSIXKEHUSI.

Karoueswie caosa: yxene300eToH, 6asika, u3rubd, cxkaTast 30Ha, TPEIUHA, apMaTypa, HAIIPsI)KeHHOE COCTOsIHUE,
HECYI[asl CIIOCOOHOCTD, KO MUIMEHT MHTEHCUBHOCTH HAIIPSI?KEHU, TPEIIHOCTONKOCTD.
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