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Constructing the fundamental solution
to a problem of heat conduction

In this article, we discuss auxiliary initial-boundary value problems which will subsequently be used to
solve boundary-value problem of heat conduction with axial symmetry in a degenerating domain. One of
the problems is posed with homogeneous boundary conditions in order to construct a fundamental solution
that is used to determine thermal potentials. The initial condition contains the Dirac function. The solution
to the problems is found explicitly using the Laplace integral transformation. The boundary value problem
is also considered in the absence of axial symmetry. It is shown that this problem splits into families of
boundary-value problems similar to the problems considered above. In conclusion, we state the boundary
value problem of heat conduction with axial symmetry in a degenerating domain, and its fundamental
solution, found above, is written out.

Keywords: equation of heat conduction, fundamental solution, Laplace transformation, axial symmetry,
Bessel equation.

Introduction

Problem I. In the domain Ω∞ = {(r, t) : 0 < r <∞; t > 0} we consider the boundary value problem for
equation

∂u

∂t
=
a2

r

∂

∂r

(
r
∂u

∂r

)
, (1)

satisfying the boundary condition

lim
r→0+

u(r, t)

ln r
= −ϕ(t), t > 0, (2)

lim
r→+∞

u(r, t) = 0, (3)

Problem II. In the domain Ω∞ = {(r, t) : 0 < r <∞; t > 0} we consider the boundary value problem for
equation (1) under boundary conditions (2), (3) and and initial condition

u(r, 0) = 0, r > 0. (4)

It is known that equation (1) follows from the equation

∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
,

passing to polar coordinates.
Problem III. In a case without axial symmetry, we consider the following problem
in the domain

Ω1 = {(r; α; t) : 0 < r < t; 0 ≤ α ≤ 2π; 0 < t < T}

find the solution to the equation

∂u

∂t
= a2

[
1

r

∂

∂r

(
r · ∂u

∂r

)
+

1

r2

∂2u

∂α2

]
,
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satisfying the boundary conditions

lim
r→0+

u(r, α, t)

ln (1/r)
= u0(t); 0 < t < T,

lim
r→t−

u(r, α, t) = u1(α; t) ≡ uc(x; y; t)|√
x2+y2=t

; (α; t) ∈ ∂Ω1,

where ∂Ω1 is the lateral surface of the cone.
Earlier [1–4] we studied a homogeneous problem for the heat equation in the angular domain

G = {(x; t) : t > 0, 0 < x < t} (as the domain Ω):
find a solution to the heat equation

∂u

∂t
= a2 ∂

2u

∂x2
,

satisfying the boundary conditions:

u(x, t)|x=0 = 0, u(x, t)|x=t = 0.

In the work [5] in the domain G the boundary-value problem of a homogeneous heat equation with boundary
conditions:

∂u

∂x

∣∣∣∣
x=0

= 0,
∂u

∂x

∣∣∣∣
x=t

= 0.

was considered.
Solving the boundary value problems was reduced to solving the Volterra integral equation of the second

kind with a kernel

K(t, τ) =
1

2a
√
π

{
t+ τ

(t− τ)
3
2

exp

(
− (t+ τ)

2

4a2(t− τ)

)
+

1

(t− τ)
1
2

exp

(
− t− τ

4a2

)}
.

It is shown that the kernels of the obtained integral equations are “incompressible”, that is, the norm of the
integral operator acting in the class of continuous functions is equal to unity. By the Carleman-Vekua method,
solving the integral equation was reduced to solving the nonhomogeneous Abel equation. The explicit form of
the solution of the integral equation has allowed to estimate the solution to the posed boundary value problem
and precisely to determine the uniqueness classes of the solution to the posed homogeneous problem.

In [6], along with the direct problem, the conjugate boundary-value problem for the heat equation in the
weighted functional class was also studied, and it was established that the posed boundary value problem is
Noetherian problem.

We also note that boundary value problems for a spectrally loaded parabolic equation reduce to this kind
of singular integral equations, when the load line moves according to the law x = t [7–11] and problems for
essentially loaded equation of heat conduction [12].

In all works, the boundary of the domain moves at a constant velocity. Attempts to study the solvability of
boundary value problems for the heat equation in non-cylindrical domains with a variable velocity of changing
the boundary were made in works [13–14].

In works [15–17] the second-order Volterra singular integral equation with the above kernel K(t, τ) is
investigated. The multiplicity of eigenvalues and eigenfunctions for the Volterra integral operator is determined
depending on the value of the spectral parameter and its spectrum is found.

In this paper, assuming that the isotropy property is fulfilled in the angular coordinate (axial symmetry),
we study the problem for the heat equation in polar coordinates, to which the two-dimensional problem in the
spatial variable is reduced.

In [18], the two-dimensional Dirichlet problem for the heat equation with respect to the spatial variable in
an infinite dihedral angle was also considered. Using the Fourier transformation, the problem was reduced to a
one-dimensional boundary value problem with the parameter.

Now we are studying the boundary value problem for the heat equation in the cone. To construct a solution
to the problem we consider two auxiliary problems I and II.

The problem I solved in paragraph 1 is necessary to construct a fundamental solution, which will be further
used in determining the thermal potentials. The solution to the original problem will be further presented as a
sum of thermal potentials.
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The solution u1(r, t) to problem II found in paragraph 2 is used in the integral representation of the original
problem to annul the boundary condition at the boundary x = 0. In paragraph 3, we have formulated a result
that follows from the contents of paragraphs 1 and 2.

In paragraph 4, a boundary value problem is considered in the absence of axial symmetry that is problem III.
It is shown that this problem splits into families of boundary-value problems similar to the problem considered
in paragraph 1.

1 Function of the thermal instantaneous point source

We will seek its solution in the class of originals of the Laplace transformation with respect to the variable t,
depending on the parameter r, r > 0.

We introduce the notation for the Laplace image: L[u(r, t)] = u(r, p).
As a result of applying the transformation to the equation (1):

ut =
a2

r
(ur + r urr) =

a2

r
ur + a2urr,

taking into account the property of the Laplace transformation:

ut ÷ p u(r, p)− u(r, 0),

and to conditions (2) and (3), we obtain in the domain {r, r > 0} the boundary-value problem for the ordinary
differential equation:

d2u

dr2
+

1

r

du

dr
− p

a2
u = −δ(r − r0)

a2r
, (5)

lim
r→0+

u(r, p)

ln r
= −ϕ(p), (6)

lim
r→+∞

u(r, p) = 0. (7)

The homogeneous equation corresponding to equation (5) as a result of the replacement: z =
√
p

a r is
transformed to a modified Bessel equation:

d2 u

dz2
+

1

z

du

dz
− u = 0. (8)

The solution of equation (8) has the form: ([1], formula 8.494(1))

uhom(z) = C1 I0(z) + C2K0(z), (9)

where ([19], formula 8.447):

I0(z) =

∞∑
n=0

(
z
2

)2n
(n!)

2 ; K0(z) = − ln zI0(z) +

∞∑
n=0

z2n

22n (n !)
2 ψ(n+ 1);

ψ(z) = Γ′(z)
Γ(z) is Euler psi-function.

The following asymptotic formulas and approximations hold [19]:
when 0 < z << 1
I0(z) ≈ 1; K0(z) ≈ ln 2

Cz , C ≈ 0, 57721...− Euler const.
when z >> 1

I0(z) =
ez√
2π z

{
1 +

1

8z
+

9

128z2
+

(
1

z3

)}
,

K0(z) =

√
π

2z
e−z

[
n−1∑
k=0

1

(2z)
k
·

Γ
(
k + 1

2

)
k ! Γ

(
−k + 1

2

) + Θ3

Γ
(
n+ 1

2

)
(2z)

n
n!
(
−n+ 1

2

)] .
Here:
|Θ3| < 1 and ReΘ3 ≥ 0, when Rez ≥ 0;
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|Θ3| < |co sec(arg z)|, when Imz = 0;
0 ≤ |Θ3| ≤ 1, when Rez ≥ 0.
Returning to the variable r in (9), we obtain the general solution of the homogeneous equation corresponding

to the equation (5):

uhom(r, p) = C1I0

(√
p

a
r

)
+ C2K0

(√
p

a
r

)
.

Then, according to the method of variation of arbitrary constants, we write the general solution of equation
(5) in the form:

u(r, p) = C1(r)I0

(
r
√
p

a

)
+ C2(r)K0

(
r
√
p

a

)
. (10)

To determine the functions C1(r), C2(r) we compose a system of equations: C
/
1 (r) I0

(
r
√
p

a

)
+ C

/
2 (r)K0

(
r
√
p

a

)
= 0,

C
/
1 (r) d

dr

(
I0

(
r
√
p

a

))
+ C

/
2 (r) ddr

(
K0

(
r
√
p

a

))
= δ(r−r0)

r .

After some simplifications, taking into account formula 8.486 from [19], we obtain: C
/
1 (r) I0

(
r
√
p

a

)
+ C

/
2 (r)K0

(
r
√
p

a

)
= 0,

−C/1 (r) I1

(
r
√
p

a

)
+ C

/
2 (r)K1

(
r
√
p

a

)
= δ(r−r0)

a r
√
p .

By virtue of formula 8.477 (2) from [19], the determinant of this system is equal to:

∆ = I0

(
r
√
p

a

)
K1

(
r
√
p

a

)
+ I1

(
r
√
p

a

)
K0

(
r
√
p

a

)
=

a

r
√
p
.

Then the solution of the system takes the form:

C
/
1 (r) = − δ (r − r0)

a2
K0

(
r
√
p

a

)
;

C
/
2 (r) =

δ (r − r0)

a2
I0

(
r
√
p

a

)
.

Integrating the last equalities, we obtain

C1 (r) = −
∫ +∞

r

δ (ξ − r0)

a2
K0

(
ξ
√
p

a

)
dξ =

= C0
1 +

{
1
a2K0

(
r0
√
p

a

)
; r < r0,

0; r > r0.

and
C2 (r) =

∫ r

0

δ (ξ − r0)

a2
I0

(
ξ
√
p

a

)
dξ =

= C0
2 +

{
0; r < r0.

1
a2 I0

(
r0
√
p

a

)
; r > r0,

We substitute the found functions C1 (r) , C2 (r) into (10):

ū(r, p) = C0
1I0

(
r
√
p

a

)
+ C0

2K0

(
r
√
p

a

)
+ Ḡ(r, r0, p),

where

Ḡ(r, r0, p) =


1
a2K0

(
r
√
p

a

)
I0

(
r
√
p

a

)
; 0 < r < r0

1
a2 I0

(
r
√
p

a

)
K0

(
r
√
p

a

)
; r0 < r <∞
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Now we will define the values of the constants. Let be ∀p : Rep > 0.
Then, by virtue of asymptotic formulas and approximations, we have:

r → +∞⇒

 I0

(√
p r

a

)
→ +∞,

K0

(√
p r

a

)
→ 0.

Therefore, to satisfy condition (7), it is necessary to set C1 = 0.
When r → 0 (at ∀p : Rep > 0) we get

I0

(
r
√
p

a

)
ln r

→ 0,
K0

(
r
√
p

a

)
ln r

→ −1

From condition (6) we have

lim
r→0

ū (r, p)

ln r
= lim
r→0+

C2

ln r
ln

(
2a

C
√
p r

)
= −C2 = −ϕ̄(p).

We have obtained a solution to problem (5) – (7)

ū (r, p) = ϕ̄(p)K0

(
r
√
p

a

)
+ Ḡ(r, r0, p). (11)

By virtue of the formula [20], (p.241; formula No.117)

L

[
1

2t
· e−

r2

4a2 t

]
= K0

(
r
√
p

a

)
and

L

[
1

2t
exp

(
−a+ b

2t

)
I0

(
a− b

2t

)]
= K0

(√
ap+

√
bp
)
I0

(√
ap−

√
bp
)

when Rea > Reb > 0, after applying inverse Laplace transform to (11) and some simplifications, we obtain:

u(r, t) = u1(r, t) +
1

2a2t
exp

(
−r

2 + r2
0

4a2t

)
· I0
( r r0

2a2t

)
, (12)

where

u1(r, t) =

(
1

2t
exp

(
− r2

4a2t

))
∗ ϕ(t) =

∫ t

0

exp
(
− r2

4a2(t−τ)

)
2(t− τ)

ϕ (τ) dτ. (13)

(12) is the solution to problem (1)–(3) and the initial condition

u1(r, 0) =
δ(r − r0)

r
; 0 < r <∞, 0 < r0 < +∞,

which is verified directly. For example, after replacement z = r
2a
√
t−τ function (13) takes the form

u1(r, t) =

∫ ∞
r

2a
√
t

1

z
e−z

2

· ϕ
(
t− r2

4a2 z2

)
dz

Then condition (2) can be written as

lim
r→0

ϕ(t) · 1

ln r

∫ ∞
r

2a
√
t

e−z
2

z
dz = lim

r→0

ϕ(t)

2 ln r
Ei

(
−
(

r

2a
√
t

)2
)

= ϕ(t),

because ([19], 8.214 (1)) from the representation

Ei (x) = C + ln(−x) +

∞∑
k=0

xk

k · k!

we have

lim
r→0

Ei

(
−
(

r
2a
√
t

)2
)

2 ln r
= lim
r→0

ln r
2a
√
t

ln r
= 1.
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2 The first boundary value problem for a semirestricted domain

In the domain Ω∞ = {(r, t) : 0 < r <∞; t > 0} we consider the boundary value problem for equation (1)
under boundary conditions (2)–(3). This problem occurs in the theory of a diffusion trace behind a drop and a
solid particle.

We will seek its solution in the class of originals of the Laplace transform with respect to the variable t,
depending on the parameter r, r > 0. In this paragraph we use the results of paragraph 2.

As a result, we get

u1(r, t) =

(
1

2t
exp

(
− r2

4a2t

))
∗ ϕ(t) =

∫ t

0

exp
(
− r2

4a2(t−τ)

)
2(t− τ)

ϕ(τ)dτ (14)

(14) is the solution to problem (1)–(4) and this fact is verified directly.

3 Main result

From the contents of paragraphs 1 and 2, the following theorem is proved.
Theorem. The function

u(r, t) =

∫ t

0

exp
(
− r2

4a2(t−τ)

)
2(t− τ)

ϕ(τ)dτ +
1

2a2t
exp

(
−r

2 + r2
0

4a2t

)
· I0
( r r0

2a2t

)
,

where ϕ(t) is a continuous function for t ∈ (0,+∞) and |ϕ(t)| ≤ Mt−1 , const M > 0, is the solution to the
problem (1)–(4).

4 Case without axial symmetry

In the domain
Ω1 = {(r; α; t) : 0 < r < t; 0 ≤ α ≤ 2π; 0 < t < T}

find the solution to the equation

∂u

∂t
= a2

[
1

r

∂

∂r

(
r · ∂u

∂r

)
+

1

r2

∂2u

∂α2

]
, (15)

satisfying the boundary conditions

lim
r→0+

u(r, α, t)

ln (1/r)
= u0(t); 0 < t < T, (16)

lim
r→t−

u(r, α, t) = u1(α; t) ≡ uc(x; y; t)|√
x2+y2=t

; (α; t) ∈ ∂Ω1, (17)

where ∂Ω1 is the lateral surface of the cone.
To the boundary problem (15)–(17) we apply the Fourier method (the method of separation of variables).

We seek the desired solution u(r, α, t) in the form

u(r, α, t) = U(r, t)θ(α) (18)

Substituting (18) into (15) we get

θ(α) · Ut = a2

[
1

r
(r · Ur)/r · θ(α) +

1

r2
U · θ//(α)

]
or

r2

a2
·
Ut − a2

r (r · Ur)/r
U

=
θ//(α)

θ(α)
= −λ,

where λ is a non-negative const.
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We get the system of differential equations{
θ//(α) + λθ(α) = 0,

Ut − a2

r (r · Ur)/r + a2λ
r2 U = 0.

(19)

The solution to the spectral problem {
θ//(α) + λθ(α) = 0,
θ(0) = θ(2π)

is a system of orthonormal eigenfunctions and eigenvalues

θn(α) =
1√
2π

exp(inα); λn = n2; n ∈ Z. (20)

The solution to problem (15)–(17) has the form

u(r, α, t) =
∑
n∈Z

Un(r, t) · θn(α). (21)

When λn = n2 for the second equation of the system (19) we obtain

∂Un
∂t
− a2

r

∂

∂ r

(
r · ∂Un

∂r

)
+
a2n2

r2
Un = 0 (22)

For the function (21) we apply the condition (16):

lim
r→0

U0(r, t)

ln (1/r)
+

∑
n∈Z\{0}

Un(r, t) · θn(α)

ln (1/r)

 = u0(t).

Expanding the function u0(t) in a Fourier series on the eigenfunctions θn(α), we obtain

u0(t) =
∑
n∈Z

cn(t) · θn(α),

where

cn(t) =

∫ 2π

0

u0(t) · θn(α)dα,

From here we get the condition for the unknown functions Un(r, t), n ∈ Z:

lim
r→0

U0(r, t)

ln (1/r)
= u0(t); (23)

lim
r→0

Un(r, t)

ln (1/r)
= 0, n ∈ Z \ {0} (24)

For the function (21) we apply the condition (17):

lim
r→t

u(r, α, t) = lim
r→t

∑
n∈Z

Un(r, t) · θn(α) = u1(α, t).

Expanding the function u1(α, t) in a Fourier series on the eigenfunctions θn(α), we obtain

u1(α, t) =
∑
n∈Z

u1n(t) · θn(α),

where

u1n(t) =

∫ 2π

0

u1(α, t) · θn(α)dα. (25)
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Then from the equality ∑
n∈Z

(
lim
r→t

Un(r, t)
)
· θn(α) =

∑
n∈Z

u1n(t) · θn(α)

we get one more condition for the unknown functions Un(r, t), n ∈ Z

lim
r→t

Un(r, t) = u1n(t), (26)

where the functions u1n(t) are defined by equality (25).
We introduce the replacement of an unknown function Un(r, t), n ∈ Z by the formula

Un(r, t) = vn(r, t) exp

{
−a

2n2

r2
t

}
. (27)

Then substituting replacement (27) into equation (22) and into conditions (23), (24) and (26), we obtain
boundary value problems for determining a new unknown function vn(r, t):

I. n = 0.
∂v0

∂t
=
a2

r

∂

∂r

(
r · ∂v0

∂r

)
, (28)

lim
r→0

v0(r, t)

ln (1/r)
= u0(t), (29)

lim
r→t

v0(r, t) = u10(t), (30)

where

u10(t) =

∫ 2π

0

u1(α, t)dα.

II. n 6= 0.
∂vn
∂t

=
a2

r

∂

∂r

(
r · ∂vn

∂r

)
, (31)

lim
r→0

vn(r, t)

ln (1/r)
= 0, (32)

lim
r→t

vn(r, t) = u1n(t) (33)

Thus, we have obtained a family of boundary value problems (28)–(30) and (31)–(33), each of which is
a boundary problem of the form (1)–(3). The issues of solvability of these boundary-value problems will be
investigated later.

Solving boundary value problems (28)–(30) and (31)–(33), we find functions {vn(r, t), n ∈ Z}, and further,
using (20)–(21) and replacement (27), we formally construct a series

u(r, α, t) =
∑
n∈Z

vn(r, t) exp

{
−a

2n2

r2
t+ inα

}
.

It is known that the series (formula 5.4.11.2 from [22], p.585):

∑
n∈Z

exp

{
−a

2n2

r2
t+ i nα

}
,

converges for ∀ t > 0.
Remark. The justification of the passage to the limit under the sign of the sum in all the series below

follows from the uniform convergence of these series [21].
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Conclusion

In the second part of the research, we solve the problem in the domain of degenerating to a point at the
initial moment of time:

In the domain Ω = {(r, t) : 0 < r < t; t > 0} to find a solution to equation (1)

∂u

∂t
=
a2

r

∂

∂r

(
r
∂u

∂r

)
,

satisfying the boundary conditions (2)

lim
r→0+

u(r, t)

ln r
= −ϕ(t), t > 0,

and
lim
r→t−

u(r, t) = −ψ(t), t > 0.

The function G(r, ξ, t) = ξG0(r, ξ, t), where

G0(r, ξ, t) =
1

2a2t
exp

{
−r

2 + ξ2

4a2t

}
· I0
(
rξ

2a2t

)
,

is a fundamental solution to equation (1), ξ is parameter. We note that this function was defined in Theorem.
Thermal potentials will be preliminarily constructed using this fundamental solution.

Further, on the basis of the integral representation of the solution of the boundary value problem in the
form of a sum of thermal potentials, we will reduce the study of the original problem to the study of the Volterra
integral equation of the second kind, following [21] and [1–6].
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М.Т. Космакова, A.O. Танин, Ж.М. Тулеутаева

Бiр жылуөткiзгiштiк есебiнiң
фундаментальды шешiмiн құру

Мақалада осьтiк симметриялы жойылатын облыстағы жылуөткiзгiштiктiң шеттiк есептерiн шығару
үшiн қолдануға болатын көмекшi бастапқы-шеттiк есептер талқыланған. Бiртектi шекаралық шартта-
рымен қойылған есептердiң бiреуi жылу потенциалдарын анықтау үшiн қолданатын фундаментальды
шешiмдi құру үшiн қойылған. Бастапқы шарты Дирак функциясын қамтиды. Есептiң шешiмi Лаплас
интегралдық түрлендiруi көмегiмен айқын түрде табылған. Сонымен қатар, осьтiк симметрия бол-
маған жағдайдағы шеттiк есеп қарастырылды. Бұл есеп жоғарыда қарастырылған ұқсас шекаралық
есептердiң шоғырына бөлiнетiнi көрсетiлген. Қорытынды бөлiмiнде осьтiк симметриялы жойылатын
облыстағы жылуөткiзгiштiк шеттiк есебiнiң қойылуы көрсетiлген және оның жоғарыда табылған
фундаментальды шешiмi жазылған.

Кiлт сөздер: жылуөткiзгiштiк теңдеу, фундаментальды шешiм, Лаплас түрлендiруi, осьтiк симмет-
рия, Бессель теңдеуi.
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М.Т. Космакова, A.O. Танин, Ж.М. Тулеутаева

Построение фундаментального решения
одной задачи теплопроводности

В статье обсуждены вспомогательные начально-краевые задачи, которые впоследствии будут исполь-
зованы для решения краевой задачи теплопроводности с осевой симметрией в вырождающейся об-
ласти. Одна из задач с однородными граничными условиями поставлена для построения фундамен-
тального решения, которое используется для определения тепловых потенциалов. Начальное условие
содержит функцию Дирака. Решение задач найдено в явном виде с помощью интегрального преоб-
разования Лапласа. Также рассмотрена краевая задача при отсутствии осевой симметрии. Показано,
что эта задача разбивается на семейства краевых задач, аналогичных рассмотренным выше. В за-
ключении приведена постановка краевой задачи теплопроводности с осевой симметрией в вырожда-
ющейся области и выписано ее фундаментальное решение, найденное выше.

Ключевые слова: уравнение теплопроводности, фундаментальное решение, преобразование Лапласа,
осевая симметрия, уравнение Бесселя.
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