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2b,3

Spectral problem for the sixth order
nonclassical differential equations

In this article we investigate the correctness of boundary value problems for a sixth order quasi-hyperbolic
equation in the Sobolev space

Lu=—D%u+ Au— \u
(D¢ = %, A=3" ;—;2 — Laplace operator, A — real parameter). For the given operator L two spectral
problems are introduced and uniqueness of these problems is established. The eigenvalues and eigenfunctions
of the first spectral problem are calculated for the sixth order quasi-hyperbolic equation. In this work we

show that the equation Lu = 0 for A < 0 under uniform conditions has a countable set of nontrivial
solutions. Usually, this does not happen when the operator L is an ordinary hyperbolic operator.

Keywords: a sixth order quasi-hyperbolic equation, eigenvalues, eigenfunctions, nontrivial solutions.

Formulation of the problem

Let 2 — be the limited area of space R™ variables x1, z, ..., ,, with smooth compact boundary I' = 9. Let’s
consider the following differential operator in the cylindrical area Q@ = Q2 x (0,7), S=Tx(0,T), 0 <T < 400

6

u+Au—)\u:f(x,t), xeQ, te(0,7), (1)

Lu = _ﬁ

where f(x,t) is a given function.
Boundary value problem I3 »: It is required to find a function w(x,t) which is a solution to equation (1) in
the cylinder @ that satisfies following conditions

u(zx,t)|s =0, (2)
ou 9%u 9%y
u(x,O):a(x,O)Zw(x,O):ﬁ(x,O)zo, x €, (3)
Ou 0%u

Boundary value problem IIs y: It is required to find a function u(z,t) which is a solution to equation (1)
in the cylinder @ that satisfies conditions (2), (3) and

D}u(z,t)|i=r = Dju(z,t)|i=r =0, x € Q. (5)

The study of the solvability of boundary value problems for quasi-hyperbolic equations began, apparently,
with the works of V.N. Vragov [1, 2]. Studies in [3-7] are related to further investigations of operators similar
to L. One of the main conditions for correctness in these studies was the condition that the parameter \ is
non-negative. Investigations of nonlocal problems with integral conditions for linear parabolic equations, for
differential equations of odd order, and for some classes of non-stationary equations have been actively carried
out recently in the works of A.I. Kozhanov [4, 6, 7]. In [5], the solvability of problem (2), (3), (5) for fourth
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order quasi- hyperbolic equations with p = 2 is investigated. In the work [8] boundary value problems with
normal derivatives were studied for elliptic equations of the 2/—st order with constant real coefficients. For
these problems, sufficient conditions for the Fredholm solvability of the problem are obtained and formulas for
the index of this problem are given. An explicit form of the Green function of the Dirichlet problem for the
model-polyharmonic equation Alu = f in a multidimensional sphere was constructed in [9]. [10, 11] are devoted
to an investigations of the solvability of various boundary value problems of order 0 < k1 < ko < ... < k; < 2[—1
for the polyharmonic equation in a multidimensional ball.

In this paper, we describe calculation of eigenvalues /\%)()\,(721)) of spectral problems I3 x(I13 ) for a sixth
order quasi-hyperbolic equation and study solvability of boundary value problems I3 5(II5 ») for cases when A

coincides or does not coincide with )\7(71)(/\7(%)).
Supporting statement
We denote by V3 — the linear set of functions v(x,t), belonging to the space Ly(Q) and having generalized

derivatives with respect to spatial variable up to the second order inclusively belonging to the same space and
with respect to the variable ¢t up to the order 6 inclusively, with the norm

Iollvs = / [U + 27: (axzaxj)z ((6';;56) ]d dt

Obviously, the space V3 with this norm is a Banach space.
1

Let v(z) be function from the space I/?/2 (©2). The following inequality is true

/sz(x)dm<co/ﬂivi(x)dm, (6)

where constant ¢ defined only by area € (see, example [12]).
For the function from the space V3 satisfying condition (3), the following inequality holds:

S

/ 2, to)da < T / / o2 (2, ) dedt, to € [0,T), M)

/ / (z,t)dadt < —/ / vZ, (2, t)dxdt. (8)

Let w;(x) be the eigenfunction of the Dirichlet problem for the Laplace operator corresponding to the
eigenvalue u;:

Aw;(z) = pjw;(z), w;i(z)lr =0.
8 Main results

Theorem 1. Let A > cq,c¢; = min{——=, — }, ¢o from (6). Then the homogeneous boundary value problem

co )

I3\ has only zero solution in the space V3 On the interval (—oo,c;) there exists a countable set of numbers

)\5%) such that for A = )\%) the homogeneous boundary value problem I3  has a non-trivial solution.
Proof. First, we prove the uniqueness of the solution to the problem I3 5. Let A > T. We consider the

equality
T
/ / (A—1t)Lu - wdzdt = 0.
0 Jo

Integrating by parts and using conditions (2), (3) we get

A- T/[u (z,T) + Zu2 (z T)]dx+5/T/u2 dxdt+
2 o it — x; 9 2 0 o ttt

+= Z/ /u dxdt = _AMA- T)/Qu2(x,T)dx—/Q\/OT/Quzdxdt:I- 9)
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When A > 0 it follows from this equality that u(z,t) = 0.
We now consider the case of negative values of A. On the one hand due to expressions (6) and (7), there is

an inequality
AMA-T
I =] - ( )/ dex—f// u?dzdt| <

< W(A%T)T?’ /OT/ tttdmdt—k—coZ/ /u ddt. (10)

On the other hand, due to inequalities (7) and (8) we get

MNA-T T ANT6 [T
1] < %Ts /0 /Q 2 dadt + ‘2!23 /0 /Q W2, drdt.

Ifeg = —é, then by evaluating the right side of (9) by (10), we get

A-T -
5 Q[uftt(m7 T) + ; “iz (2, T)]|dx+
5 \(A—T)T3 [T 1—[Neo o~ [T
PRSI 7 [ o+ L2205 [ ] 2 o <0 (1)
2 o Ja 2 oo Ja

Since inequality |Alco < 1 holds and we can choose number A close to number T, the inequality
5— \N(A-T)T% >0

holds for fixed values of A. Then, from (11) it follows that u(z,¢) = 0.

In the case of ¢; = 0 we have

4
— 76

A _ T n
9 [u?tt(xv T)+ Z “il (z, T)]dz+
Q i=1

4 A T TS
0= 8JAN il / /Qutttdxdt—&— Z/ /Qu dxdt < 0. (12)

Since 40 — [A|T® > 0, then choosing again A close to the T,

40 — 8|A|(A —T)T? — |INT® >0

inequality can be achieved. Then, from (12) we also get u(x,t) = 0.
The solution to equation (1) is sought in the form u(x,t) = ¢(t)w;(z). Then function ¢(t) must be the
solution to equation

=DPp(t) + [1j — Ne(t) =0, (13)
satisfying condition
0(0) = ¢'(0) = ¢"(0) = ¥"(0) = ¢'(T) = ¢"(T) = 0. (14)
a) If pj — A > 0, then general solution (13) has the form

vt 3 5t 3
o(t) = Cret + C’geTcosgfyjt + Cze2 singfyjt—i—

vt

w3 3
+Cye it Cw‘*cos%wt + Cge_%singfyjt, (15)

where 7, = (11; — A)8. Taking in account (14), the numbers C;,j = 1,6, should be a solution to an algebraic
system
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C1+Cy+Cy+ C5 =0,

Ch+ 5Cy + %205 — Cy — 305+ %2Cs = 0,

Cp— 30y +LCs +Cy — 105 — B0 =0,
Ci—Cy—Cs+C5=0,

E%Cy + E(3C — 28)Cy + E(C + L8)Cs—

E2C, —E'(AC + L8)Cs5 + E~1(42C — 18)Cs = 0,
E2C; — E(3C + £8)Cy + E(LC — 18)C5+

E72Cy+ E- (-0 4+ L8)C5 — E-1( 0+ 18)Cs = 0,

where
v; T

3 3
E=e72,C= cos\[’ij S = sm\g%T.

The determinant of this system will be equal to
3
D(vj) = 5 [2E*C —3E® —6EC + 10+ 4C* —6E~'C —3E~ > + 2E7°C],

and it can not be zero, therefore, in this case, problem (13), (14) have not non-trivial solutions.
b) If u; — A < 0, then general solution (13) has a form

t
o(t) = Cre2 it g 12 5 -‘1-026 Pt sin ; + Cse” 2 Wtcosg +

+Cye 2 F it gip 20 2 + Cscosy;t + Cgsiny,t, (16)
where ~; = (A — p1;)5. Considering (14), the number C;, j = 1,6, should be a solution to an algebraic system

Ci1+C3+4+C5 =0,

L0y + 10y — L03 + 5Cy + Cs = 0,

10+ L0y + 103 - 420y~ C5 =0,

Co+Cs—Cs =0,

E(C —18)C + E(AC + B28)Cy — BT (0 + 15)Cs+
+EY(LC = 28)Cy — 20S5C5 + (C2 - §2)C = 0,

E(LC —L3)C, + E(2C + 18)Cy + E-1 (L0 + L5)Ca+
FE Y (=Y30 4 18)Cy + (—C? 4 8%)C5 — 205C5 = 0,

V3 T T
where E = 20T ,C = 72 ;S = szn'“2

This system has a nontrivial solution if the determinant
1
D(v;) = —C?%8? = jsm%jT =0, (17)

is equal to zero. From (17) we get desired set of eigenvalues

k 6
N3 = e+ <T”) C k=12 (14)

The theorem 1 is proved.
Consequence 1. The problem I3 ) does not have real eigenvalues other than the numbers )\;}C) from (18) and

the family {)\ jk }5k=1 does not have finite limit points. All eigenvalues of {/\5}2 }5%<=1 are finite multiplicity.

Proof. The fact that the problem I35y does not have real eigenvalues other than the numbers )\ﬁ), follows
from the basis of the system of functions
{wi()}52,

in space W3 ().

Suppose that the family {/\ﬁ) }J‘?f’kzl has a finite limit point. Then there is a family (j;, k;) of pairs of natural

numbers such that j; + k; — oo such ¢ — oo and the sequence )\ﬁ) will be fundamental. Note that the indices
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Ji, cannot be limited together, since in this case Ajr = pjr + (%)6 , k=1,2,..., which cannot be true for a
fundamental sequence.

Further, the indices k; also cannot be limited together, since in this case the sequence {j;, — ;. }, will be
limited, which is not the case. Therefore, for the indices j; and k;, j; — oo, k; — oo hold for i — co. But then
Ajuk; — —00, which again does not hold for a fundamental sequence. From the above, the validity of second

part of consequence follows. The finite multiplicity of each eigenvalue /\ﬁ) follows from the fact that for fixed

numbers j and k the equality )\5- k) = >‘§13€1 is only possible for a finite set of indices j; and k;. Consequence is
proved.

Note that for the case n = 1 the eigenvalues p; could be in exact form, and then it is easy to give constructive

conditions for the simplicity of each eigenvalue )\(k) or to provide examples in which the eigenvalues will have a

multiplicity greater than one. In the general case, it is also easy to give simplicity conditions, but it seems that
they will not be constructive.
Consequence 2. The eigenvalues /\ﬁ) of the problem I3 ) correspond to the eigenfunctions

) (@, 1) = wi (@)l (t),

where function np,(cl)(t) represented as

(1) ¢
A= s BB

t
—(3CK(Ey, — ;") + 5v/3Sk(Ep + Ef V) + 6)e§wcos”§—

t
(3V3Ck(Ey + Ei7Y) — 1584 (Ey, — B7Y) + 3\/§)e§“”“tsin%+

(=3Cw(Br + E-Y) + (4 4+ 5vV3)Su(Br — EY) — 6)e wcoﬂ;tJr
t
(3VBCw(Ex + E; ) + 15Sk(Ey, — Ep') — 6v/3)e™ Wswﬂ; +

(6Ck(Ey, + E; ") — 6V3Sk(Ey — Ep ) + 12)cosyit + 128y (Ex — E 1)szn*ykt]

k wk
Ep=e k,Ck:cosﬁ2 Sk:sm , C=Const, k=1,2,...

Now consider the problem II5. The study of problem I 13 is similar to I3. The following theorem holds.
Theorem 2. For A > c¢1,¢1 = min{—é, —%}, the homogeneous boundary problem II5 has only zero
solution in the space V3. On the interval (—oo, ¢1) there doesn’t exist a countable set of the numbers A2 such

that for A = /\g) homogeneous boundary problem I3 has only trivial solution.
The solution to equation (1) is sought in the form u(z,t) = ¢(t)w;(z). Then, function () must be solution
to equation (13) that satisfy conditions

(0) = ¢'(0) = ¢"(0) = ¥"(0) = ¢""(T) = $""(T) = 0. (19)
a) If p1; — XA > 0, then general solution ¢(t) has a form

L\/g 7t

p(t) = Cre®’ + Cye™ 7’th+036 z sin——y;t+

oIS

it 3 it 3
+Cye 1t 4 Cg,e*%cosg'yjt + Cge*%sing'yjt,

where v; = (u; — )\)%. Considering (15), Cj,j = 1,6, should be a solution to an algebraic system

Ci14+Co+Cy+C5=0,

Ch+ 5Cy + %205 — Cy — 305+ L2Cs = 0,

Cp— 10y +8Cs+Cy — 105 — BCs =0
01—02—C4+C5:0,

E%C) + B(—1C + 280y — E(2C + 18)Cs+

E2C, —E'(AC + L38)Cs5 + E~1(4C — 18)C6 = 0,
E2Cy + B(LC + L8)Cy + B(—LC + 19)C3—
E2C,+ E~N(-1C+L8)Cs — E~1(42C + 18)Cs = 0,
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T

3

where £ =e 2 ,C = cos@’ij, S = sinT?”ij. The determinant of this system will be equal to

3
D(y;) = —5 [2B°C +3E* + 6EC + 10+ 4C* + 6B~ + 3577 + 257°C],

and it can not be zero, therefore, in this case, there are no non-trivial solutions.

b) If p1; — A < 0, then function ¢(t) has a form

3 it 3 it V3 it
p(t) = CleTSWCOS% + C’2673%'tsin% + Cge*Tthcos’yéJr

V3 it
046—73wt8m% + Cscos’}/jt + C’Gsz’n%—t,

where v; = (A — /lj)%- In this case, C}, j = 1,6, should be a solution to an algebraic system

Ci1+C3+C5=0,

§01 + %02 — @Cg + %C4 +Cs =0,

10+ L0+ 105 — B0y — C5 =0,

Co+Cy—Cs =0,

—B(3C+ L8)Cy + B(EC - §8)Cy + E~Y(—3C + 28)C5—
E-Y (20 + 18)Cy + (C? — 5%)C5 + 205C5 = 0,
—E(RC+18)C + E(AC - L8)Cy + E-H(LC — 19)Ca+
+E Y (AC +L38)Cy - 205Cs + (C? — 52)C = 0,

where E = egWT, C = cos WT, S = sin2’ . The determinant of this system will be equal to

2 2

3
D(y;) = § [E* +8EC® +6+12C + 8E7'C° + B~?],

also can not be zero.

(2)

In conclusion, the problem II5 5 does not have real eigenvalues A ik The theorem 2 is proved.
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AN. Koxanos, B./I. Komanos, 2K.Bb. Cynranrasuesa,
A H. Emup Kaspr orty, I /1. CmaTosa

AJITBIHIIBI PETTI KJIAaCCUKAJIBIK eMec nuddepeHnnaabIkK,
TeHJleyre apHaJIFaH CIIEKTPJIK ecell

Maxkamnaga C.JI. CobosieB KeHICTIiriHIE aMTBHIHINB PETTI KBAa3UTHIEPOOIAJBIK TEHJEY VIMH IIeTTIK ecer-
TepIiH
Lu=—D%u+ Au— \u

(Dy = %, A=3%T % — Jlamiac onepaTopsl, A — HAKThI IAPAMETD) THAHAKTDI IIENIM/IiIiri 3epTTe/reH.
Bepinren L omneparopnl LYH_IiH KJIACCUKAJIBIK, eMec TudepeHIua IblK TeHIeyre eKi CIIeKTPJIK ecell Kapac-
ThIpbLIFal. KoibliiFaH ecenTiy memiMiHiH »KaJIFbI3/IbIFbL, OipiHIn ecenTiy MeHIIIKTI MoHIepl MeH dyHKIHSsI-
JIAPBIHBIH, 6ap €KeHJIIr] JJIe/IeHreH, arHu Oyl eCeNTiH HOJIIIK eMec mentiMaepi Tabbuiran. Asropaap A < 0
yurin Lu = 0 »X9He TeHAeYaiH 6ipTeKTiIiK IMapThl OPbIHIAIFAH/Ia CIEKTPJIK eCEeNTiH MEHITKTI DyHKInsIa-
PBIHBIH, HOJIJIEH e3relle Ienmimiaep Kyiecinin 6ap ekeHairin kepcerei. 9jierre, L onepaTopbl KapalnaibiM
runepOoJIAJIBIK, OITEPATOp OOJIFAHIA, MYHIAN KACHET OPbIHIAIMANIbI.

Kiam cesdep: aJTBIHIIBI PETTI KBAa3UTUNEPOOJIAIBIK, TEHJEY, MEHINKTI MOHIEP, MEHIIKTI (pyHKIUsIap,
HOJIIIIK eMec IIeIIiMIep.

A N. Koxanos, B./l. Komanos, 2K.B. Cynranrazuesa,
A H. Evmup Kazupr ormy, I JI. Cmatosa

CrekTpaJjbHasd 3aa49a JJIsi HEKJIACCUYIEeCKNX
anddepeHITnaIbHBIX YPABHEHUIT IIIECTOTO MOPSAIKA

B crarbe uccienoBana KOppeKTHas pa3penimMOCTb KpaeBbIX 3a1a4 JJTsl KBA3UTHIEPOOTUIECKOTO Y PABHEHU ST
mrectoro mopsinka B nmpoctpanctee C.JI. CoboseBa

Lu=—D% + Au — \u,

_ 9 _xnn 8 . o
Dy = e A= Zi:l 7 omneparop Jlamaaca; A — BelecTBeHHbIH mapaMeTp. PaccMOTpeHbI JiBe HEKJ1accuie-
CcKue CHGKTpaJII)HBIe 3aJa49U OJ14 JaHHOT'O onepaTopa L n yCTaHaBJII/IBaETCSI €JMHCTBEHHOCTD ITOCTaBJIEHHBIX

3a7a4. Beramciaensr coOCTBEeHHDbIE 3HAYEHUsI M COOCTBEHHBIE (DYHKIMM ITOCTABIEHHON MEPBOM 3aJa4un JIst
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10

11

12

KBa3UTHUIIEPOOIMIECKOr0 yPABHEHUsI IIECTOr0 Mopsijaka. ABropaMu mokasaHo, 4ro ypasuenue Lu = 0 npu
A < 0 1 IpU BBIMIOJTHEHUU OJTHOPO/IHBIX YCIOBU 00I1a/1a€T CIETHBIM MHOYKECTBOM HETPUBUAIBHBIX PEIIeHMIA.
O6bI4HO Tako# daKT He UMEET MecTa, Korja oneparop L ecTb OObIYHBIN ruepboIMaecKuil orepaTop.

Karoueswie caosa: KBa3urunepboInIecKie ypaBHEHNs IIIECTOT0 IOPsIIKa, COOCTBEHHbIE 3HAUEHNsI, COOCTBEH-
Hble (QYHKINY, HETPUBUAJbHBIE PEITEHNUSI.
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