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Approaching of the solution of a static compressible medium
to the solution of an incompressible medium

A well-known analogy of the flow of viscous incompressible fluid and incompressible elastic medium.
According to this analogy, the solution of the equations of the elasticity theory with the Poisson’s ratio
v = 0,5 and for any fixed shear modulus g can be interpreted as a motion of a viscous incompressible
fluid with viscosity p. Thus, we can consider the usual static linear elasticity task with Hooke’s law at
A — 00, as a mathematical model of approaching to incompressible medium. In this paper, we obtained the
asymptotic A — oo. Estimation of the proximity of the solution of an elastic static problem with Hooke’s law
to the solution of incompressible medium (Stokes problem). The final estimate allows to use well-known
difference schemes and algorithms for an elastic compressible medium to solve incompressible medium.

In this paper, an estimate of the proximity of the solutions of these problems is proved at A — oo, i.e.

—H f ATy H . . . .
F e ;\\ilzo“_’ P ¢339 . To substantiate this fact in [1-3], various methods for the first boundary value

problem were investigated. For the static problem of the theory of elasticity, there is currently a whole
series of papers devoted to numerical implementation using difference schemes. In paper [4], the estimate

O(A™%) where k = % was obtained, in the proposed paper the estimate O(A™"), and in further work we

will show that this estimate is best possible in order.
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A well-known analogy of the flow of viscous incompressible fluid and incompressible elastic medium. According
to this analogy, any solution of the equations of the elasticity theory with the Poisson’s ratio v = 0,5 (l/ = ﬁ)

to any shear modulus i can be interpreted as a motion of a viscous incompressible fluid with a viscosity u (Stokes
problem) [5].

In a bounded simply connected domain D C R? with a sufficiently smooth boundary v we seek a solution
to the problem of the theory of elasticity for an incompressible medium that satisfies the equilibrium equation

ulNa—Vp+ f=0, x €D, (1)

the condition of incompressibility of medium

divu =0,z € D, (2)
by the correlation of the displacement-strain
1 (0u;  Oug )
ik = & ) 7k = 17 27 37 3
“ik 2(8xk+8xi> ! ®)
to equations of state of medium
Oik = —0ikD + 2UEik, (4)

where o, is components of the stress tensor, J;; is the Kronecker symbol, p is function of pressure, and to

boundary conditions
3

Za’iknk = 0) T e, (5)
k=1
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the task (1)—(4) with boundary conditions of the first kind, i.e. when
u=0, z €7, (6)

was investigated by various techniques. Its solution was considered as the limit in a certain sense at A — oo
solutions @* the problem of the theory of elasticity for a compressible medium.

AT + (A + p)Vdiva* + f =0,z € D, (7)

where the components of the strain and stress tensors are related to Hooke’s law

045 = 5”)\0 + 2/162']'7 Z,] = 1, 2,37 (8)

3

where = > e, A > 0, p > 0 the Lamé constants, the static problem of the theory of elasticity for an
i=1

incompressible material (1)—(4), (6) studied in [6-7]. For it, a difference scheme is constructed from the first

order of accuracy. Let us turn to the study of the behavior of the solution of problem (3), (5), (7), (8). This

problem is not always solvable [8]. The conditions for its solvability are that the main vector and the main

moment of the bulk forces are zero.
/?d:r:O, /?x?dx:O, (9)
D D

in the case of fulfillment of conditions (9), problems (3), (5), (7), (8) are not uniquely solvable. To single out its
only solution, additional conditions are needed.

/ﬂdm =0, /rot udz = 0, (10)

D D

further, we will assume that for solving the problem (3), (5), (7), (8) the conditions (9), (10) are fulfilled. We
first carry out auxiliary arguments. Let problem be solved.

divvi=p, €D, V=7, x €. (11)

Lemma 1. Following [10, 11], let it be

mal
7 eCH™, pe WD), p e W, R (), (12)
moreover we suppose that (p,1)p =0, (#,7)y = [@ T ds. Then there exists an additive and homogeneous

Bt
operator v = v(p, u) solving the problem (11), (12) and there is fair estimate

Ml oy < Mo (Eollwgcoy + el e )

Lemma 2. Let conditions (12) be fulfilled, then there exists a homogeneous operator v = v(p,u) that the
evaluation takes place

Ml ) < Mo |l + el e |
where v satisfies the following problem
divv=p- [u(D)"", (7,7m),, in D,

V=p+ [/1’77«*1(7)}71 : (pa 1)D ‘n, on 7,

1n (D) is n-dimensional Lebesgue measure of the domain D, p,—1(7) is n — 1-dimensional Lebesgue measure of
its boundary.
Proof. Let ¥y - this sequel to D, that the assessment is made

13l o) < Mol ey
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As ¥y, you can take the solution of the following problem:
v, =0, in D,
Uy =¢, on 7.
Let Wy be similar extension of n to D. Finally, let be
U =T+ 1M () - Ta
Then the vector function Z =¥ — V¥ is a solution of problem
divz =p —div¥ + [un(D)] (7,7,
z=0, on .

Thus, for the vector function Z(x), the conditions of the Lemma are already satisfied, as required. Now, for any
scalar function is p(z) € L, (D).
The formula

||PHW*1(D): sup 7|(p,q)p\
2 q€EW(D) HQHW;(D)

for all ¢ # 0 defines the norm of a linear functionality over the space W3 (D). A formula

|(p,9)p|

P| o -1 = sup
1Pl o llall o
W

2 4eW(D) (D)

~1
defines the norm of a linear functionality over a space W, (D). Whence it follows that

1Pl < Wl < [Pl
Consequence of Lemma 2. Let v be a solution to problem
divv =p, in D. (13)
V= [ (D7 (0, V) -7, on v, (14)
For an arbitrary function p(z) € La(D). Then the estimate is true
¥llwi o) < cllpllLap)-
Let us turn to the problem (3), (5), (7), (8). The solution of this problem satisfies the integral identity
E(u,v) +A/divﬂ~divvda: = /?'Vdo:. (15)
D D

For all v € W3 (D) where

3
— N 1 au, 6’(1,]‘ 8vi 8Vj
B v) = 5“/ > (axj + 8:&;) (azj + 317,;) de.
D
Let in (15 ) v =@, then
E(w, @) + A dival? = /?ﬂdm, (16)
D

Consistently evaluating the right-hand side of equality (16) we will have

/ Fuda| < Tl oy - lullws o) < SlllBva oy + call 132
D
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d > 0, ¢s > 0 are constants. Further, taking into account the Korn inequality [2], we obtain

Il oy + M v al?® < ell I+ .

Let v from (13) be the solution of the problem (13), (14), setting that in (15) divV = p, we have

A/divﬂ-pdx < ellplloo) + 1wy oy - IPllzaoy < €llpllLoo) (17)
D

in (17) we set p = div u, whence it follows that

)\” diVﬂH[Q(D) < c < oo.

Thus, we have obtained the following estimate
[ullwy () + Al diva L, (D) < ¢ < oc. (18)

Let us pass in (15) to the limit A — oco. Since, by virtue of estimate (18), we have the relations @ — @y weakly
in W (D) at A — oo, Adiv — p weakly in La(D) at A — oo. From this we obtain that % and p satisfy the
integral identity

E(ug,v) — /pdivvdx = /?de.
D D

For an arbitrary vector function ¥ € W3 (D). That is, we will have in the limit for A = 0o a generalized solution
of the boundary value problem

uiig —Vp+ f=0, z €D, (19)
- 8uoi auok .
divag = 0, O'?k =L (&nk 9, ) —Oup, 1, k=1,2,3,

3
0
E ok = 0,7.
k=1

Next, we estimate the rate of convergence of the solution and problem (3), (5), (7), (8) to the solution g, p of
the problem (19).
Denote by W = u — g, p — Adiva = 7. By virtue of (5), (7), (8) and (19) we obtain

E(w,v) — (7,divv)p = 0. (20)

Whence it follows that
11502 oy < 7l La(py - 1 div ]l < e [ll| pyepy - AT (21)

Let v be the solution of the following problem
divv=m, z €D, (22)

¥ = s (DI~ (m, V) -7, om 7. (23)

And suppose that in (20) the vector function ¥ satisfies (22), (23), then using the consequence of Lemma 2 we
obtain

I7l* < ellwllwy oy - IFllwz oy < ellwllw o) - 17l 22y (24)

As a result, taking into account (24) there is an assessment
17l 220y < ellwlwg(p)- (25)
Referring to the estimate (21) then to (25) as a result, we obtain
191123 + 712000 < € A2, (26)

so we have proved.
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Theorem. Let f € W, '(D), then the estimate (26) is valid.
Comment. Here, in the course of the argument, the existence and uniqueness of theorem for the generalized
solution of problem (24) is proved. In [11], an estimate of proximity

171l LoDy < e AT

was obtained, here from (26) follows

10

11

7] Lapy < e A7
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M.M. Bykenos, O.A. Axamos, /I.K. Koiikemosa

CraTukaJjblK ChIFBLIATBHIH OPTAHBIH, IIEITiMiH
CHIFBLJIMANTBHIH OPTAaHBI IIEIIyre >KaKbIHIATY

TYTKBIP CHIFBLIMANTHIH CYHBIKTHIKTHIH YKOHE ChIFBLIMAUTHIH CEPITIMIiI OPTAHBIH AFBIHBIHBIH, YKCACTHIFBI O6€JI-
riti. By ykcacTeikka coiikec [Tyaccon koaddunmeHTiHIEr CepIiMIiIiK TeOPUICHIHBIH, TEHIeYAePiHiH, MIeri-
Mmi v = 0,5 yKoHe Ke3 KeJITeH TipKeJITeH MOJIYJIHJIE [ TYTKBIPJIBIKIIEH TYTKBIP KbICHIIMANTHIH CYHBIKTBIKTHIH
KO3FaJIBICB U peTiHge Tyciumipimyi mymkin. Ocbuiaitmra, ['yK 3aHBIMEH CBI3BIKTBHIK, CEPHIMIUTIKTIH 9I€T-
Teri CTATUKAJBIK e€ce0iH A — 0O CBhI3BIK KBICBLIMAWTBIH OpTara >KaKbIHJIAY/IbIH MaTeMaTHKAJIBIK, MO
perinze KapacTeipyfa 60maabl. Makasaia aCUMITOTHKAIBIK A — 0O AJBIHIBL. ['yK 3aHBIMEH TBHIFBI3 CTa-
THKAJIBIK, €CEIITIH, IEeNIMEATIH OPTAHbI eNTyTe KaKbIHABIFbH Garamayra (Ctokc ecebi) meris 6ap. ConFbI
OaraJjiay ChIFBIJIMANATBIH OPTAHbBI IIEINIy VIINH CEPIiM/Ii KBICBLIFAH OopTara apHAJraH Oesriji afbIpbIMIBIK
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cxeMaJjiap MeH aJITOPUTMEP/ Il maiaianyFa MyMKIHIIK Gepemi. ABTOpJIap OChl MiHIETTEP/I] TITENTY YKAKBIH-
JBIFBIH JRJIEIIE A — 00, C. C. “;jEOH Jdivim=r e=o Byn daxrini merizaey yrmin [1-3] Gipimmmi merrik
ecenTiy, opTypJii daicrepiMen 3eprresreHin kepyre 6osaabl. CepriMalK TeOPUACHIHBIH, CTATUKAJIBIK, ecebi
VIOH Ka3ipri yakpITTa 9pTYpJi cxeMaJap/blH KOMEriMeH CaHJIBbIK iCKe achbIpyFa apHAJFaH »KYMbICTaP/IbIH,
TyTac mukyi 6ap. [4] xxympicta k = % Gosranmarsr O(A %) Garamaysr amsgs, orga O(A 1) Garamays: 6ap,
aJIIarbl yaKbITTa J1a OyJ1 6ara per-peTiMeH »KaKCapThIIMAWTBIHBI KOPCETIIe .

Kiam cosdep: KbIChIIMAaATBIH opTa, 'YK 3aHbI, KEPHEY, OPBIH aybICTHIPY, JlaMe KoaddunmenTrepi.

M.M. Bykenos, A.A. Anamos, /I.K. Koiikenosa

ITpubamkenune perneHnusi CTATUYIECKON C2KMMAaEMOIl CpeJIbl
K PELIEHUI0 HECKMMAEMOMN Cpebl

W3BecTHa aHasiorusi TedeHUs BA3KOW HECKMMAEMOW YKUJIKOCTH U HECKMMaeMoil ympyroit cpemnl. Coryac-
HO 9TOI aHAJIOTWH, PEIlleHre YpaBHEHI Teopuu yupyroctu npu kodddunuente Ilyaccona v = 0,5 u npu
JI060M (PUKCHPOBAHHOM MOJIYJI€ CJBUTA 4 MOYKET ObITh MHTEPIPETUPOBAHO KaK JBUYKEHUE BSI3KOW HECKU-
MaeMOli JKUJIKOCTH C BA3KOCTBIO L. TaKuM 06pa3oM, MOYKHO PACCMATPUBAThL OOBIYHYIO CTATHIECKYIO 3aady
JINHEWHOH yIPYTOCTH ¢ 3aKOHOM ['yKa Impu A — 00 KaK MATeMaTHYECKYIO MOJIE/b MPUOIMAKEHUS K HECKHU-
MaeMoii cpesie. B craTbe ObLiIa MOJIyYeHa aCUMIITOTAYECKAs 10 A — 0O OLEHKAa, OJIM30CTH PeIleHust YIPyroi
CTATUHYECKOH 3871491 ¢ 3aKOHOM |'yKa K peImennio neczkumaeMoit cpeapt (3amada Crokca). Konevanast onenka
[IO3BOJISET UCIOIb30BaTh U3BECTHLIE PA3HOCTHBIE CXEMbI U AJICOPUTMBI [IJId YIIPYTOil C2KUMAEMOI CpeIbl /1)1
pellIeHnsT HeCoKUMaeMoii cpeibl. B pabore jJoka3aHa OleHKa 0JIM30CTH PELIeHU 3TUX 3a0a4 IIPU A — 00, T.€.
zjﬂf Jdivim—p ‘;:gf. st o6ocroBanust sToro dakra B [1-3] OblIM HCCI€A0BAHBI PA3JIMYHBIE IPUEMBI
JUTsL TIEPBOI KpaeBoil 3ajaqn. [ CTaTUIeCKOl 3a/1aui TEOPUU yIPYTOCTH B HACTOSAINEE BPEMS MMEETCS
IeJIbli MK paboT, HOCBSINIEHHBIX YUCJIEHHON pean3ali ¢ IOMOIIbIO Pa3HOCTHBIX cxeM. B [4] monydena
onenka O(A\™%), re k = %, B npeTaraemoil pabore mmeer Mecro onenka O(A™!) | u B JanbHeimenm Gyer
MTOKA3aHO, YTO 3TO OIEHKa HEYyJIydIIaeMa o TOPIKY.

Kmouesvie crosa: Hec:kuMaeMas cpefia, 3akoH ['yka, Hampskenus, 1edOpMaIiin, mepeMereHnsi, Koapdu-
ueHThw! Jlame.
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