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ε-Аpproximation of the temperatures model of inhomogeneous
melts with allowance for energy dissipation

Accumulated facts and information about the Navier-Stokes equations, together with a large number of
experiments and approximate calculations, made it possible to reveal some discrepancies between the
mathematical model of a viscous melt and real phenomena in the nature of real molten systems. There
are many reasons for this. One of them is the nonlinearity of the Navier-Stokes equations. And for non-
linear equations it is known that in non-stationary problems, a solution satisfying it can exist not on
the entire interval t ≥ 0. Over a finite period of time, it can either go to infinity, or crumble.A solution
lose regularity and no satisfying the equations and begin branching. It is mathematically proved that if
this solution exists for t ≥ 0, then it may not seek to solve the stationary problem when stabilizing the
boundary conditions and external influences. The solutions of the nonstationary problem obtained even
with a smooth initial regime and smooth external influences can become less regular with time, and then
generally go into irregular or turbulent regimes. The actual implementation of this or that branch of
the solution depends on extraneous reasons not taken into account in the Navier-Stokes equations. In the
proposed paper, we constructed a numerical scheme with good convergence. The regularization of the initial
systems of differential equations by ε-approximation is constructed. The Galerkin method is implemented
ensuring the correctness of boundary value problems for an incompressible viscous flow both numerically and
analytically. A splitting scheme for the Navier-Stokes equations with a weak approximation is constructed.
An approximation is constructed for stationary and nonstationary models of an incompressible melt, which
leads to nonlinear equations of hydrodynamics to a system of equations of Cauchy-Kovalevskaya type.

Keywords: energy dissipation, system approximation, Cauchy inequality, Galerkin method, a priori estimates.

It is known that the Navier-Stokes equations are analytically insoluble, and if they are solvable, then in
relatively simple cases.

To solve the Navier-Stokes equations, a nonconformal finite element method was proposed in [1]. It is based
on the modification of the Navier-Stokes equations with the introduction of weight functions. The solution of the
Navier-Stokes equations with respect to natural variables, from which pressure is excluded, is considered in [2].
This approach is already known. Thus, the Navier-Stokes equations system is integrated numerically using a
finite-difference method using splines. Other methods are also being sought. An attempt is made to derive the
Navier-Stokes equation itself using the variational method, as presented in [3].

We investigate the initial-boundary value problem for nonstationary Navier-Stokes equations in this section.
Let us consider the temperature model of an inhomogeneous melt [4] in the region Ω ⊂ R2.

ρ

(
∂υ

∂t
+ (υ · ∇) υ

)
= µ∆υ −∇p+ eθρ+ ρf ; (1)

∂ρ

∂t
+ (υ · ∇) ρ = 0; (2)

divυ = 0; (3)

ρ

(
∂θ

∂t
+ (υ · ∇) θ

)
= div (λ (θ)∇θ) + µσ; (4)

σ =
2∑

i,j=1

(
∂υi
∂xj

+
∂υj
∂xi

)2

; (5)
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with initial-boundary conditions
υ |t=0 = υ0 (x) , ρ |t=0 = ρ0 (x) , θ |t=0 = θ0 (x) ;

υ |S = 0,
∂θ

∂n
|S = 0, t ∈ [0, T ] , (6)

where σ− energy dissipation; υ (x, t)− velocity vector; θ (x, t)− temperature field; ρ (x, t)− density field;
p (x, t)− pressure field; f (x, t)− mass force vecto; µ− melt viscosity; λ (θ)− thermal conductivity coefficient;
n is the outer normal to the boundary S, e = {0, 1} .

Solvability of the problem (1)–(6) was studied in Sh.S. Smagulova and A.B. Kazhikhova [5, 6].
The system of equations (1)–(5) is non-evolutionary, therefore direct application of the method of fractional

steps is difficult. In connection with this we study the approximation of the system (1)–(5) by a system of
evolutionary type and study the existence theorem for the solution of the auxiliary problem. Let the motion of
the melt occur in a bounded region Ω ⊂ R2with a sufficiently smooth boundary S. For simplicity we assume
that the boundary S is impermeable and there is no mass transfer between the melt and the external medium.

We consider a system of equations with a small parameter approximating the system of equations (1)–(5):

ρε
(
∂υε

∂t
+ (υε · ∇) υε

)
= µ∆υε −∇pε + eθερε + ρεf − ρε υ

ε

2
divυε; (7)

∂ρε

∂t
+ (υε · ∇) ρε = 0; (8)

εpε + divυε = 0; (9)

ρε
(
∂θε

∂t
+ (υε · ∇) θε

)
= div (λ (θε)∇εθε) + µσε; (10)

σε =

2∑
i,j=1

(
∂υεi
∂xj

+
∂υεj
∂xi

)2

; (11)

with initial-boundary conditions:

υε |t=0 = υ0 (x) , ρε |t=0 = ρ0 (x) , θε |t=0 = θ0 (x) ;

υε |S = 0,
∂θε

∂n
|S = 0, t ∈ [0, T ] , (12)

Before proceeding to the proof of the theorem, we formulate an important definition.
Definition.A function (υ, p, ρ, θ) ,that is summable together with the derivatives entering into the system of

equations (1)–(6) satisfying (1)–(5) almost everywhere in the corresponding measure is called a strong solution
of the problem (1)–(6).

The definition of the strong solution of the problem (7)–(12) is defined similarly.
Theorem 1. Let f ∈ Lp (Q) ,Ω ⊂ E2,υ0 (x) ∈ W 1

p (Ω) , 0 < m ≤ ρ0 (x) ≤ M < ∞,λ (θ)− is continuously
differentiable with respect to

θ,ρ0 (x) ∈W 1
p (Ω) , p > 2, λ (θ) ∼ θ2,atθ →∞,θ0 (x) ∈ L∞ (Ω) , θ0 ∈ Lp (Ω) , ε > 0, S ∈ C2, µ > 0.

Then a unique strong solution of problem (7)–(12) exists and we have the estimate for the solution, where
C — the constant does not depend on∥∥∥∥∂υε∂t

∥∥∥∥
Lp(0,T,Lp(Ω))

+ ‖υε‖Lp(0,T,W 2
p (Ω)) +

1

ε
‖divυε‖Lp(0,T,Lp(Ω)) + ‖ρε‖W 1,1

p (Q) + ‖θε‖W 2,1
p (Q) ≤ C <∞.

The proof of the theorem is constructed from three stages: obtaining a priori estimates, applying Galerkin’s
method for constructing approximate solutions and limiting the transition.

A priori estimates.
We have by the maximum principle:

0 < m ≤ ρε0 (x) ≤M <∞.
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We multiply equation (7) scalarly in υε (x, t) space and integrate by parts. Applying the Cauchy inequality:∣∣∣∣∫
Ω

ρε (f, υε) dx

∣∣∣∣ ≤ (∫
Ω

ρε |υε|2 dx
) 1

2
(∫

Ω

ρε |f |2 dx
) 1

2

.

We have the estimate on the basis of imbedding theorems:

‖υεx‖Lp(0,T,Lp(Ω)) +
1

ε
‖divυε‖Lp(0,T,Lp(Ω)) ≤ C <∞. (13)

We obtain further multiplying (10) by θεt , integrating by parts Ω:

1

2

d

dt

∫
Ω

λ(θε)θε
2

x dx+

∫
Ω

ρεθε
2

t dx =

=

∫
Ω

1

2

{
λ′ (θε) θε

2

x · θεt
}
dx+

∫
Ω

µσεθεtdx−
∫

Ω

ρε (υε · ∇) θε · θεtdx.

We estimate the integrals on the right-hand side and integrate with respect to the variable t:

max
0≤t≤T

‖θεx‖
2
2,Ω + ‖θεt ‖

2
2,Q ≤ C.

We will write down the energy equation:

ρεθεt − (λ (θε) ∆θε) = µσε − ρε (υε · ∇) θε + λ′ (θε) · θε
2

x

and multiply it by 1
ρ∆θε. We have After integration Ω:

1

2

d

dt

∫
Ω

θε
2

x dx+

∫
Ω

λ (θε)
1

ρ
(∆θε)

2
dx =

∫
Ω

{
ρ (υε · ∇) θε − µσ − λ′ (θε) θε

2

x

}
× 1

ρ
∆θεdx.

We find after integrating over the variable t, estimating the integrals on the right-hand side:

max
0≤t≤T

‖θεx‖
2
2,Ω + ‖∆θεt ‖

2
2,Q ≤ C.

We conclude as a result:
‖θε‖W 2,1

p (Q) ≤ C <∞. (14)

We obtain multiplying equation (8) by u, integrating by parts Ω:

1

2

d

dt
‖∇ρε‖22,Ω +

∫
Ω

(υε · ∇) ρε∆ρεdx = 0.

With allowance for the estimate (13) by virtue of the maximum principle it follows that:

‖ρε‖W 1,1
p (Q) ≤ C <∞. (15)

We have estimating pε from the negative norm, as in [7]:

‖pε‖ ≤ C ‖∇pε‖ <∞. (16)

It is known that if υε, pε−solution of the following linear Stokes problem:

µ∆υε −∇pε = f ; (17)

εpε + divυε = 0;

υε |S=0 = 0,
∂ρε

∂n
|S = 0,

then provided that f ∈ Lp (Ω)the following inequality holds:

‖υε‖
W 2
p

⋂ 0
W
P1

+ ‖pε‖Wp1
≤ C ‖f‖Lp . (18)
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We take the function as a function f in problem (17):

f = −ρε
(
∂υε

∂t
+ (υε · ∇) υε

)
− `θερε − ρεf − ρε υ

ε

2
divυε.

We estimate the right side by the Cauchy inequality using the maximum principle:

‖f‖2Lp(Ω) ≤ CM
(
‖υεt ‖

2
+

∫
Ω

(
|υε|2 |∇υε|2 + |f |2 + ` |θε|2

)
dx

)
. (19)

We have the following estimate taking into account the inequalities of the embedding and the obtained
estimates (13)–(14):∫

Ω

|υε|2 |∇υε|2 dx ≤ max
Ω
|υε|2

∫
Ω

|∇υε|2 dx ≤ ‖υε‖Lp(Ω) ‖υ
ε‖
W 2
p (Ω)

⋂ 0
W
p1

(Ω)
‖∇υε‖2 ≤

≤ leδ ‖υε‖2
W 2
p (Ω)

⋂ 0
W
p1

(Ω)
+ Cδ ‖υε‖20

W
p1

(Ω)
. (20)

We multiply equation (7) scalarly by υε (t)in space L2 (Ω) .Then we estimate the integrals in absolute value
from above and, applying the inequalities of imbedding theorems, we obtain the following estimate:∫

Ω

|∇υε| |υε| |υεt | dx ≤ C ‖∇υε‖Lp(Ω) max
Ω
|υε| ‖υεt ‖Lp(Ω) ≤

≤ C ‖υε‖
1
2

Lp(Ω) ‖υ
ε‖

1
2

W 2
p (Ω)

⋂ 0
W
p1

(Ω)
‖υε‖ 0

W
p1

(Ω)
‖υεt ‖Lp(Ω) ≤ (21)

≤ δ ‖υεt ‖
2
Lp(Ω) + δ ‖υε‖2

Wp2 (Ω)
⋂ 0
W
p1

(Ω)
+ Cδ ‖υε‖20

W
p1

(Ω)
.

We finally get an estimate following the evaluation methodology in the works [8, 9]:

‖υεt ‖Lp(0,T,Lp(Ω)) + ‖υε‖Lp(0,T,W 2
p (Ω)) + ‖∇pε‖Lp(0,T,Lp(Ω)) ≤ C <∞, (22)

where C does not depend on the value of the small ε.
We establish one more estimate of the global time character, the constant in which depends only on the data

of the problem. This estimate in the future guarantees compactness in space L2 (Q)sequences of approximate
solutions, which are built according to the Galerkin method.

Lemma. For any δ, such that the following condition holds 0 < δ < T , the inequality holds:∫ T−δ

0

‖υε (t+ δ)− υε (t)‖2 dt ≤ Cδ 1
2 .

Evidence. We fix δ,t in such a way that inequality 0 ≤ t ≤ T − δ. Consider equations (7)–(11) on the time
interval τ ∈ (t, t+ δ) .We multiply equation (7) scalarly by Φan arbitrary function in spaceL2 (Ω) .

We arrive at the inequality after simple transformations:

d

dτ
(ρευε,Φ)L2(Ω) = (ρε (υε · ∇) Φ, υε)L2(Ω) +

1

2
(ρεdivυε · υε,Φ)L2(Ω) +

+ (ρεf,Φ)L2(Ω) − ` (θερε,Φ)L2(Ω) − µ (υε,Φ)L2(Ω) + (pε, divΦ)L2(Ω) ,

where Φ = υ (t+ δ)− υ (t) .
We integrate this identity with respect to the variable τ ranging from t before t + δ, and then put

Φ = υε (t+ δ)− υε (t) .
We write expression ρε (t+ δ) υε (t+ δ) − ρε (t) υε (t) in the following form ρε (t+ δ) (υε (t+ δ)− υε (t)) +

+ (ρε (t+ δ)− ρε (t)) υε (t) and then we find the difference between ρε (t+ δ) − ρε (t) by integrating equation
(8) in the range fromtbefore t + δ.The resulting relation is integrated with respect to the variable tfrom 0
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beforet + δand for each term on the right-hand side, we use estimates from [10, 11], on the basis of which we
derive the estimate of the lemma.

We now turn to the construction of approximate solutions by the Galerkin method.

Let {ϕj}∞j=1− orthonormal basis in space L2 (Ω) of W 2
p (Ω)

⋂ 0

W
p1

(Ω) and the following is true:

(ϕjx, ωx)L2(Ω) = λj (ϕj , ωj)L2(Ω) .

Approximate solution υN,ε (t) looking for in the form:

υN,ε (t) =

N∑
k=1

CNk (t)ϕk,

where CNk (t) ∈ C1 [0, T ] .DensityρN,ε (t)−there is a classical solution of the problem:

∂ρN,ε (t)

∂t
+
(
υN,ε (t) · ∇

)
ρN,ε (t) = 0; (23)

ρN,ε |t=0 = ρM0 (x) ,

where ρM0 (x)−smooth initial function [12].
Sequence ρM0 (x) , M = 1, 2... converge to ρ0 (x) in the norms Lp (Ω) , W 1

p (Ω) , ρM0 (x) ∈ C2 (Ω) .

Pressure pN,ε (t)− there is a classical solution of the problem:

divυN,ε = εpN,ε; (24)∫
Ω

pN,εdx = 0.

Temperature θN,ε (t)−is defined as the classical solution of the problem:

ρN,ε
(
∂θN,ε (t)

∂t
+
(
υN,ε (t) · ∇

)
θN,ε (t)

)
= div

(
λ
(
θN,ε (t)

)
∇θN,ε (t)

)
+ µσN,ε; (25)

θN,ε |S=0 = θM0 (x) ,
∂θN,ε (t)

∂n
|S = 0, t ∈ [0, T ] ,

where θM0 (x)− an initial smooth function satisfying the equation:

∂θM0 (t)

∂n
|S = 0, t ∈ [0, T ] .

Functions CNk (t) , k = 1, 2, ..., N,are determined by a system of ordinary differential equations with
coefficients that depend in an operator way on ρN,ε (t) ,pN,ε (t) :(

ρN,ε (t)

(
∂υN,ε (t)

∂t
+
(
υN,ε (t) · ∇

)
υN,ε (t) +

1

2
υN,ε (t) divυN,ε

)
− µ∆υN,ε (t) +

+∇pN,ε (t)− `θN,ε (t) ρN,ε (t) + ρN,ε (t) f, ϕj )L2(Ω) = 0.

We can select subsequences for which we have based on the Schauder principle, using the obtained a priori
estimates, from the sequences

{
υN,ε

}
,
{
ρN,ε

}
,
{
pN,ε

}
,
{
θN,ε

}
:

υN,ε → υεweaklyatLp
(
0, T,W 2

p (Ω)
)
;

θN,ε → θεweaklyatW 2,1
p (Q) ;

ρN,ε → ρε *weaklyatW 1,1
p (Q) ;

υN,ε → υεstrongatLp (0, T, Lp (Ω));
θN,ε → θεstrongatLp (0, T, Lp (Ω));
υN,εt → υεtweaklyatLp (0, T, Lp (Ω));
pN,ε → pεweaklyatLp

(
0, T,W 1

p (Ω)
)
.
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This completes the proof of Theorem 1.
The following is valid.
Theorem 2. Suppose that all the conditions of Theorem 1 are satisfied.Then the strong solution of problem

(7)–(12) converges to the strong solution of problem (1)–(6) for ε→ 0.
Evidence. Because of the a priori estimates obtained earlier, we have:
υε → υ weakly at Lp

(
0, T,W 2

p (Ω)
)
;

θε → θ weakly at W 2,1
p (Q);

ρε → ρ weakly at W 1,1
p (Q); υε → υ strong at Lp (0, T, Lp (Ω));

θε → θ strong at Lp (0, T, Lp (Ω)),
υεt → υtweakly at Lp (0, T, Lp (Ω));
pε → pweakly at Lp

(
0, T,W 1

p (Ω)
)
.

Passing to the limit as ε→ 0 in the corresponding identities, we establish that the limit functions
υ, p, ρ, θ− there is a strong solution of problem (1)–(6).

Theorem 2 is proved.
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С.Ш. Кажикенова, М.И. Рамазанов, А.А. Хайркулова, Г.С. Шаихова

Энергияны диссипациялауға арналған жолмен бiртектi емес
балқыламалардың температуралық моделiн ε-жуықтауы

Үлкен сандармен тәжiрибе және жуықтау есептеулер жасауға байланысты Навье-Стокс теңдеуi ту-
ралы жинақталған мәлiметтерден табиғаттағы нақты құбылыстардың нақты балқымалар жүйесi
мен тұтқыр балқымалардың математикалық моделi арасындағы сәйкестiктi байқауға мүмкiндiк бе-
редi. Бұл үшiн көптеген себептер бар. Олардың бiрi — сызықты емес Навье-Стокс теңдеуi. Сызықты
емес теңдеулер үшiн стационарлы емес есептердi қанағаттандыратын шешiмдерi t ≥ 0 интервалында
барлығында болмауы мүмкiн екенi белгiлi. Соңғы уақыт аралығында шексiздiкке ұмтылуы мүмкiн
немесе құлдырайды, яғни тұрақтылығын жоғалтады, теңдеудi қанағаттандырмайды және тармақта-
ла бастайды. Егер осы шешiм t ≥ 0 болғанда, онда ол сыртқы әсер мен шекаралық шарттарды
түрақтандыру кезiнде стационарлы есептiң шешiмiне ұмтылмауы математикалық тұрғыда дәлелден-
дi. Алынған стационарлы емес есептiң шешiмi тегiс бастапқы тәртiпте және тегiс сыртқы әсерлерде
уақыт өте тұрақтылығын азайта бередi. Содан кейiн тұрақсыз немесе турбуленттi режимге көшедi.
Шешiмнiң бiр немесе бiрнеше тармағын нақты iске асыру Навье-Стокс теңдеуiнде ескерiлмеген кез
келген себептерге байланысты. Ұсынылған мақалада жақсы жуықтау арқылы сандық схема құрыл-
ды. ε-Жуықтауы арқылы дифференциалдық теңдеулердiң бастапқы жүйелерi регуляризацияланды.
Сандық және аналитикалық түрде сығылмайтын тұтқыр ағым үшiн шекаралық есептердiң дұрысты-
ғын зерттеудi қамтамасыз ететiн Галеркин әдiсi енгiзiлдi. Әлсiз жуыктауы бар Навье-Стокс теңдеуi
үшiн бөлу схемасы құрылды. Гидродинамиканың сызықты емес теңдеуiн Коши-Ковалевский типтi
теңдеулер жүйесiне келтiруге болатындай сығылмайтын балқыманың стационарлы және стационар-
лы емес моделдерiн жуықтау қолданылды.

Кiлт сөздер: энергияны диссипациялау, жүйенi жақындату, Коши теңсiздiгi, Галеркин әдiсi, априор-
лық бағалау.

С.Ш. Кажикенова, М.И. Рамазанов, А.А. Хайркулова, Г.С. Шаихова

ε-Аппроксимация температурной модели неоднородных
расплавов с учетом диссипации энергии

Накопленные факты и сведения об уравнениях Навье-Стокса, наряду с большим числом эксперимен-
тов и приближенных расчетов, позволили выявить некоторые несоответствия между математической
моделью вязкого расплава и реальными явлениями в природе реальных расплавленных систем. И это-
му есть много причин. Одна из них — нелинейность уравнений Навье-Стокса. А для нелинейных урав-
нений известно, что в нестационарных задачах удовлетворяющее им решение может существовать не
на всем интервале t ≥ 0. За конечный промежуток времени оно может либо уйти в бесконечность,
либо рассыпаться, т.е. потерять регулярность и перестать удовлетворять уравнениям и начать вет-
виться. Математически доказано, что если же это решение существует при t ≥ 0, то оно может не
стремиться к решению стационарной задачи при стабилизации краевых условий и внешних воздей-
ствий. Полученные решения нестационарной задачи даже при гладком начальном режиме и гладких
внешних воздействиях могут со временем становиться менее регулярными, а затем вообще перейти
в нерегулярные или турбулентные режимы. Фактическая реализация той или иной ветви решения
зависит от посторонних причин, неучтенных в уравнениях Навье-Стокса. В предлагаемой статье по-
строена численная схема, обладающая хорошей сходимостью. Построена регуляризация исходных
систем дифференциальных уравнений путем ε-аппроксимации. Реализован метод Галеркина, обеспе-
чивающий изучение корректности краевых задач для несжимаемого вязкого потока как численно,
так и аналитически. Построена схема расщепления для уравнений Навье-Стокса со слабой аппрокси-
мацией. Построена аппроксимация стационарной и нестационарной моделей несжимаемого расплава,
что приводит нелинейные уравнения гидродинамики к системе уравнений типа Коши-Ковалевской.

Ключевые слова: диссипация энергии, аппроксимация системы, неравенство Коши, метод Галеркина,
априорные оценки.
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