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Order of the trigonometric widths of the Nikol’skii-Besov classes
with mixed metric in the metric of anisotropic Lorentz spaces

In this paper we estimate the order of the triginometric width of the Nikol’skii-Besov classes Bp™ (T") with
mixed metric in the anisotropic Lorentz space Lqo(T") when 1<p= (p1,...,pn) < 2 < q= (q1,...,qn). The
concept of a trigonometric width in the one-dimensional case was first introduce by R.S. Ismagilov and he
established his estimates for certain classes in the space of continuous functions. For a function of several
variables exact orders of trigonometric width of Sobolev class W, , Nikol’skii class H, in the space Lq
are established by E.S. Belinsky, V.E. Majorov, Yu. Makovoz, G.G. Magaril-Ilyaev, V.N. Temlyakov. This
problem for the Besov class By, was investigated by A.S. Romanyuk, D.B. Bazarkhanov. The trigonometric
width for the anisotropic Nikol’skii-Besov classes Bpy (T™) in the metric of the anisotropic Lorentz spaces
Lqo(T™) was found by K.A. Bekmaganbetov and Ye. Toleugazy.
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Introduction

Let V C Ly(T™) be the normed space and F' C V' be some functional class. The trigonometric width of the
class F' in the space V is defined as follows (see [1])

dy(F,V) =infsup inf [[£() = #(Qasi-)lly
M feF U Q%)

M
where ¢(Qpr;x) = chei(kj’x), Qar = {ki,...,kas} is the set of vectors k; = (kI,..., k%) from the integer
j=1

lattice Z™ and ¢; are some numbers (j =1,..., M).

The concept of a trigonometric width in the one-dimensional case was first introduced by R.S. Ismagilov [1]
and he established its estimates for certain classes in the space of continuous functions. For a function of several
variables exact orders of trigonometric widths of Sobolev class W, Nikol’skii class Hy in the space L, are
established by E.S. Belinsky [2], V.E. Majorov [3], Yu. Makovoz [4], G.G. Magaril-Ilyaev [5], V.N. Temlyakov [6].
This problem for the Besov class Bj, was investigated by A.S. Romanyuk [7], D.B. Bazarkhanov [8]. The
trigonometric width for the anisotropic Nikol'skii-Besov classes Bpy (T™) in the metric of the anisotropic Lorentz
spaces Lqp(T") was found by K.A. Bekmaganbetov and Ye. Toleugazy [9].

We study the problem of estimating the order of the trigonimetric width of the Nikol’skii-Besov classes
Bg™(T") with a mixed metric in the metric of anisotropic Lorentz spaces Lqo(T").

Preliniminaries and auziliary results

Let f(x) = f(z1,...,z,) be ameasurable function defined by T". Let multiindexes 1 < p = (p1,...,pn) <
< 00. A Lebesgue space Lp(T™) with mixed metric is the set of functions for which the following quantity is

finite
27 27 p2/p1 Pn/Pn-1
Hf”Lp(T”): /O <... (/(; f(.rl’...7xn)|p1dx1> ...> dxn

1/p
Here, the expression (fo% \f(t)|pdt> for p=oc is understood as supg<; <o, |f(t)[-

1/pn
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For the function f € Ly(T") we denote

As(fix) = Y ar(f)et,

kep(s)

where {ayx(f)}xezn are Fourier coefficients of the function f with respect to the multiple trigonometric system
p(s) ={k = (k1,....kn) €Z": 2571 < |ky| < 2%,i=1,...,n}, (k,x) = Z?Zl kjz; — inner product.

Let 0 < a = (a1,...,0,) < 00,0 <7 = (71,...,7,) < oo. The class of Nikol’skii-Besov Bg7(T") with a
mixed metric is the set of functions f from L, (T™) for which the following inequality holds

<1

= 4

1o = {2 21507 Mo

SEL !

where || - ||;, is the norm of discrete Lebesgue space [, with a mixed metric.

Let f(x) = f(z1,-.., %) be ameasurable function defined on T™. We denote by~ f*(t) = f*1 " (t1,...,t,)
the function obtained by applying to the first nonicreasing permutation, successively with respect to the variables
r1,...,T, for fixed other variables.

Let multiindexes q = (q1,...,¢n), 0 = (01,...,0,) satisfy the conditions: if 0 < ¢; < oo, then 0 < 8; < oo,
if ¢; = oo, then #; = oo for every j =1,...,n. An anisotropic Lorentz space Lqg(T™) is the set of functions for
which the following quantity is finite

l/en
°n ’r ondy, \ "ty

1 o) = / (/ (/0o ey, ) ) )
0 0 t1 tn

Let Q) be a set containing at most M vectors k = (k1,...,k,) € Z"™.
Lemma 1 [10]. Let 2 < q < oo. Then for any trigonometric polynomial

QM7 Z ez(kJ x)

and for any number N < M there exists a trigonometric polynomial P(2x,x) containing at most N harmonics
and such that
1P, P@x. oy < CMNT2,

moreover 0 C Qs and all coefficients P(Qy, x) are the same and do not exceed M N 1.
Corollary 1 [11]. Let 2 < q = (q1,---,qn) < 00, 0 < 6 = (61,...,0,) < co. Then for any trigonometric

polynomial
QM7 Z ez(kJ x)

and for any number N < M there exists a trigonometric polynomlal P(Qy,x) containing at most N harmonics
and such that
HP(QMv ) - P(QNa ')Hng('ﬁ‘n) < CMN_l/Q’

moreover Qx C Qs and all coefficients P(Qy,x) are the same and do not exceed M N 1.
For any s € Z} we consider a linear operator

(Tn, ) () = f(x) = | D @ —t(Qn,,x) |,

kep(s)

where t(f2n.,x) is a trigonometric polynomial from Corollary 1, which is approaching the «blocks
ts(x) = Z eikx)
kep(s)
Lemma 2. Let 1 < p < 2, the multiindex q = (¢1,...,¢,) be such that 2 < ¢; <p' forall j =1,...,n and
0<0=(61,...,0,) <oo. Then the norm operator T, acting from L, (T") to Lgg(T™) satisfies the following
inequality

1T 1 ) gy < Cr2HI NG /2P0,
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Proof. Taking into account that the coefficients of the polynomial ¢(Qy,,x) are the same and do not exceed
2(1.5) N=1 by Parseval’s equality we have

||TNS||L2(Tn)*>L2(Tn) S 012(1,S)Ns—1. (1)

Further, using the generalized Minkowski’s inequalities and Corollary 1 we can write

NeJ L u g (rmy = W1 Ly (1m0 ) — Q- < CR2HINSH? La (TP
TSl <11 > e — () < C2MFINS V2 |
kep(s) Lg=g+ (T")
Therefore, by definition, ”TNs||L1(T”)—>Lq*9*(11'”) we find
ITN Ly (0 ) = L g (T7) < Cy2WSI N2, (2)

Further, using the Riesz-Thorin interpolation theorem for Lebegue spaces and anisotropic Lorentz spaces,
we obtain
1-A A
ITNN Ly (m7)= Lo ge (1) S TN Ml LTy 5 Lo ) TN T (T7) 5 Lo g (T7)» (3)
where 0 < A< land 1/p=(1—X)/2+A\/1,1/q=(1-))/2+)/q* and 1/0 = (1 — \)/2 + \/6*.

By substuting (1) and (2) to (3) and performing elementary transformations, we reccieve at the required
estimate with the additional condition 0 < 6 = (04,...,0,) <p’ = (p/,...,p’). For the remaining values of the
parameters 6 = (1, ...,6,) the validy of the assertion follows from the embedding Lqg, (T™) < Lqg, (T™) for
0<6;=(01,...,0L) <0y=(6%,...,02) < 0.

Let us formulate a special case of the embedding theorem from E.D. Nursultanov’s paper ([12]) as a Lemma.

Lemma 3 [12]. Let 1 < p = (p1,..-,0n) < 4 = (q1,---,qn) < 00, 0 < 7 = (74,...,7) < 00 and
a=1/p —1/q, then

BpT(T") = Lgr (T™).

Furthermore we need the following sets

Y™(N,v)=4¢s=(51,---,8n) €LY : Z’Yjsj >N,
j=1

N*"(N,y) ={s=(51,...,5,) €L} : Z’yjsj =N
j=1

2, 0<y = (M,--om) < v =, m) < 00,0 > 0 and

Lemma 4 [15]. Let n € N, n
0<e=(e1,...,6n) < o00. Then

{2—6@, s)}
sEY™(N, v)

where n = min{v; /v :j=1,...,n}, A={j:v/vi=n7=1,...,n}, 1 =min{j : j € A}.
Lemma 5 [13]. Let n e N, n>2,. 0 <y =(71,...,7) <00, ERand 0 < & = (g1,...,&,) < 00. Then

{Tsm s)}
SER™ (N, ~/)

Main result

v

< 027N NZjeantiny Ve

1 (Z7)

= 9 N NTja 1/
le(Z7)

The main result of this paper includes:

Theorem 1. Let 1 < p = (p1,...,0n) < 2 < q = (q1,---,qn) < Py = (Pb---,P0)s Po = max{p; : j =
=1,...,n}, 1 <7=(m,....,7),0 = (61,...,0,) and @ = (,...,,) be such that a; > 1+ 1/p; — 1/po
forall j=1,...,n. Let ( =min{o; —1/p;+1/g;:j=1,....n}, D={j=1,...,n:a; —1/p; +1/q; =},
ji=min{j:j € D}, ¢; =g, forall j € D and ¢q; > g;, for all j ¢ D.
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Then the following relation holds
3 (BST(T™),Lao(T™)) = M~ (i1 =1/Pi+1/2) (10g Np) 1P D =1 /pn $1/20 4 Doy (2714 (g

where |D| is amount of elements of the set D, ay = max{a;0}.
Proof. Let f € BST(T"). For any natural number M there exists the natural number m such that

M = 2mPI=1 We will seek an approximating polynomial P(Q2/,x) in the following form

P(Qix)= Y As(fix)+ Y H(Qw%) #A6(f, ), (5)
('.8)

mg('y,,s)<,8m

where

g= g —1ps + 172 B0 S™ (/2= 1)), ~ (1165 1/m),) | Has, = Vs, +1/a5),
JED\{j1}

v; = (aj = 1/pj +1/q;)/(ej, — 1/pjy +1/aj,), 5 =1,....n, vj =7; for j € D and 1 <} <« for j ¢ D. The

polynomials ¢(Qy,, %) are chosen for every “block” t5(x) = Z ¢'® %) according to Corollary 1 and numbers
kep(s)

N, = 2(%—1/Pj1+1/Po)m2—(0—1/P+1/Po—175)}_

Note that according to Lemma 4

Z N, = 2(aj1—1/17j1+1/1’0)m Z 9—(a=1/p+1/po—1s)

m<(+' 5)<fm m(+ 8)<m

< 9(@i =1/pjy +1/po)m ” {2—(a—1/p+1/po—1,5) }
Iy

sEY"(m,’y')
< (@31 =1/piy +1/po)mo—(as =1/pjy +1/po ), (IDI=1) _ gm,, (IDI=1) = pr.

so that (a; —1/p; +1/po — 1)/(aj, = 1/pj, +1/po —1) > vj at j & D.
Moreover according to equality (5) and Minkowski’s inequality we have

1) = P Qs )y oy <

<O S (B (f)=Ds(f) # QN 0) HOYD A =
m< (v s)<Bm Las (T™) (7' 9)2m Lago(T™)
=C1 (I (f) + 12(f)) - (6)
Firstly we estimate I5(f). By Lemma 3 we have
B() < Cal {21 (5 Yy e | S 50 (7)
A,

According to Hélder’s inequality with parameters 1/60=1/7+1/e, where 1/e=(1/6—1/7), and Lemma 4,
taking into account that " <y we find

B = {280 (1. g 2110000 <

seyn (Bm,'y/) lo

X
L

< H{zm’S)nAs (£ M gpom }

sEY"(ﬁm,'y,)

x <

lE

{2_(aj1 —1/pj;+1/aj5, )('sz) }

sGY"(ﬁm,'y/)
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< Gl fllggr oy -2~ (Con 7P o) B Eseovin Ve <
< 032_(aj1_1/pj1+1/Qj1)6mijED\{jl} (1/6;=1/75) (8)
Inserting (8) into (7) we have
I, < 042_(aj1_1/pj1+1/qj1)ﬂmm2ng\{jl} (1/6;=1/75)
Next by using 3 we obtain
2*(%‘1*1/%1 +1/%1)5m:2*(%1*1/m1 +1/2)Bmmzjen\{jl} (1/2*1/Tj)+’

and consequently
I2(f) S 042_(0‘1'1_1/1711 +1/2)Bmm2jeD\{j1} (1/2_1/Tj)+_

Taking into account that M = 2"m(PI=1) we have
Ig(f) < C5M_(aj1_1/pj1+1/2) (logM)(lDl_l)(ajl_1/p11+1/2)+zj€D\{11} (1/2_1/Tj)+. (9)

Now, let us estimate the value I;(f). By using the Littlewood-Paley theorem (see [14]), we obtain

Li(f) = Yoo (As(f)=Ds(f) * Q) <
mg('y,,s)<ﬁm Lao(T™)
5 1/2
<Gl S A -at) @) <
m<(y'5s)<Bm Lo (T)

S CG AS (f> ) * Z ei(k7.) - t(QNsa ) =

kep(s) Lqgo(T™)

sER” (m,ﬂm,'y’ ) Iy

= Co | {ITst2 (£ )y} (10)
where X"(m, fm, ") = {s € Z} : m < (v/,s) < Bm}.

By using Lemma 2 and inequality of different metric for trigonometric polynomials in the Lebesgue spaces
with mixed metric (see [14]) for 1 < p; <po (j =1,...,n), from (10) we have

sEN"(m,ﬁm,'y/) Iy

Li(f)<Cr

{2(1,s>NS(1/2“/p°) 188 ()l orn)}

sGN"(m,ﬂm,’y/) Is

<Cy

{2(1,S)NS_(1/2+1/P0)2(1/P+1/p0,s) ||As (f’ ')”Lp(jrn)}

sEN"(m,Bm,'y/) In

= Oy {N;(1/2+1/P0)2—(&—1/P+1/P0—1,S) . 9(a;s) HAS (f7 ')”Lp(T")} (11)

sER” (m,ﬁm,w,) Iy

According to Holder’s inequality with parameters 1/2 = 1/7 + 1/e, where 1/ = (1/2 — 1/7)4+ and by (11)
we find

n(f) < Cs | {2NA0 (£ o }

X
I

SGN”(m,ﬁm,'y/)

x <

}SGN"(m,ﬁm,'}/)

ZE
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<
le

—(1/241/p4) o — (c— 1s
< Csllfll pgr(rm) {Ns (1/241/80) g~ (a=1/p+1/po-1.9

}SEN" (m,ﬁm/y/)

< Oy {Ns(1/2“/%)2—(a—1/p+1/p0—1,s)

}SGN"(W”L,BM,’)/)

la
for any function f € Bg7(T").
By continuing (12), according to the Lemma 4 we have

Il(f) S 0827(1/2+1/p6)(0¢j1*1/pj1 +1/P0)m><

X

{2(1/2+1/p’o)(afl/pﬂ/po—l,s) . 2—(04—1/p+1/p0—175)}

SERN™ (m,ﬁm,'y') I

= 082_(1/2_‘_1/1)6)(0‘.7'1 —-1/pj, +1/P0)m >

X <

lE

{2—(1/2+1/pé,)<a—1/p+1/po—1,s>}

seR” (m,Bm,’y’)

<

< 082(1/2+1/p'0)(ah1/pj1+1/po)mH {27(1/2+1/p;,)<a71/p+1/p0717s>}
le

sey " (m,'y')

1

< 092—(1/2+1/p6)(()4j1—1/pj1+1/p0)m2_(1/2+1/p6)<a.f1_ﬁ+%—1>mmzj€D\{jl} 1e; _
— 092*(04.7’1*1/17.11 +1/2)mmzjen\{jl} (1/2*1/‘@‘)4,,
as (aj —1/pj +1/po — 1) / (o, —1/pj, +1/po — 1) > 7j at j & D.
Taking into account that M = 2mm(PI=1) we find

I(f) < CroM (@ =1/ms41/2) (g ) 1P (000 =1 /i #1/2) - K iny (1/271m0), (13)

Inserting (9) and (13) into (6) we obtain the inequality, which gives the upper estimate in (4).
For the proof of the lower estimate we consider the following value

M
en(F)y =sup inf [[f =) el
uF)y FEF {byJ 1, ; ’ v

which is called the best M-term appoximation of the class F' in metric space V.
Moreover, by the definition, the following inequality holds

GM(F)V S d%;[(F, V)
By using the condition 2 < ¢; (j =1,...,n) we have
em(f)racrny < Criem (f)Lge(rn)-
For the proof of the lower estimate we will use double relation, which follows from the general results of

S.M. Nikol’skii (see [15]). According to this relation for any function f € La(T"™) the following equality holds

em(f)p,rny = Inf sup (x) P(x)dx| , (14)

1 peLt |IPly, qn,)<1

Tn

where £ is a linear span of a system of functions {e!®*)}ycq. .
We consider the function

n
f(x)=m" >jep\giiy Vi Z H 2*(%‘+1*1/Pj)82 Z ei(kM)’

mg('yl,so)<m+nj:1 kéep(so)
where D' ={j € D: 2<7;}U{ji},s0=1(s}, ..., 9),s) =s;at j€ D' and s} =0 at j ¢ D'".
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In the paper [16] it was proved that the function C12f(x) belongs to the class B (T").
Let us construct the function P(x) satisfying the condition (14).

Let ‘
ux) = Y,y et (15)
(7',80)<m k€p(so)
and Qjs be an arbitrary collection of integer vectors k = (k1, ..., ky).

We denote by

v(x) = Z Z t(kx)

(7v",s0)<mk€E€p(so) NQUns

the function, containing only those terms of (15), for which k € Q,;. By Minkowski’s inequality and Parseval’s
equality for function w(x) = u(x) — v(x) we have

Wl (pny < Cis M2,

We consider the function P(x) = Cp3' M ~/?w(x), then || P||1, (=) < 1. Since the function w(x) = u(x)—v(x)
does not contain the harmonics from ), then function P € £1. Thus, the function P(x) satisfies the conditions
from (14).

According to (14) and by Lemma 5 we obtain

eM(f)Lz(Tn) Z Cl4M_1/2

(x) w(x)dx| >

Tn

ZCI4M—1/2m—2jED,\“1}1/7j Z H2—(aj+1—1/pj)sg? Z 1=
(wl,so)=mj:1 kep(so)

> Oy M Pm Sseonon Vo ST T2 es <
("/,750):mj:1

— O MY~ Xiepniny VT {2*(%1 —1/pj )(1»5)}

RIPI(1,s)

l1
= M~Y2mm~ Ziepnuny /797 (e =1/pjy Jmyp, (1IDI-1) (16)
where 8 = (sj,,..., 85, )-
Taking into account that M =< 2"m(PI=1 from (16) we have

em(f)pyrny 2 C'152_(0‘“_1/1”1H/Z)mﬂlzjw\“l}(1/2_1/”%r =

= (1161\/[—(% —1/pj1+1/2)(1OgM)(|D\—1>(% —1/pjy +1/2)+E e py gy y (1/2-1/75) 4 (17)

By (17) lower estimate in (4) follows.

Remark. Note, that for p = (p,...,p), 7= (7,...,7) and q = 0 = (g, ..., q) the statement of the theorem
coincides with the corresponding result of A.S. Romanyuk [7].
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Ammzorpontsl JIopeHI KeHicTirinaeri MeTpuKachIHaFbl
apaJac merpukaJjabl Hukojbcknii-bBecoB KiackIHIarbl
TPUTOHOMETPHUSAJIBIK, KOJIJIeHEeHHIH peTi

TpuronomerpusiIbIK, KOJIJEHEH YFBIMBIH OipestmeM i kargaiiaa asiramn per P.C. Mcmaruinos enrizai xkone

y3lricciz hyHKIumsIap KeHicTirinae GipkaTap Kjaacrap VIIiH ojapra baramaynap 6enriteni. Kemn aftHbIMAJIbI

dynknuanap ymin L, kenicriringe Cobonesrin W, , Hukonsckuiiain Hy KaacrapbHarbl TPUTOHOMETPHs-

JIBIK, KOJIJIEHEeH e VIl 101 barataynapasl O.C.Bemunckuit, B.E. Maitopos, 0. Makososz, I.I'. MarapuJi-

Nnbaes, B.H. TemnsikoB anbikTa b1. By ecenTi B;q Becos kiacer ymrin A.C. Pomantok, /I.B. Bazapxanos
«@

seprreni. Anumsorpoursl Hukonsckuit-Becos By, (T™) Kiacel yIIiH TPHTOHOMETPUSILIK, KOJIICHEH AHI30-
TponTsl Jlopenr keHicTikTepi Mmerpukachigga K.A. Bekmaranberos xoue E. TesieyrasbiMeH TabbLIIbI.

Kiam cesdep: TPUTOHOMETPUSLITBIK, KOJIIEHEH, aHn30TponThl JlopeHt keHicTikTepi, apajgac meTpukaasl Hu-
KobcKuii-BecoB Kitacer.
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K.A. Bekmaranberos, K.E. Kepsenen, E. Tosneyrassr

ITopsimoK TPUTOHOMETPHUYECKOIrO IOMEePEeYHNKA KJacca,
Hukosbckoro-BecoBa co cMmenntaHHOIT MeTPHUKOiIT B MeTpUKe
aHM30TPOITHOTO IMpocTpaHcTBa JlopeHiia

TlonsiTne TpUroHOMETPUYECKOrO MOMEPEYHUKA B OJHOMEpPHOM ciiydae Buepsble Beegeno P.C. Mcemaruiio-
BBIM U UM OBLIM YCTAHOBJIEHBI OIEHKU JIJIsST HEKOTOPBIX KJIACCOB B MPOCTPAHCTBE HEMPEPBIBHBIX (DYHKITUIA.
st GyHKIMiT MHOTHX MEPEMEHHBIX TOYHBIE MOPSIIKN TPUTOHOMETPUIECKHUX MOMEPeIHNKOB Kitacca Cobo-
nesa W, , Hukonsckoro Hy B nmpocrpancTse Lg ycranosnensl O.C.Bemunckum, B.E. MaitoposeiM, FO. Ma-
koBo3oM, [.I. Marapui-Unbsiesbim, B.H. TemisikoBbiM. DTa 3aga4a s Kiacca becosa B;q HCCJIeJOBAHA,
A.C. Pomanokom u JI.B. BazapxanosbiM. TpuronoMerpudyeckuii mOMepedHUK Jjisd aHU30TPOIIHOTO KJIac-
ca Hukonbckoro-Becosa By, (T™) B MeTpuKe aHH30TPOIHBIX IpocTpaHcTB Jlopenma Lqe(T™) 6bur Haiinen
K.A. Bekmaraun6erossim n E. Toneyrassr.

Karouesvie caosa: TPUTOHOMETPUYECKUI ITOIIEPEYHUK, aHU30TPONIHBIe IIpocTpancTsa Jlopenna, kmacc Hu-
KOJIbCKOTO-BecoBa co cMermanuoit MeTPUKOiL.
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