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Introduction

Let F, be a free group of infinite rank, in particular, let F,, be a free group of countably infinite rank. In
further of the paper X, = {z1, ..., x;, ...} be a basis of F,, and X,, = {z1,...,z,} be a basis of a free group F,, of
any finite rank n. Thus F,, is naturally embedded into F,,, and F,, is naturally embedded into every group F,,
where m > n. More generally, let A be a set (finite or infinite) and Fy be the free group of rank |A| with basis
XA ={x: A € A}. Then for each subset = of A free group Fx is a subgroup of Fi, and for every ¥, = C ¥ C A,
free group Fx= is a subgroup of Fy.

For any variety of groups C, let V' = C(F}) denote the verbal subgroup of F corresponding to C (see [1] for
information on varieties and related concepts.). Then Gy = Fy/V is the free group of rank |A| in C. In particular,
G,, is the free group of countably infinite rank in C. Write z; = x;V fori = 1,...,4,... . Then Xy = {Z1, ..., Ty, ...}
is a basis of GG,. For each A there is the standard homomorphism of F onto GGp. Then for each subset = of A
free group G= is a subgroup of Gy, and for every W, = C W C A, free group Gz is a subgroup of Gy.

If o is an automorphism of G then {a(Z,) : A € A} is also a basis of G, and every basis of G has this
form.

Any automorphism ¢ of F)y induces an automorphism ¢ of Gp. Thus every basis of F induces a basis of G .
The converse however is not always true; in general, there are automorphisms of G5 which are not induced by
automorphisms of Fj. See [2, 3] for relevant results.

An automorphism of Gz which is induced by an automorphism of Fj is called tame. If {ge : £ € E} are
distinct elements of G such that {ge : { € =} is contained in a basis of G then {g¢ : £ € Z} is called a
primitive system of Gy .

Any primitive system {fe : £ € =} of F) induces a primitive system of G, that is called tame. But, in
general, not every primitive system of GG is induced by a primitive system of F,. We observe different tameness
properties in the following Section 2.
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An other topic of this paper is small index property. A countable first-order structure M is said to have
the small index property if every subgroup of the automorphism group Aut(M) of index less than 2% contains
the pointwise stabilizer C(U) of a finite subset U of the domain of M. In Section 3, we give results about small
index property for relatively free groups of countably infinite rank.

Further in the paper, A denotes the variety of all abelian groups, N} means the variety of all nilpotent
groups of class < k, and A? stands for the variety of all metabelian groups (for any varieties C and D, CD
denotes the variety of all groups with a normal subgroup in C and factor group in D, thus A? = AA). We
also denote by A, Nk oo and M, the free groups of the countably infinite rank in the varieties A, Ny and A2,
respectively. For any group H and each positive integer k we denote by v (H) the kth member of the low central
series in H. In particular, v, (H) = H and v2(H) = H’, the derived subgroup of H.

Tameness

In this section, we present known results about tame automorphisms of relatively free groups of infinite
rank. It is well known that every automorphism of A, can be lifted to an automorphism of F., thus is tame.
The following results also belong to this direction.

Theorem 1 (Bryant and Macedonska [4]). Let Fi, be a free group of infinite rank and let V' be a characteristic
subgroup of Fi, such that Fi,/V is nilpotent. Then G, = F/V is relatively free group of infinite rank in a
nilpotent variety and every automorphism of G is induced by an automorphism of F,, thus is tame.

If Fiw and V are as in the statement of the theorem then V' contains v4(F) for some positive integer k.
Since V is characteristic in F, it follows by a result of Cohen [5] that V is fully characteristic in F. Thus V
defines nilpotent variety A of groups, then V = N(F,,) is the corresponding verbal subgroup of F.,. Hence
F,/V is a relatively free group in .

To prove Theorem 1 the authors defined a property called the finitary lifting property (see details below)
and obtained the following two results.

Proposition 1. Every nilpotent variety of groups has the finitary lifting property.

Proposition 2. If C is any variety of groups with the finitary lifting property and F, is a free group of infinite
rank then every automorphism of F,,/C(F) is induced by an automorphism of Fi.

Let F be a free group of infinite rank and let {x) : A € A} be a basis of Fi,. An automorphism ¢ of
F, will be called finitary if there is a finite subset U of this basis such that ¢(x) = z for each free generator
x ¢ U. Let C be a variety of groups and write V = C(F). Suppose that I" and A are subsets of A such that
I'NA =0, Ais finite, and A \ (I’ U A) is infinite. Let o be automorphism of F..,/V such that a(z) V) = z,V
for all A € T'. We say that the triple (T, A, @) can be lifted if there exists a finitary automorphism ¢ of F, such
that £(zx) = x for all A in " and {(zAV) = a(x,\V) for all A € A. Such a finitary automorphism ¢ is called a
lifting of (I, A, ). We say that C has the finitary lifting property if, for every F., of infinite rank, every triple
(T, A, «) can be lifted.

The theorem generalises some previously known results. The case where V = ~9(F) is a result of Swan
(see [6]). A closely related result had been obtained a few years earlier by Burns and Farouqi [7] who proved
that if A, (p) is a free abelian of exponent p group of countably infinite rank and p is a prime number then
every automorphism of A, (p) is induced by an automorphism of A,. In [8], Gawron and Macedonska proved
the discussed property in the cases V = ~;(F,) for i = 3, 4.

For each positive integer m, we denote by A(m) the variety of all abelian groups of exponent dividing m.
Also we denote by A(0) the variety of all abelian groups A.

Theorem 2 (Bryant and Groves [9]). Let m and n be non-negative integers. Every automorphism a free
group of infinite rank in the metabelian product variety A(m).A(n) is tame. In particular, every automorphism
of M, is tame.

Theorem 8 (Bryant and Gupta [10]). Let C be a variety such that A? C C C N.A for some k, and G, be a
free group of infinite rank in C. Then every automorphism of G, is tame.

The following result generalizes Theorems 1, 2 and 3.

Theorem 4 (Bryant and Roman’kov [11]). Let C be a subvariety of Nj.A for some k. Let G be a free group
of infinite rank in C. Then every automorphism of G, is tame.

The main ingredient in the proof of this theorem are the following result that has its own interest.

Theorem 5 (Bryant and Roman’kov [11]). Let C be a subvariety of N3.A, where k > 1. Let n be a positive
integer and write | = 2"(n + 1) + 2k. Then every primitive system of F,,/C(F},) is induced by some primitive
system of Fj.
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Above we presented some positive results about tameness of the automorphisms of relatively free groups of
infinite rank. However, there are negative results for other varieties.

Theorem 6 (Bryant and Groves [12]). Let £ = var(K) be the variety generated by a non-abelian finite
simple group K, and G, is the free group of the countable infinite rank in K. Then there is an automorphism
of G which is not induced by an automorphism of Fj,.

Small index property

Hodges, Hodkinson, Lascar and Shelah established in [13] that w-categorical and w-stable structures, and
so called random graph have the small index property. In [14], Bryant and Evans use the methods of the paper
[13] to show that the free group of countably infinite rank and certain relatively free groups of countably infinite
rank have the small index property.

Theorem 7 has some immediate consequences through the results of [14] and [15].

Theorem 8 (Bryant and Roman’kov [11]). Let F,, be a free group of countably infinite rank and let C
be a subvariety of Ny.A, where k > 1. Then F,,/C(F, has the basis cofinality property and the small index
property. The automorphism group Aut(F,,/C(F,) is not the union of a countable chain of proper subgroups.
Also, Aut(F,/C(F,) has no proper normal subgrou of index less than 2% and it is a perfect group.

Recall that a group is called perfect if it equals its derived subgroup.

Other properties

Completeness. A group G is said to be complete if G is centreless and every automorphism of G is inner.
By the Burnside’s criterion for a centerless group G its the automorphism group Aut(G) is complete if and only
if the subgroup Inn(G) of all inner automorphisms of G is a characteristic subgroup of the group Aut(G) (that
is, preserved under the action of all automorphisms of the group Aut(G)).

Theorem 9 (Tolstykh [16]. The automorphism group Aut(F.,) of any free group of infinite rank is complete.

This statement was derived from the following assertions:

e The family of all inner automorphisms of F,, determined by powers of primitive elements of F,, is
first-order definable in Aut(F ), hence Inn(F,) is a characteristic subgroup of Aut(F).

e The subgroup Inn(Fy) is then first-order definable in Aut(F,,).

Theorem 10 (Tolstykh [17, 18]). For any k > 2, the automorphism group Aut(Ne ) of any free nilpotent
group N 1 of infinite rank is complete.

Note, that Inn(Aut(As)) = Aut(Aut(A)) ([19], [20]). Anyway Aut(A ) is not complete because it contains
a non-central the inverting authomorphism.

In [17], this statement was proved for the case k = 2, and in [18], for the general case.

Theorem 11 (Tolstykh [21]). Let F., be an infinitely generated free group, R < F!_ a fully characteristic
subgroup of F., such that the quotient group F.,/R is residually torsion-free nilpotent. Then the group
Aut(F/R) is complete.

Corollary. Let G be a free abelian-by-nilpotent (in particular metabelian or free solvable of class > 3)
relatively free group of infinite rank. Then the group Aut(G,) is complete.

Generalized small index property. Let F' be a relatively free algebra of infinite rank «. We say that F' has the
generalized small index property if any subgroup of Aut(F') of index at most x contains the pointwise stabilizer
C(U) of a subset U of the domain of F of cardinality less than .

Theorem 12 (Tolstykh [22] Every infinitely generated free nilpotent (in particular free abelian) group Noo
has the generalized small index property.

Bergman property. A group G is said to have the Bergman property (the property of uniformity of finite
width) if given any generating X with X = X! of G, we have that G = X! for some natural [, that is, every
element of G is a product of at most [ elements of X. The property is named after Bergman, who found in [23]
that it is satisfied by all infinite symmetric groups. The first example of an infinite group with the Bergman
property was apparently found by Shelah in the 1980s.

Theorem 13 (Tolstykh [24]). The automorphism group Aut(F,,) of the free group F,, of countably infinite
rank has the Bergman property.

Theorem 14 (Tolstykh [24]). For any positive integer k, the automorphism group Aut(N. ) of any free
nilpotent group N of infinite rank has the Bergman property.

Some other discussion on the automorphism groups of free relatively free groups can be found in survey [25].

Cepust «Maremarukas. Ne 2(90)/2018 159



V.A. Roman’kov

Acknowledgments

Supported by Russian Foundation for Basic Research, project 16-01-00577.

10

11

12

13

14

15

16

17

18

19

20

21

22

160

References

Neumann H. Varieties of Groups / H.Neumann. — New York: Springer-Verlag, 1967. — 194 p.
Roman’kov V.A. Automorphisms of groups / V.A. Roman’kov // Acta Applicandae Math. — 1992. —
Vol. 29. — P. 241-280.

Roman’kov V.A. Essays in algebra and cryptology: solvable groups / V.A. Roman’kov. — Omsk: Omsk
State University, 2017. — 267 p.

Bryant R.M. Automorphisms of relatively free nilpotent groups of infinite rank / R.M. Bryant, O. Mace-
donska // Journal of Algebra. — 1989. — Vol. 121. — P. 388-398.

Cohen D.E. Characteristic subgroups of some relatively free groups / D.E. Cohen // Journal of the London
Math. Soc. — 1968. — Vol. 43. — P. 445-451.

Cohen J.M. Aspherical 2-complexes / J.M. Cohen // Journal of Pure and Applied Algebra. — 1978. —
Vol. 12. — P. 101-110.

Burns R.G. Maximal normal subgroups of the integral linear group of countable degree / R.G. Burns,
I.H. Farouqi // Bull. of the Austral. Math. Soc. — 1976. — Vol. 15. — P. 439-451.

Gawron P.W. All automorphisms of the 3-nilpotent free group of countably infinite rank can be lifted /
P.W. Gawron, O. Macedonska // Journal of Algebra. — 1988. — Vol. 118. — P. 120-128.

Bryant R.M. Automorphisms of free metabelian groups of infinite rank / R.M. Bryant, J.R.J. Groves //
Communications in Algebra. — 1992. — Vol. 20(1992). — P. 783-814.

Bryant R.M. Automorphisms of free nilpotent-by-abelian groups / R.M. Bryant, C.K. Gupta // Math.
Proc. of the Cambridge Philos. Soc. — 1993. — Vol. 114. — P. 143-147.

Bryant R.M. Automorphism groups of relatively free groups / R.M. Bryant, V.A. Roman’kov // Math.
Proc. of the Cambridge Philos. Soc. — 1999. — Vol. 127. — P. 411-424.

Bryant R.M. On automorphisms of relatively free groups / R.M. Bryant, J.R.J. Groves // Journal of
Algebra. — 1991. — Vol. 137. — P. 195-205.

Hodges W. The small index property for w-stable w-categorical structures and for the random graph /
W. Hodges, I. Hodkinson, D. Lascar, S. Shelah // Journal of the London Math. Soc. — 1993. — Vol. 48.
— P. 204-218.

Bryant and Evans. The small index property for free groups and relatively free groups / Bryant and Evans
// Journal of the London Math. Soc. — 1997. — Vol. 55. — P. 363-369.

Bryant R.M. The automorphism groups of relatively free algebras / R.M. Bryant, V.A. Roman’kov //
Journal of Algebra. — 1998. — Vol. 209. — P. 713-723.

Tolstykh V. The automorphism tower of a free group / V. Tolstykh // Journal of the London Math. Soc.
— 2000. — Vol. 61. — P. 423-440.

Tolstykh V. Free two-step nilpotent groups whose automorphism group is complete / V. Tolstykh //
Math. Proc. of the Cambridge Philos. Soc. — 2001. — Vol. 131. — P. 73-90.

Tolstykh V. Infinitely generated free nilpotent groups: completeness of the automorphism groups
/ V. Tolstykh // Math. Proc. of the Cambridge Philos. Soc. — 2009. — Vol. 147. — P. 541-566.
Tolstykh V. Automorphisms of Aut(A4), A a free abelian group / V. Tolstykh // Communications in
Algebra. — 2015. — Vol. 43. — P. 3160-3168.

Toncrerx B. O rpynmax aBroMopdu3MoB OECKOHEYHO ITOPOXKIEHHBIX CBODOIHBIX abEIEeBBIX TI'PYIII
/ B. Toncreix // Bectn. Kemepos. roc. ya-ra. — 2015. — T. 147. — C. 46, 47.

Tolstykh V. Small conjugacy classes in the automorphism groups of relatively free groups / V. Tolstykh
// Journal of Pure and Applied Algebra. — 2011. — Vol. 215. — P. 2086—2098.

Tolstykh V. The small index property for free nilpotent groups / V. Tolstykh // Communications in
Algebra. — 2015. — Vol. 43. — P. 447-459.

Bectnuk Kaparanmauickoro yHuBepcuTeTa



On the automorphism groups of relatively...

23 Bergman G.M. Generating infinite symmetric groups / G.M. Bergman // Bulletin of the London Math.
Soc. — 2006. — Vol. 38. — P. 429-440.

24 Tolstykh V. On the Bergman property for the automorphism groups of relatively free groups / V. Tolstykh
// Journal of the London Math. Soc. — 2006. — Vol. 73. — P. 669-680.

25 Toscreix B.A. Tpymmsl aBroMOpdU3MOB OTHOCHTEJILHO CBOOOIHBIX TIPYNI OECKOHEYHOrO paHra /
B.A. Toncreix // Becrn. HoBocubupckor roc. yu-ta. — 2006. — T. 6. — C. 77-101.

B.A. PomanbkoB

IMTekci3 panrTi epkin rpynnajiapra KaTbICTbl aBTOMOP(dU3IM/Iep
rpynnajiapbl »KalblHA: ITOJLy

MaxkaJyianblH MakCcaThl IIEKCi3 PAHITI €pKiH Ipynnajapra KAThICTBI aBTOMOPMU3MIEP TOOBIH 3€pPTTEYIiH
Keibip Mocesiesiepin mosry 6okl Tabbutaabl. ABTOMOPMU3MHIH «HYCKAYJIBI» OOJIYBI, KapaballbIPJIbIK, Kili
uHJeKC, Beprman KacueTi »KoHe Tarbl bacKalail KacueTTepi »KaH->KaKThl TAJIKbIIAHAIbI.

Kiam cesdep: rpynnanap/iblH KONOeHHETIr, CAJTBICTHIPMAJIBI €PKIiH TOT, CAHAMAJIBI [IIEKCI3 paHT, aBTOMOP-
dusMIep rpynmnachl, «HyCKayIbl» aBTOMOPMU3M, Killli MHIEKC KaCHeTi, KOPUHAIBLIBIK, BeprMan Kacueri.

B.A. PomanbkoB

O rpynnax aBToOMOpP(pPU3MOB OTHOCUTEJHBHO CBOOO/IHBIX T'PYIIII
OeCcKOHeYHOro paHra: 0030p
]_[eJIBIO CTaTbU ABJIAETCA O630p HEKOTOPbIX BOIIPOCOB HCCJIQLLOBa.HHI’I I'pynIn a.BTOMOp(l:)I/I3MOB OTHOCHUTEJIbHO

CBOOOIHBIX TPy 6€CKOHETHOTO paHra. OOCYKIAIOTCS TAKNe CBOWCTBA, KAK OBITH «PYIHBIM» aBTOMOPMU3-
MOM, IIPUMHUTUBHOCTH, CBOICTBa MaJjOro MHIEKCa, beprmana u T.II.

Karoweswie caosa: MHOroobpasme IpyIll, OTHOCHTEIBHO CBOOO/HAsI I'PYIA, CYETHLIH OECKOHEUYHBIN DaHT,
rpyIna aBTOMOP(MU3IMOB, «PYIHOI» aBTOMOP(MU3M, CBOWCTBO MAJIOTO WHIEKCA, KOPUHATIBHOCTH, CBOMCTBO
Beprmana.
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