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Green function method for a fractional-order
delay differential equation

In this paper, we investigated a boundary value problem with the Sturm-Liouville type conditions for a
linear ordinary differential equation of fractional order with delay. The condition for the unique solvability
of the problem is obtained in the form A # 0. The Green function of the problem, in terms of which
the solution of the boundary value problem under study is written out, is constructed. The existence and
uniqueness theorem for the solution of the problem is proved. It is also showed that in the case when the
condition of unique solvability is violated, i.e A = 0, then the solution of the boundary value problem is not
unique. Using the notation of the generalized Mittag-Leffler function via the generalized Wright function,
we also studied the properties of the function A as A — oo and A — —oo. Using asymptotic formulas for
the generalized Wright function, a theorem on the finiteness of the number of eigenvalues of a boundary
value problem with the Sturm-Liouville type conditions is proved.

Keywords: Fractional differential equation, delay differential equation, Green function, generalized Mittag-
LefHler function, generalized Wright function.

Introduction
Consider the equation
dOL
dt—au(t) —Au(t) —pHE—7nult—71)=f(), 0<t<]l, (1)
where C‘li% is the Riemann-Liouville fractional derivative [1], 1 < a < 2, A, u are the arbitrary constants, 7 is

the fixed positive number, H(t) denotes the Heaviside function.

At present, the number of studies on fractional calculation has noticeably increased. This is due to the fact
that fractional order differential equations are used in mathematical modeling of processes that occur in various
fields of natural science, such as physics, chemistry, biology, sociology, etc.

The most general references to the theory of fractional calculus one can find in [2-5] (see also the references
in these works). A linear ordinary differential equation of fractional order was considered by Barrett [6] in 1954.
Existence and uniqueness theorem for a fractional-order differential equation is proved in [7] by Dzhrbashyan
and Nersesyan. Sturm-Liuville type boundary value problem for fractional differential operator was investigated
by Dzhrbashyan in [8]. The initial value problem for a linear ordinary differential equation of fractional order
was studied by Pskhu in [9].

Significant works were devoted to the delay differential equations (difference-differential equations) by Norkin
in [10], Bellman and Cooke in [11], Elsgolts and Norkin in [12], Myshkis [13], Hale in 1977 [14].

The initial-value problem and the problem with general linear two-point boundary conditions, the Dirichlet
and the Neumann problems for linear ordinary differential equation with Caputo derivative with delay in [15-17]
respectevely were solved.

The Cauchy problem for Eq.(1) was considered in [18], and the solutions to the Dirichlet and the Neumann
problems were obtained in [19].

In this paper, we construct the Green function of the Sturm-Liouville type boundary value problem for
Eq.(1) and prove the finiteness theorem for the number of real eigenvalues of the study problem.
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Auziliary

The Riemann-Liouville fractional operator is define by the formula

d* e B 1 ar / u(§)d¢
—=u(t) = Dgpu(t) = mdt” /(*f)ﬁ’

a

n—1<a<nmneN,

where I'(z) = [ e~*t*~'dt is the Euler gamma function.
0
The Mittag-Leffler function is given by the power series [20]

o0

ZFak+,3

k=o

and the generalized Mittag-LefHler function defines by the series [21]

E? .= —_
@p kz:: [(ak + B)k!
where (p)r = F;f;pr)k ) is the Pokhhammer symbol. The generalized Mittag-Leffler function reduces to E, g(2)

when we set p = 1.
Consider the function

W) =Watri Xy = 3 (¢~ mr) 3= B (N~ me)). v € R 2
m=0
where
(t—mr)y = t—mr, t—mt>0,
+ T 0, t—m7 <O.
It follows from (2) that
@y ] O k#i+1,

Wi (0>_{ Lk=i+1. ®)

Remark 1. For some m the expression ¢ — m7 < 0, therefore the series in (2) contains a finite number of
terms N < [£] 4 1.
Function (2) satisfies the following properties [16]

DEW,(t) = Wy_a(t), a€R, >0, (4)
tl/—l
Wl, (t) = )\Wy+a (t) + /lWy+a (t — T) + m7 o > 0, IS R, (5)

which are clear by the formula of differentiation [21]

dm
,8 1 ay) _ ,B—m—1 o
= (B ) = T L)
and by the autotransformation formula [22]:

Eg,ﬁ(t) - E(l))c,_ﬁl( ) - tEa a+6( )

of the generalized Mittag-Leffler function.
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Main results

A function u(t) is called a regular solution of Eq.(1) if D ?u(t) € C?(0,1), u(t) € L(0,1) and u(t) satisfies Eq.
(1) forall 0 <t < 1.
The problem we solve here is to find the reqular solution to equation (1) satisfying the conditions

a lim D& tu(t) +b lim D& 2u(t) =0,
clim D¢ tu(t) +d lim Dg 2u(t) =0,
where a® + b2 £ 0 and 2 + d? # 0.

Green function

Assume G(t,£) is given by

GO = Ht ~ OWalt — &) + (Wi (1 - &) + dW(1 - &) el = tWact 0 ™

with A and p satisfying the following condition
A = ac(AWo(1) + uWo(1 — 7)) + (ad — be) W1 (1) — bdWa(1) # 0. (8)

Here the function W, (t) is defined via (2).
We demonstrate the validity of the following properties for the function G(¢,&) (7).
1. The function G(t,€) is continuous for all values of t and & from the closed interval [0, 1].
This property implies from relation (7) and condition (8).
2. The function G(t,§) satisfies the conditions

ii_%[D(()Xt_QGﬁ(t,5)‘£:t+e*Dgi_2G£(ta§)|§:t—s] =1 9)

Indeed,
DG 2 Ge(t,8)=—H (t—&) Wy (t—¢)
bWa(t) — aWi (1)
~ .

Insert (10) into (9) as € =t + ¢ and £ =t — ¢. Passing to the limit as € — 0 we get the property (9).
3. The function G(t,&) is the solution to the equation

(AW (1) + uWa(1-¢ 1) +aWi (1~ ©))

eG(t,€) = AG(t, &) —pH(1 =7 = §)G(t,E +7) = 0. (11)

Here 0§, is the Caputo derivative [23; 11| defines as

pu(t) = Dj " (t) = F(21_ @) / (tu—(gji
0

This property implies the presentation of the function (7) and the relations (4), (5).
4. The function G(t,£) satisfies the boundary conditions
lim D, > lim D, =
@ Hot G{(tag)‘f'bfl_{% o G, =0
. a—2 . a—2 _
C%E%DOt Gf(t7§)+d%1§iD0t G(t,§) =0

This property obviously implies the relations (4), (5).
The function G(t, &) that possesses properties 1-4 is called Green function for problem (1), (6).
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Ezistence and uniqueness theorem

Theorem 1. Assume the function f(t) € L(0,1) N C(0,1) and the condition (8) is satisfied. Then
1) there exists a regular solution to problem (1), (6) in the form of

1
ult) = / FEOG(, )de; (13)
0

2) the solution to problem (1), (6) is unique if and only if condition (8) is satisfied.

Proof. First we illustrate that the solution to problem (1), (6) has the form (13). To clear this, multiply
both sides of Eq. (1) (given in terms of variable £) by DS‘;2G(1&, ¢€) and integrate it with respect to variable £
ranging from € to 1 — e (¢ = 0):

1—¢ 1—¢
[ ps ot - [ u@Ds el
1—e 1—¢
—p / H(t — 7)u(§ — 7)D§*G(t, €)d = / FODG?G(t,&)de, 0<t< 1. (14)
Integrate by parts the first term of equality (14):
1—¢ t
l—
| D560 ity =5 G ODE )|~ [ D46l D (e

1—

- [ Dg2Ge(.) D e ag =D 6. D )| - DGO D ule)

+ D5 2u) [D&?Gg (46| _,,, ~ Do "G “’%o] D, Celt) D u(e)

1
~DE Gt D (O + [ DEGeelt DR P u(e)de. (15)
0
Applying to (15) the properties (9), (12) of function (7) and conditions (6) of the problem we get the
following formula

1

DG 2u(e) + [ Di*u(©)D5 Geelt, ) (16)
0
Replace & with £ — 7 in the third integral on the left-hand side of the expression (14) to reduce it to

/ H(E — T)u(€ — 7)G(t,€)de = / H(L -7 - ©u()G(t,€ + 7). (17)
0

0
Put (16) and (17) into Eq. (14) and using the formula for fractional integration by parts [20, p. 15]

b

b
/ 9(5) D3, h(s)ds = / h(s) D5 g(s)ds,

a
arrive at identity
1

D~ *u(8) + D~ / ul(©) [ DS Gee(1,€) = AG(L,€) — pH (1 — £ = )G(t,€ + 7)) de =
0
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1
= Dy / FOG(,€)de
0

Taking advantage of the third property of Green function G(t,&) (11) and finding the derivative of order Dj;
we arrive at representation (13).
Next, we show that the function (13) is the solution to problem (1), (6). Formula (13) can be written out
in terms of function W, (t) in the form of bellow:
¢ 1

)= [ £ Wale—gae+ "=t 6y w1 - ) + a1 - ) e

0 0

Next, using formulas (4), (5) obtain by the previous relation that
1
Diult) = 1)+ [ 7(6) tf%+u/f G(t,€ — 7)de.
0
Prove that the solution u(t) satisfies the boundary conditions (6) (in view of relation (3)):
1
a}i_r)rg)Dg‘tl u(t) + b lim DG~ / ) [eW1(1 =€) + dWa(1 — €)]
0
x [abW1(0) — a® AW, (0) — a®>uWo(—7) + b*W2(0) — abW1(0)] d€ = 0;

clim DG u(t) + dlim D3 2u(t) = [ F€Wi(1 — &)+ dWa(1 - €)]x

o _

dé =

" {1 n —ac( AW, (1) + uWo(1 — 7)) — (ad — cb)W1 (1) + deg(l)}

A

:/1f<5><cwl<1—s>+dW2<1—£>> (1— A) dg = 0.
0

The task is now to show that if the condition (8) is not satisfied
A =0,
then the solution of the problem is not unique. Consider the function
alt) = CWa(t) + CoWeo 1 (1),
which is the solution to the problem
Dg,a(t) — Aa(t) — pH(t — 1)a(t — 7) = 0,
ahngt1 ()+bhmD 2u(t) = 0,

(18)
chm D¢ a(t) + dhm Dg*u(t) = 0.
The conditions (18) can be written out in the form
aCl + ng = 0, (19)

Ci[W1(1) + dWa(1)] + Co[eAWo (1) + cuWo (1 — 7) + dW1(1)] = 0.
Then the determinant of the system (19) is equal to

o a b
A= =0.
CWl(l) + dWQ(].) C)\Wa(l) + C/LWa(l — 7') + dWl(].)
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Thus, solution to problem (1), (6) is unique if and only if condition (8) is satisfied.
Remark. For all
Ap>0, (a—b)(c+d) >0

condition (8) is always satisfied.
On the finiteness of the number of real eigenvalues

Definition. The eigenvalues of problem (1), (6) are the values A, such that problem (1), (6) has a regular
solution that is not the identically zero.
The set of real eigenvalues for problem (1), (6) coincides with the set of real zeros for the function

B(\) = ac(AWa(1) + pWa(1l — 7)) + (ad — be)Wi (1) — bdWa(1). (20)

Theorem 2. Problem (1), (6) has only a finite number of real eigenvalues.
The function W, (A) can be written out as [2, p. 45]

e m 1.1
W,(Lrsam =3 B —mr)amr-tiw, {(m‘L’) A(1—mT)<j],
= m! (am +v,a)
where
v, {(az,az } ZHl y Dl + aik) 2F
(b1, Bi)1.4 (b + Bik) E!

is the generalized Wright function [24].

Function (20) is an integer function of parameter \. Let us investigate the properties of the function (20)
as A — +oo and A — —oo.

As A — 400 the following asymptotic formula holds true for the generalized Wright function [24], [25]:

(m+1,1)
1Y [(am +v,q)

ml—a)—v m(l—a)—v a(1— 1
)\(1 _ mT)?éi-:l —a ™\ @ 0) +1 (1 _ mT)+(1 ) +le)\1/ (1—m7)4 |:1 +0 <)\1>:| )

a

Let N be the maximum value of m that satisfies the inequality (1 — m7) > 0. Then the asymptotic formula for
function (20) is in the form

o)=Y ¢ f; P {(kmﬂfe*”“(mm (ac+(adfbc)/\*1/‘”fbd)\*Q/o‘)

+aci(17 (erl) )m Ao (1 (m+1)7’)} ~ {1+O(/\71/a)}'

Hence, as A — oo, the series above increases without limit.
The asymptotic formula for the generalized Wright function as A — —oo has form [24], [25]

w [ LD ] 53 D™ m) (1= ) D
Y (am 4 v, 0) = AP AT (v — o — al)(m + 1+ 1)!
1
+O(M )
Therefore N
Z ™y /~L(1 —(m+1)47)7!
m+ 1) '|/\\m F —a) By

m=0

(1—mr)~@ (1—mr)t= 1
o =) S s b O(MWH)] @)

Consider the limit relation in the case when u # 0

lim AVo(y) = 2 UNH“N“ ~ NT)

:
tas M(Ca)(N 7o 2
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As p =0 we have

. ac
yim AN = -5y

(23)

Since ®()\) is an entire function of the variable J, it follows from relations (21), (22), and (23) that the series
(20) may have only a finite number of real zeros. This establishes the theorem.

10

11

12

13

14

15

16

17

18

19

References

Podlubny I. Fractional differential equations / I. Podlubny. — AP, New York, 1999. — 341 p.
Kilbas A.A. Theory and Applications of Factional Differential Equations / A.A. Kilbas, H.M. Srivastava,
J.J. Trujillo. — Elsevier, Amsterdam, 2006. — 523 p.

Iexy A.B. YpaBHeHus B 4aCTHBIX NPOM3BOAHBIX Jpobuoro mopsaka / A.B. Ilcxy. — M.: Hayka, 2005. —
199 c.

Oldham K.B. The fractional calculus / K.B. Oldham, J. Spanier. — N.-Y. L.: AP, 1974. — 234 p.

Miller K.S. An introduction to the fractional calculus and fractional differential equations / K.S. Miller,
B. Ross. — John Wiley & sons, New York, 1993. — 366 p.

Barrett J.H. Differential equation of non-integer order / J.H. Barrett // Canad. J. Math. — 1954. — Vol. 6,
No. 4. — P. 529-541.

Jxxp6arrsaa M.M. JIpobubre mpou3soabie u 3agaxa Ko s muddepeHImaabHbIX ypaBHEeHH IPOOHOT0
nopsiaka / M.M. Txxpbamsu, A.B. Hepcecan // Ussecrus Axkagemun nayk Apmsuckoir CCP. — 1968. —
T. 3, Ne1. — C. 3-28.

Jlxpbamsia M.M. Kpaesast 3agaua st mudpdpepeHimaibHOro omneparopa J1pobHoro mnopsiiaka tura [Typ-
ma-JIuysuts / M.M. Txpbamsan // Ussecrus Axanemun nayk Apmsiackoit CCP. — 1970. — T. 5, Ne 2.
— C. 71-96.

Pskhu A.V. Initial-value problem for a linear ordinary differential equation of noninteger order /
A.V. Pskhu // Sbornik: Mathematics. — 2011. — Vol. 202, No. 4. — P. 571-582.

Hopxun C.B. O perienusx JUHEHHOTO OJHOPOAHOTO I DEPEHITNATBHONO YPABHEHUSI BTOPOTO MOPSIIIKA
¢ zanasapiBaomuM aprymerrom / C.B. Hopkun // Yenexu maremarudeckux Hayk. — 1959. — T. 14, Ne 1.
— C. 199-206.

Bellman R.E. Differential-Difference Equations / R.E. Bellman, K.L. Cooke. — Acad. Press, New York—
London, 1963. — 462 p.

Qucroasr J1.9. Beenenne B Teopuio muddepeHIaibHbIX YPABHEHHI € 3aI1a3/IbIBAIONIMM apIyMEeHTOM /
JI.9. Qubcrosbn, C.B. Hopkun. — M.: Hayka, 1971. — 296 c.

Mbeuukuc A 1. JTuneiinsie nuddepennpaibable ypaBHenus ¢ 3atazapiBaomuM aprymentoM / A.JT. Mpim-
knc. — M.: Hayxka, 1972. — 352 c.

Hale J.K. Introduction to Functional Differential Equations / J.K. Hale, S.M.V. Lunel. — Springer,
New-York, 1993. — 448 p.

Maxkruxopa M.I". HauajbHasi u KpaeBasi 3a/a49u JJisi OOBIKHOBEHHOIO b epeHInaIbHOr0 ypaBHeH s
JIPOBHOrO mopsaaKa ¢ 3amazapiBaiomum aprymenrom / M.I. Maxruxosa // Yena6. dbus.-mareM. KypH. —
2018. — T. 3, Ne 1. — C. 27-37.

Mazhgikhova M.G. Dirichlet Problem for a Fractional-Order Ordinary Differential Equation with
Retarded Argument /| M.G. Mazhgikhova // Differential Equations. — 2018. — Vol. 54, No. 2. — P.
185-192.

MazkruxoBa M.I. 3amaua Heitmana jij1s1 0ObIKHOBEHHOTO JirbDEPEHITHATBHOTO YPABHEHUS TPOOHOTO 110~
psanka ¢ 3anasapiBaomum aprymesrom / M.I. Maxkruxosa // Ussectus Kabapauno-Baskapckoro Hay4-
woro niearpa PAH. — 2016. — T. 2. — Ne 70. — C. 15-20.

Maxkruxosa M.I'. 3ajaga Komm st 0ObIKHOBEHHOTO b depeHIInabHOr0 ypaBHEHUsT C OIepaTOpPOM
Pumana-JInypusuis ¢ sanaspeisaronmm aprymestom /| M.I. Maxkruxosa // Ussectuss Kabapmuso-
Bankapckoro mayunoro nearpa PAH. — 2017. — T. 1, Ne 75. — C. 24-28.

MazkruxoBa M.I. Kpaesble 3amaun juist JUHEHHOrO OOBIKHOBEHHOTO g depeHINAIFHOIO YPABHEHUS

JIPOOHOrO psifia ¢ 3anaszpiBaromuM aprymerroM / M.I. Maxkruxosa // Cubup. 37€KTpOH. MaTeM. U3B.
— 2018. — T. 15. — C. 685-695.

Cepust «Maremarukas. Ne 1(97)/2020 93



M.

G.

Mazhgikhova

94

20

21

22

23

24

25

Wiman A. Uber den Fundamentalsatz in der Teorie der Funktionen E,(x) / A. Wiman // Acta Mathe-
matica. — 1905. — Vol. 29, No. 1. — P. 191-201.

Prabhakar T.R. A singular integral equation with a generalized Mittag-Leffler function in the kernel /
T.R. Prabhakar // Yokohama Math. J. — 1971. — Vol. 19. — P. 7-15.

Shukla A.K., Prajapati J.C. On a generalization of Mittag-Leffler function and its properties /
A K. Shukla, J.C. Prajapati // J. Math. Anal. Appl. — 2007. — Vol. 336. — P. 797-811.

Haxymes A.M. [Ipo6uoe ucuucienue u ero npumenerre / A.M. Haxymes. — M.: @usmariut, 2003. —
272 c.

The asymptotic expansion of the generalized hypergeometric function / E.M. Wright // J. London Math.
Soc. — 1935. — Vol. 10. — P. 286-293.

Wright E.M. The asymptotic expansion of the generalized hypergeometric function / E.M. Wright //
Proc. London Math. Soc. — 1940. — Vol. 46, No. 2. — P. 389-408.

M.T'. Maxkruxosa

Besimek perTi Kenriknesi apryMeHTTi guddepeHImaiIbik,
TeHJey ynrH I'pua dyHKIusIChI 9ici

MakaJrasia KoiMri ChI3BIKTBIK, TYPAKTBI KOI(MMUIMEHTTI KelTiKIe i apryMeHTTi 6eJimnek perTi auddepen-
muasaablk Teggey yine [rypm-Jlnysunas Tunti merrik ecen 3eprresred. KoibliraH ecenTis, 6ipMoH/T
memntryi A # 0 TypiHze anbiHabl. 3epTTesiin OThIPFaH ecenti menty yima ['puH ogici Koaganbuiasl. ['pun
dyukusnapsl Murrar-Jledpdaep xainbuianran QyHKIUIAPbl TEPMUHIHJIE XKa3bLIIbI. 3€PTTEJII OThIpP-
FaH eCeNTiH Ientyinid 6ap OGOJIybl KoHe YKAJFBI3JBIFBI KAWIbl TeopeMa JIoJeIeH 1i. bipMoHai menity
mapTbl Oy3bUIFal Karjgaiina, aran A = 0 6orania, METTIK eCerTiH MelNtyi KaJFbl3 eMeCTirl HAKThLIAH-
nei. Corbimen Koca Murtar-Jleddiep x)annbuianran pyHKIUsAIApbIH PaliT *Kaanblianrad QyHKIUSAIAPbI
aPKBLIbI 2Ka3y/bl KOJJAHDIN, \ YIKEeH MaHjepinge A GyHKIUAIapbIHBIH KACUETTEPl, AFHU A\ — OO XKOHE
A — —oo GonraHIa, OKBLIALI. PailTThIH KaanblIanral QYHKIUSIAPH VIIIH aCHMITOTHKAJBIK, POpMyIa-
snapbia Kosaanbi, [IItypm-JIluyBuiaas TunTi maprrapbiMeH OepijireH MIeTTiK eCenTiH MEeHITKTI MoHIepiHiH
CaHJAPBIHBIH, AKBIPJIBLIBIFGI KAWIBI TEOPEMa, AHBIKTAJIIH.

Kiam cesdep: Genmek perti auddepeHunaaablk, TeHaeyaep, KeIikmeai apryMenTTi auddepeHnaiibiK,
Teyaeyaep, ['pun dyuknusicer, Murrar-Jleddiep xamnbuianran QyHKIUICH, PaiiT )asnbluianFad QyHK-
[HSICHI.

M.T'. Maxkruxosa

Meton dyukiuu I'puna ajis qudpdepeHnuaibHOTO ypaBHEHUS
JAPOOHOTO TIOpS/AKa C 3aIla3dbIBAIONINM apryMeHTOM

B craTbe ncciienopana kpaesas 3a1a4da ¢ ycsouamu tuma L rypma-JlunyBusis miis inHeHOro 0OBIKHOBEH-
HOTO b PEPEHITNATBLHOTO YPABHEHUsT IPOOHOrO TOPSIIIKA C 3aIa3IbIBAIOIINM apIyMEHTOM C MOCTOSTHHBIMU
KO3 PUIMEHTAMH. YCIOBIE OTHO3HAYHON Pa3peIrnMOCTH TOCTABIECHHON 3aa49n MoTydeHo B Bume A # 0.
s pelieHusi UccieiyeMoil 3a/jadu aBTOpaMM IpUMeHeH MeToJ (pyHKIwu ['puHa, B TepMHHAX KOTOPOIi
¥ BBIMICAHO pelleHrne Kpaepoii 3agaun. OyHkimu ['puHa, B CBOIO O4Yepeib, 3allMCaHbl B TEPMUHAX 0006-
menno#t dyurmuu Mwurrar-Jleddiepa. /lokazana Teopema CyImecTBOBaHUS W €IWHCTBEHHOCTU PEITEHUST
uccienyemoit 3agaan. OTMEYEHO, 9TO B CJIydae, KOIJa yCJIOBUE OJIHO3HAYHOMN Pa3perIMMOCTH HAPYIIAETCs,
To ectb nnpu A = 0, pemreHne KpaeBoil 3ajadu He eIUHCTBEHHO. Vcrosb3yst 3amuch 000OIEeHHON (DYyHK-
uuu Mutrrar-Jledpdiiepa yepes o606mennyio dhyukuuio Paiita, n3ydensl Takxke cBoiicrBa dpyHKImu A npu
OO/IBIIMX 3HAYEHUSIX A\, TO €CThb NMPU A — 00 U A — —o0. llpumenss acumnrorndeckue OPMYJIbI JJIst
060061enHOM byuknuu Paiita, onpemenena TeopeMa 0 KOHEUHOCTH YHC/Ia COOCTBEHHBIX 3HAYEHUI KPaeBOit
3amaqan ¢ ycsgoBusmu tuna [ltypma-Jlnysums.

Kmouesvie carosa: muddepeHnnabHOe ypaBHEHHE JPOOHOrO MOpsaka, duddepeHnajibHoe YpaBHEHHE C
3ama3IbIBAIONINM aprymMeHToM, GpyHKIus ['puna, obobmennast dpyuknusa Murrtar-Jleddiepa, obobIeHHast
byukusa Paiira.
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