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Some integral estimates on the cones of functions
with the monotonicity conditions

In this paper we obtain estimates for the integrals of monotone functions arising in the study of the covering
of various cones of functions with monotonicity conditions. We apply the method of covering of the cones
with the help of generalized Hardy operator. Sharp conditions are found on the kernels of representations for
the validity of given estimates on the cones. The proofs are based on the reduction of integral estimates on
the cones of monotone functions to ones on the family of characteristic functions of intervals. The obtained
results can be used in finding the condition for the mutual covering of cones associated with decreasing
rearrangement of the generalized Bessel and Riesz potentials.
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When studying the embedding of the potential spaces in rearrangement-invariant spaces, various cones of
functions with monotonicity conditions arise. In terms of such cones, we can formulate the embedding criteria
for the space of generalized Bessel and Riesz potentials in rearrangement invariant spaces [1-3]. In this case, an
important role is played by problems of ordinal covering of cones.

Let (S, %, ) be a measure space. Here ¥ is o-algebra of subsets of the set S, on which is determined a non-
negative o- finite, c— aditive measure p. Lo = Lo(S, X, 1) denotes the set p-measurable real-valued functions
f:S—RLI={fe€Ly:f>0}.

Definition 1. [4] Mapping p: L§ — [0,00] is called a functional norm (short: FN), if for all f,g, f, € L{,
n € N the conditions are fulfilled:

(P1) p(f)=0= f =0, u— almost everywhere (short: pu— a.e.);

plaf) = ap(f),a = 0;p(f + g) < p(f) + p(g) (property of the norm);

(P2) f<g, (u—ae) = p(f) <p(g) (monotonicity of the norm);

(P3)  fn 1 f = p(fn) = p(f)(n — oo)(Fatou property);
(P4) 0<p(o) <oco= [ fdu<c,p(f),f € Lg. (Local integrability);

(P5) 0 < p(o) < 0o = p(xo) < oo (finiteness of the FN for characteristic functions (x,) for the sets of
finite measure).

Here f, T f means that f, < fni1, li_>m fo=1 (u— ae.)

Definition 2. Let p be a functional norm. Set X = X (p) of functions in Ly, for which p(]f]) < oo is called a
Banach function space, generated by a FN p. For f € X we set

I1fllx = p(fD-

Let relations of partial order and equivalence be introduced on Lar :
f < g with properties of transitivity, i.e. f < f;

f=g9 g=<h=[f=<h frgefg=</f
We assume, that the order relation is subordinated to pointwise estimate u-a.e., i.e.
1) f<g, (n—ae)=f=<g 2) fulf = ful f (1)
Here f,1 f means that f, < foy1; f=[sup]f, ie. f,<f neNandiff, < f, neNthen f<f.

A basic example of the order relation: f < g < f <g, pae. = p(f) < p(g).
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We are interested in the relation of the order associated with the decreasing rearrangement of functions.
Denote for f € Ly

M) =pfzeS: [fl@)>y}, yel0,00) (2)
— Lebesgue distribution function. Through I.LO denote the set of functions f € Ly for which A¢(y) is not identical

L]
to infinity, i.e. yo € [0,00) :  As(yo) < oo. For f € Ly we introduce a decreasing rearrangement f* as a right
inverse function of a decreasing function Ay, i.e.

F)=inf{ye0,00): Ar(y) <t} teRy=(0,00). (3)

It is known that 0 < f* |; fft+0) = f 1), t € Ry; f* is equimeasurable with |f], i.e.

wm{te Ry f*(t) >y} = Af(y), y € [0,00). In addition, for f € Ly we have: Af(y) — 0, (y — +o0) &
< |f(z)] <oo, (W—a.e.)onS.

.+
We define the order relations for the functions from L :
) f=ge [fO)<g(t); te(0ubs); (4)
¢ ¢
2) f<ge [fars [gan te©us). )
0 0

The order relation (5) is subordinate to (4); both are subordinate to pointwise estimation u-a.e.. The equivalence
of functions by order relation (4) means equimeasurability.
Definition 3. Let p be a FN. We say that p is consistent with the order relation <, if for f, g€ Ld, f<g

we have p(f) < p(g).
Let us note that by property (P2) any FN is consistent with a pointwise estimate:

f<g (w—a.e)=p(f) < pg) (6)
Definition 4. A FN p is rearrangement-invariant if it is compatible with the order relation (4) i.e.
T <g" = p(f) <plg). (7)

BFS X = X(p), generated by rearrangement-invariant FN p, we call as rearrangement-invariant space (short:
RIS).

Let K, M C La' be cones of functions [5], equipped with non-degenerate positive homogeneous functionals
pK, and pys i.e.

prk: K —[0, o); heK=ahecK, a>0; pg(ah)=apk(h);

pr(h)=0= h =0, u-ae. and analogous for pps(h) h € M.

Let on the La' given order relation<. Following [6], we introduce the notions of ordinal covering and order
equivalence of cones.

Definition 5. Cone M covers the cone K with the covering constants ¢y € Ry and ¢; € [0,00) if for any
h1 € K there exits hoy € M such that

pu(he) < copr(hi),  hi < ha+cipr(hy). (8)

Designation of an ordinal covering: K < M.
Definition 6. We call the cones K, M order-equivalent, if they mutually over each other.
The designation of ordinal equivalence:

KaeM&K<M=<K.

If the order relation < coincides with a pointwise estimate of the functions p- a.e., we will talk about pointwise
covering of the cones and write K < M. So when K < M (8) takes the form

prr(h) < coprc(hr),  hi < hg +cipr(hr),  (n—a.e.). (9)
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Pointwise equivalence of the cones signifies their mutual pointwise covering and is denoted: K = M. So,
K=2M&K<M<IK. (10)

Let T € (0, 00]. Through Q(T) denote the class of functions on (0, T') :

AT =L o 0<pt) /wﬁ<M;¢@+®:w®,t€@T)- (11)
0

We introduce the functions of two variables ¢, 7 € (0,T")

R _ o(t), T € (0,1;
h@m%Jmﬁwwiﬂﬂ}—{ﬂﬂ7 i (12)
t
1 :
RS M A 13
o(r), TeT)
It is clear that f,(t,7) decreases and is continuous from the right by ¢ and on 7. Further,
) t
peul) = ¢ [wdez o), te©.D) (14)
0
so that R
0< folt,7) < folt,7), t,7€(0,T) (15)

and f,(t,7) decreases by 7 on the (0, 7). Now space with a measure (S,%,u) is given as follows: S = (0,7);
Y there is o— algebra of Lebesgue-measurable subsets of (0,7), u is Lebesgue measure. Let E = E(0,T) be an
RIS of measurable functions on (0,7) with decreasing rearrangements with respect to Lebesgue measure p;

EY=EY0,T)={g€ E(0,T): 0<gl on (0,7)}. (16)

We introduce the cones of functions from Lg (0,7) :

T
Mﬂ—KMU%:h@EM%ﬂZ/h@WWWTQEW , (17)
0
T
R(T) = Rop(T) = L 0t) = ilgit) = [ Fo(t.1)g(m)dr: g e B (18)
0

Cones K and K are equipped with functionals: for h € K, he K

pi(h)=inf {|lgllz: g€ E% h(g;t)=h(t), te(0,T)}; (19)
o) =inf{llgl: ge B hgit) =ht), te(0,7)}. (20)
We denote for ¢ > 0, ¢ |,
t
[ e(€)dg
B, := sup Ot . (21)
““”%gw@x%

When investigating the problems of the mutual covering of cones K, g(T') and f(% g(T) the following
statements of independent interest can be used.
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Theorem 1. Let ¢ € Q(T) see.(11) and ¢t € (0,T). The following estimates are valid:

t 1 P t t
O/ AE)ie < {p 0/ [w(ﬂw / w(&)dél df} <2 0/ P(E)de; (22)

T

%/@(T)Td’r < peir(lof,t] {;/ [go(T)T—i—/cp(f)dg] dT} < %/@(T)Td’f. (23)
0 0 0

T

Proof.
At p € (0,¢] we have

/p [w(ﬂw /t so(é“)d&] dr = /p o(r)rdr + /p ( / <p(§)d§> dr = /p o(T)rdr+
0 0 4

0

We denote by

Then
T(p) < Qp) <2¥(p).

We note that the function ¥(p) decreases monotonically on (0, ¢]. Indeed, since
p
U'(p) = —p% [ ¢(r)TdT < 0 therefore = ¥(p) | .
0

Consequently,
t

sup W(p) = W(+0) = / (€)de.

€(0,t
p€(0,1] A

In the formula for ¥(40) we took into account that

. P P
p0/<p(7')7'd7 < b/g@(T)dT =0 (p— +40).

Moreover

. 1 /
nf W) =0 = ; / o(r)rdr. (25)

From this and (24) follow the estimates (22), (23).
Corollary 1. Under the conditions of Theorem 1, for p € (0,¢], t € (0,7") the estimate holds

t

+ [etmar <= 0/ [ww / @(ﬁ)dfl dr <2 0/ o€ de. (26)

0 T
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If B, < 0o (see.(21)), then with p € (0,t], t € (0,T) the estimates hold

t

@(f)dél dr < 2/w(§)d£; (27)

0

1]@(7)Td7§ ;/ﬂ {@(T)TJr/tcp(S) } dr < %/@ )rdr. (28)
0 0

Theorem 2. Under the conditions of Theorem 1, we denote (see (17), (18)):

xsm‘ =
o\ﬁ
S
™
&
IN
|-
o\b
|
S
>
\‘
+
—

. h(g . .
Copr = sup¢ 15(7) ; Cy,= sup Cyy. (29)
E 0,t
IS %fh g€(0,t)
0
Then the following estimates hold
1 N
§B¢ <C,<B,+1. (30)
Proof. Let h € K, g(T). g € E¥(0,T), be such that
T
() = higst) = [ Tt a(mdre lglle < 2o (h) (31)
0
It follows that
t T t
/h(g;f)d€ = /Q(T) (/fw(fﬁ)%) dr, te(0,T).
0 0 0
According to (12)
fe&m)=(r), £€(0,7]; fel&m)=9(§), €€ (1),

so that
t

T t
/ h(g;€)de = / o) [(ww / w(f)di) X0 (T) + (T X <T>] dr.
0

0 T
It follows from (13) that

th(g;t) =/9 [(/s@df) X(0,0(T) + to(T)X (2,7 )(T)] dr.

oo |- [a(r) [ (] 90 x () + totrncan ()] ar | "

oer E)fg(T) K T+f<pd§> 0(T) +to(T)x (t,T)(T)] dr

All terms in the numerator and denominator in (32) are nonnegative, and the second summands coincide.
Therefore, denoting

So,

Of 9(7) Kg‘ sod§> Yo m} ar
geBt fg(T) K@(T)r + jcpdﬁ) X(0.0(T) + to(T)X(t.1) (7)} dr

; (33)
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we get 5 .
<C,, ot + 1. (34)

Now denote

FE,1= sup ofth Wlé) X(0,)(T )} dr
T e fK + [ ed )X(O 0(T )+t@(T)X(t,T)(T):| o

0 T

(35)

As for any RIS E(0,T) we have g(7) = x(0,0)(7) € E*(0,T) at p € (0,T) it is obvious that Dyy > Eyy. In
fact, these quantities coincide (see, for example, [5]);

D<p = E@ t, SO that
Ep1 <Cpy < Epp+1; (36)

moreover, by virtue of (22)

B, = max {Eg . E;7t} , (37)
where
50) Ofp [(Oj @(S)d§) X(o,t](T)] dr o P (jso(é“)dé)
o pzl(lopt) f (‘P(T)T j (f)dﬁ) X(0.4(7) + to(T)X (2,1 (T)dT : pzl(l&] bf (<p(7')7' +Tftap(§)d§> dr 7
. F{(] 04 x| ar )

e of (%0(7')7'4— i w(é)d5> X0.0(7) + to(7)X () (T)dT
] ple)de
sup £

e | («p(T)T i) sodé) 7+t [ plr)dr
0 T K

In E( ) the upper bound is achieved when p € (¢,T) has the minimum value p = ¢, so that

©, @,
Thus,
¢
J pdé
; (0 0
Epv=EY) = ol - (38)
pe(0,t] | 1
;bf (QD(T)T-F:[(pdg) dr
Further, taking into account that
t t
J (&)d€ J (&)d€
0 0
T R T &
r 1f o(T)T + [p(§)dE ) dr inf X[ (¢ + [ @(&)de | dr
r 0 T pe(0,1] * 0 T
and applying Theorem 1 in the denominator, we obtain, by virtue of (23),
t t
t [ pdé t [ pdg
0 2 0
t S Egp,t S t .
2 [ o(r)rdr Je(r)rdr
0 0
85
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Therefore, on the base of (36), we have

t t
t [ pdé ) t [ pde
0l <1 pe),
2 [o(r)rdr [ p(r)rdr
0 0
from whence )
§B¢§C¢§B¢+l.

Theorem 2 is proved.
Corollary 2. Under the conditions of Theorem 2, the estimates hold

t
hgit) < Coury [ hlai €1, (40)
0
1 t
h*(g;t) < Atp,t;/h(%g)dfa (41)
0
1 t
g, < Cory [ a0 (42)
0

for all t € (0,T), g€ E*0,T). Here C, < B, + 1.
Indeed, (40) follows from (29), and for C,, the estimate (30) is valid. Moreover, on the right-hand side of (40)
there is a positive, continuous decreasing function, as the mean integral with respect to (0,t) of a decreasing

function h(g;t), so
t * t

%/h(g;f)df = %/h(g;f)dé;
0

0
: [rgod| =1 [hgd

0 Loo(t,T) 0
Therefore, (40) = (41), (42).
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H.A. Bokaes, M.JI. Tonpaman, I.2K. Kapmbiruna

Keiibip MOHOTOHIBI KOHYyCTapMeH OaiijIaHBICTHI
dbyHkIusaaap yIiiiH daraJjaysiap

MaxkaJia/1a MOHOTOH/IBI IAPTTAPFa 1e, SPTYPIl DYHKIUsS KOHYCTAPBIHBIH KOMKEPLIyIepin (?KabblIy1apbIH)
3epTTey Ke3iHJie Ke3/1eCeTiH MOHOTOHIBIK (DYHKIUsIAD YIIH HHTErPpaIAbIK Oarajaysiap ajabiHrad. 2Kamms-
JIaHFAH Xap/u OIEepaTOPBI KOMETIMEH KOHYCTAPBIH, ONEPATOPJIBIK, KOMKEPiTyl (?Kabbliny) 9/1ici KO JaHbLI-
nel. Kenripinren 6arasayiapabls, JyPBICTHIFBI KOHYCTapAbl YCBIHATHIH SAPOJIapra HAKTHI MAPTTAp KeITipy
apKbUIbl KepceTinren. lpsenmey apajblKTap/blH CHIATTAMAJBIK, (BYHKIUAIAPbIHBIH, apachIHIAFbl MOHO-
TOHB! (DYHKIHSIIAD KOHYCTAPBIHBIH HHTETPAJIILIK OarajiayapblH DeLyKIMsiIara Heri3esres. AJIbIHFaH
HOTHUKeJIep 2Kajnblianral Beccesn xxonHe Pucc Typinzmeri kemiMesi aybICTBIPBIMIAPMEH OailIaHBICKAH KO-
HyCTap/IplH e3apa KOMKepliyl (»kabblily) maprapblH i37ecTipy KesiHae KOJLJaHbLIIBL.

Kiam cesdep: dyHKIMOHAIIBI HOPMa, MOHOTOHIBI (DYHKITUSIIAP KOHYCHI, KEMIMeJI aIMaCTBIPBLIBIM/IBI KO-
HyCTap, KOHYyCTap/bIH PETTIK OypKeHyi.

H.A. Bokaes, M.JI. Tonmpaman, I.2K. Kapmbiruaa

HekoTopble nHTerpaJjJbHbie OIIEHKN HAa KOHYCaXx
dyukImii ¢ ycjioBUSIMU MOHOTOHHOCTH

B craTbe mosydensl mHTErpabHBIE OLEHKH JJisi MOHOTOHHBIX (DYHKIIMI, BOSHUKAIONME IIPU U3y YEeHUU Ha-
KPBIBAHWSI PA3JIMIHBIX KOHYCOB (DYHKIUI C YCJIOBUSIMH MOHOTOHHOCTH. VICIIOJIB30BaH METOJI, OTIEpaTOPHOTO
HaKpBIBaHUsI KOHYCOB C ITOMOINBIO 00OOIIEHHOro oneparopa Xapau. HalifeHbl TOYHBIE yC/IOBUS Ha SIpa
NIPEe/ICTaBJIEHUI KOHYCOB, 00EeCIIeunBAIOIINe CIIPABEIJIMBOCTL IIPUBEIEHHBIX OIeHOK. /lokazareabeTBa OCHO-
BAHBI HA PEIYKIMM MHTETPAJIBHBIX OIEHOK HA KOHYCAX MOHOTOHHBIX (PYHKIMI K OIEHKAM Ha CeMelCTBe
XapaKTePUCTUIeCKUX (PYHKIMI WHTEPBAJIOB. lloydeHHbIe pE3yIbTATHI MOTYT OBITH MPUMEHEHBI IIPU Ha-
XOXKJIEHUM YCJIOBUN B3aMMHOIO HAKPBIBAHUS KOHYCOB, CBS3AHHBIX C YOBIBAIOIIMMU II€PECTAaHOBKAMH 0000-
IIEHHBIX IToTeHIaaoB beccesst u Pucca.

Kmouesvie caosa: OyHKIMOHAIBHAST HOPMA, KOHYCHI (DYHKIIUN C YCIOBUSIMA MOHOTOHHOCTH, MTOPSIIKOBOE
HaKPBIBAHNE KOHYCOB.
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