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On a pseudo-Volterra nonhomogeneous integral equation

In this paper the issues of the solvability of a pseudo-Volterra nonhomogeneous integral equation of the
second kind are studied. The solution to the corresponding homogeneous equation and the classes of the
uniqueness of the solution are found in [1]. By replacing the right-hand side and the unknown function, the
integral equation is reduced to an integral equation, the kernel of which is not «compressible». Using the
Laplace transform, the obtained equation is reduced to an ordinary first-order differential equation (linear).
Its solution is found. By using the solution of the homogeneous equation the form of a particular solution of
the nonhomogeneous differential equation is defined (by the variation method of an arbitrary constant). By
using the inverse Laplace transform, a particular solution of the pseudo-Volterra nonhomogeneous integral
equation under study is obtained. The case of an nonhomogeneous integral equation with the value of
the parameter k = 1 is considered and studied. Classes for the right side and the solution of the integral
equation are indicated.

Keywords: pseudo-Volterra nonhomogeneous integral equation, class of essentially bounded functions, inverse

Laplace transformation, residue.

Introduction

We research the solvability of the following nonhomogeneous pseudo-Volterra integral equation of the second
kind

where a, k are positive constants, f(¢) is the given function.

v(t

)wva:ﬂm<w

1. Reducing the equation (1) to a differential equation in images

Following the results of work [1] after replacements:

o (g0 )0 =m0 Ve (1) 10 = A0 2)

we get the following integral equation

t-v(t vy (7)dr ~Tuv(T)dr = f1(t). (3)

)_2377/;\/%' _kalﬁ/ot\/tl;r

Applying the Laplace transform the equation (3) transforms to the following differential equation

1 N a _
[’m\/ﬁ _ 1} o (p) — 7 21(p) = fi(p). (4)

The general solution to corresponding homogeneous (4) has the form
ﬁl, hom(p) =C————

where C — const.
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Then the solution of the nonhomogeneous equation (4) is sought in the form

X e P
7 (p) = C(p) T (5)
(VP — 7a)
Substituting function (5) into equation (4), we get
+oo 1 %_1
co=- [ i vi(vi-) dee )
p

After substituting (6) into (5), we can write out the partial solution of the nonhomogeneous equation (4) as

) S LY A (e g _1)“
0, part(p) = (\/]5—,61(1)’1/17 </0 e f1(t)dt> VPV (Vi - dg.

Changing the order of integration, we obtain

. e~ P Foo Foo 1\*7!
1, part(P) = T / fi(?) / e e /g - <\/§— ka> dq dt.

(vo— )t o :
I(p,t)
This way, we get
e~ VP 400
Vl, part (p) - 1 % / fl (t)I(pa t) dta (7)
(VP—7a)" 70
where -
+oo 1 T B
o= [ va(vi- ) e ®
p

We rewrite integral (8) in the form

1.0~ [ P (gie L) ey s L / e VT e
p,—p \[lm € qkap \[lﬂa € o

J1(p, t) Ji_i(p, t)
k k
1
where
Tu-1(p, 1) :/ﬂo (ﬁ—l)nl e~ MeVidg = H S 4= H
v ka dq = 2xdz; \/p <z <+00
+00 1 n—1 +o00 1 n
= 2/ g et Re (x - ) e tettar gy — 2/ (a: - ) et taT gy 4
/P ka JP ka
An(p,t)
+oo n—1
+3/ (x - 1) et er gy =
ka /P ka
Anfl(pvt)
2
Jnfl(pv t) = 2An(p7 t) + EAnfl(pv t)? (10)
where

+o00 1 n—1
Ap-1(p,t) = / (a: - k) exp(—tz® + az)dx =
\/5 a
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VP
oo a 1 2
A — — — e N d\

2t

2. d\=dx
——<)\<+oo

VP
Bn—1(p,t)
or .2
An—l(pv t) = exp <4t> Bn—l(pa t)v (11)
where oo . .
Br(pv t) = / ()\ + E — k@) e d.
VP3¢
We find the last integral when r =n — 1:
+oo a 1 n—1 , u — e—t)\2. dv = ()\ + 4 )
B 1(p,t) = Ad —— — AT AN = ’ 2t ke n |l =
n-1(p,?) /\/;7; < 2t k(l> ‘ du = —2the N d\; v = LA+ - ﬁ)
n | A—+o00 n
1 1 2t 1
= —¢ N ()\ + ) += (/\ +=— ) Ae=™ d) =
n 2t ka rmvi-e Mg 2t ka
1 a\?2 1 2t a 1
=~ exp ( t (\f_ E) ) (\/13_ ka) +— |:Bn+1(p7 t)— (2t - ka) By (p, t)} .=
1 1 a\2 2t a 1
Brao )=+ (Vo= 1 e (<t (Vo= ) ) + 2 [Bunto 0 - (5 - 3o ) Bt 0] 12

We substitute the expression (12) into (11):

e () { =5 (=)o (- (5 5))

% [Bn+1(p, t) — (;t - ,;) Bu(p, t)] } (13)

Then
Ap(p, t) = exp (Zi) { - nil <\/17— kla) exp <—t (\f— ;5)2> +
+% {Bn+2(P7 t) + <kla - ;t) Byi1(p, t)} } (14)

Substituting the expressions (13) and (14) into (10) we get
I ) =2 a? 1 1 . ( a )2 N
AT n+1 VP ka ) P VP 2t

2t {Bmz(% t) + <1 - a) Bt (p, t)} - ﬁ (x/ﬁ - ka) exp (—t (xf— ;5)2> +
) 5ut0)

n+1 ka 2t

4t

Jn-1(p, t) = 2exp (a2> { - % (x/ﬁ— kla> exp (—t (\/— %)2> +
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+i3n+2(p,t)+2t [1(1 a)+ ! }B,,H(p, t) + 2t (1 a) B (p, t)} (15)

n+1 n+1\ka 2t nka nka \ka 2t
Then

Jn(p, t) = 2exp <‘Z> { - (&:11))]:;&123 (\/;3 - kla> exp (—t (f - ;)2> + %erg(p, t)+

ot {n i 5 (kla - ;t) + (n—i—ll)ka} Bpia(p, t) + (nfﬁ (kla - 2‘;) B (p, t)}. (16)

Substituting the expressions (15) and (16) into (9) we get:
a? (n+ Dka+n+2 nka+n+1 1 a\2
I —9 S I - - _e
(. 1) eXp(4t>{ ((n—i—l) (n+2ka | n(nt 1) (ko) (‘[ ka) eXp( ! (\[ Qt) >+

2t 1 1 a 1 1
= Buaalp, )42t | —— (— - & Byia(p, t
+n+2 +a(p 8+ {n+2 (ka Qt) * (n+1)ka+ka(n+1)} +2(p )+

+2t [ka(nil) (kla - ;) + n(kla)Q} Brii(p, t) + n(i’;)2 (;a - ;) B (p, t)}. (17)

Substituting the expression (17) into (7) we get 21, part(p):

1 part(p) = —— / L0, 0)d0 18)
Vi,part\P) = =1 1 b, )
(VP = 7a)" 70

where the function I(p, 0) is defined by formula (17).
We rewrite (18) in the form

A “+o0 efa\/;?z
Panp) == [ 100) (). (19)
o (VP
We apply the inverse Laplace transform to (19)
1 c+i00 A
vy, pa'rt(t) = % /071.00 vy, part(p) eptdpa (20)

where the integration is performed along the line Rep=c, that is parallel to the imaginary axis and is shifted so
that all singularities of function 7} pqr¢ lie on the left side of it.
Changing in (20) the order of integration 6 and ¢, we get by virtue of the Cauchy residue theorem:

+oo 67(1\/5
o) == [ 510) 3 res § — 10y, 0)c" b, (21)
0 pr (VP — 72)
where p,. is a singular point of a function
efa\/frkpt
G(p, 0) = 11 0), (22)
(VP = 7a)

because by virtue of the formula
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and formula (17) we have
e~ P

lirf o I(p, 0)e?' 3 =0,
—+00 T

: (VP 7a)"

where oo is a removable singularity.
1
Obviously, the singular point of the function (22) (as a function of p) is the point p = e We will find
a
the residue of the function G(p, #) at this point.
We consider the case when k£ = 1.
When k =1 from (8) we have:
+o0 00 2 2 o0 a2 5
I(p, 9) — \/a e—q0+a\/adq _ 2/ 22t 0tar g, — 2exp (49) / ()\ + %> e N d\ =
p VP VP~ 13y
+o0 +o0 2 +o0
/ Nem dx + % Ae PN+ %02 / erA] -
VP—35 P—35 VP35
a\? a® a
)i 5)
))+( +29>erc NG 50 } =

<o)

2) erfe (\f— ;;)} . (23)

1 a? a
g P (49) [(\/1“ Tk (" (Vi-5
1, 0) = Lexp (4 (Vp+ oz )exp (-0 ( _7)2 +(1+2
PO =gexe| g ) (VP T o) exp VP 5 20
1
Then at p = — we obtain from (23):
1 a 1 0 a? a? 1 a
I=:0)=(2 4+~ 1- = 1+ 2 S Verfe (= - 2. 2
<a2’ 9) <292+a9> eXp< a2>+< +29> exp (49) e”(a 29) (24)
When k=1 (p = o) is a simple pole) for the function (22) we have in view of (24)
1 .
pv;e;G(p, H)Zaexp E_l I pek 0) =
1+1 t—90 n 2+a +a2 1) erf 1 a
==+ — ) ex —+-]exp|5+—=— rfc [ = — —
02 " a20) TP\ a2 a9) P\ )" 20
Then from (21) we get
oo 12 t—0
nopert) == [ 1O | (4 g) e (0 ) +
2 a t a? 1 a
-+ - — 4+ —=—1)efc|=-—— ]| dob. 2
+(a+9>exp(a2+40 )erc(a 20)] (25)
By virtue of replacements (2) from (25) we obtain a particular solution of the initial equation (1)
Y e 0 1 2
Vpart(t) = —V't exp VPE ) f(0) EJFTQ\/@ exp T +
2v/0 a a? 0 1 a
VT4 I o = ) 2
+< . +\/§>exp<49+4a2>erc<a 29)] (26)
Thus, the following theorem is proved.
Theorem. The integral equation
a ¢ 1 t—r1 1 t \ﬁ t— T
- T u(n)dr — - u(r)dr = f(t
)= 5z | e o (<) vt = [ e exp (=1F ) v(r)ar = 100
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in the weight class of functions

exp (_422> V() € Lo(0, +00)

at
exp (_422> (1) € Loo(0, +00)

has a solution defined by the formula (26).

Remark. Singular homogeneous integral equations were considered in works [2—4]. Their kernels were also
«incompressibles, but kernels had an another form. In this connection, the weight classes of the solution existence
differ from the class of the solution existence for the equation considered in this work. We also note that boundary
value problems for a spectrally loaded parabolic equation reduce to this kind of singular integral equations,
when the load line moves according to the law « = ¢ [5-10] and problems for essentially loaded equation of heat
conduction [11-15].

In works [16, 17] it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has a
nonzero solution.

In works [18, 19] boundary value problems for heat equation in angular domains with special boundary
conditions are studied. The problems are reduced to singular integral equations of Volterra type of the second
kind, similar to the equation (1).

A similar kind of integral equation arises in solving the boundary value problems of heat conduction with
heat generation, which describe the development of the one-dimensional unsteady heat processes with axial
symmetry. More complex equations arise from the model that is based on the system of spherical heat equations
in a domain with moving boundary and when studying the Stefan problem [20-23].

To find analytical solutions for classes of transfer problems, special methods or modification of known
approaches are needed. Summary of the results accumulated in this area of the analytic theory of the thermal
conductivity of solids is given in reviews [24, 25].
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BiprekTi emec nceBao-BoJsbTeppa
MHTErpaJIAbIK TEHAEeYi TypaJibl

Maxkasana exinmi TexTi 6ipTekTi emec nceBno-Bosbreppa TeHeyiniy memnrimi 60IaabI Ma JIeTe€H CypaKTap
KapacThIpbLLIbl. TeHgeyre colikec GipTeKTI TeHJEY/IIH MemiMi KoHe MIeIIMiHIH XKaJFbI3(bIFbIHBIH KJachl [1]
JKYMBICTa, TaObLIFaH. BepiireH MHTerpasablK TEeHJEYIiH OH Kafbl MEH 13MeJHl (DYHKIUSHBI aybICTHIPY
apKbUIbI, SAPOCHI «KBICBLIFAH» OOJIMANTBHIH WHTEIPAJIIBLIK, TeHEY TypiHe Kesmi. Asjbpiaran tenjey Jlamiac
TypJleHAIpYiHiH KeMmeriMeH OipiHnn perTi KapamaibiM (ChI3BIKTBI) JuddepeHIanIblK TeHIeyTe aJbll Ke-
sneni. OubIH mmemiMi TabbLTabl. BipTekTi TeHmeymiH IenriMiHie KeMeriMen 6ipTekTi eMec muddepeHmasi-
JIBIK TeHAEYAIH Jepbec merntiMinig Typi aHbIKTamAbl (TYPAKThIHBI BapHausiiay ojiciMen ). JlamiacTeiy kepi
TYPJIEHIIPYiH KOJIJIAHbIII, 3€PTTEI OThIpFaH OipTeKTi eMec rceB/10-Bosbreppa MHTErpaJiIblK, TeHIEYiHiH
nepbec mmermimi aabHABI. BipTeKTi eMec MHTErpasiIbIK, TeHIeyiHIH mapaMeTpiniy MoHi k = 1 Gonran Kar-
maibl 3epTresi. HTerpasablk TeHaeymais OH »Karbl MEeH IIeMTiMi YIIH K/IacTapbl KOPCETLIIi.

Kiam coesdep: 6iprekTi emec ncesno-Bonbreppa WHTErpaaablK, TEHIEY1, MAHBI3IBI IIEKTEATeH (DYyHKIUIIAD
KJachkl, JlammacTeig Kepi TypseHaipyi, erepim.

M.T. Kocmaxkosa, JI.M. Axmanosa, 2K.M. Tyneyraesa, JI.2K. Kacbimosa

06 oanom nceBao-BosbreppoBoM HEOJHOPOIHOM
MHTErpajJbHOM ypaBHEHUN

B crarpe mccimemoBanbl BOIPOCH! Pa3permMOCTH MICEBA0-BobTeppOBOro HEOMHOPOIHOTO MHTErPATHLHOTO
ypaBHEHUs BTOPOro poja. PelreHne COOTBETCTBYIOIIETO OJHOPOIHOIO YPABHEHUS M KJIACCHI €JUHCTBEHHO-
CTH peleHust HaiineHbl B pabore [1]. C nomompio 3aMeH IpaBoii 4acTu U UCKOMO# (byHKIME HHTErPAIBHOE
yPaBHEHUE CBEJIEHO K MHTErPabHOMY YPABHEHUIO, AJIPO KOTOPOIO HE sBJIAETCH «CxKUMaeMbiMy». C 1oMo-
b0 IpeobpazoBanus Jlamaca mosyyeHHOe ypaBHEHNE CBEJIEHO K OOBIKHOBEHHOMY JuddepeHnaIbHOMYy
yPaBHeHHIO epBoro nopsiaka (nuseitnomy). Haiineno ero pemenue. C MOMONIBIO PelIeHUs! OZHOPOJHOIO
yDaBHEHMsI ONPEEIeH BUJ, YACTHOIO DEIIeHUs] HEOMHOPOAHOro auddepeHnuaabLHoro ypapHeaus (MeTo-
JIOM BapHaly IIPOU3BOJILHON IocTostHHOM ). IIpnmenennem obparHoro npeobpasosanust Jlamiaca 1moJry4eHo
YaCTHOE PEIIeHHE UCCJIEIYyeMOro IceBao-BoabTeppoBOro HEOJHOPOIHOTO MHTETPAJILHOIO ypaBHeHus. Pac-
CMOTPEH U UCCJIEIOBAH CIydail HEOTHOPOAHOTO MHTEIPAJILHOTO yPAaBHEHNUs IPU 3HAaYeHnn nmapamerpa k = 1.
VKa3aHbI KJIACCHI JJIs IIPABOY YaCTU U PEIIeHUs NHTErPAJIbHOIO YPABHEHNUS.

Karoueswie caosa: iceBno-BosbreppoBo HEOTHOPOIHOE HHTErPAJILHOE YPAaBHEHKE, KJIACC CYIIIECTBEHHO Orpa-
HUYEeHHBIX DYHKIW, 0bpaTHOe mpeobpazoBanue Jlamraca, BbIIeT.
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