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On spectral question of the Cauchy-Riemann operator with
homogeneous boundary value conditions

In this paper we consider the eigenvalue problem for the Cauchy-Riemann operator with homogeneous
Dirichlet type boundary conditions. The statement of the problem is justified to the theorem of M. Otelbaev
and A.N. Shynybekov, which implies the correctness of the considered problem. As an example, non-local
boundary conditions and Bitsadze-Samarskii type boundary conditions are given. It is taken into account
that the above spectral problem for a differential Cauchy-Riemann operator with homogeneous boundary
conditions of the Dirichlet type type is reduced to a singular integral, also reduces to a linear integral
equation of the second kind with a continuous kernel. And it is also taken into account that the index of
the singular integral equation is zero and the Noetherian condition is obtain. It is proved that the considered
spectral problem does not have eigenvalues, that is, for any complex ?, has only the zero solution and thus
the Cauchy-Riemann spectral problem is a Volterra problem.

Keywords: Cauchy-Riemann operator, Dirichlet type problem, spectral parameter, resolvent set, residues,
kernel, homogeneous boundary conditions, Volterra property, Noetherian, Fredholm equation.

Introduction

In the functional space C' (]z| < 1) we consider an operator K, generated by the differential Cauchy-Riemann
operation
Ow(z)
Kw(z) =
() =252,

where z = x + iy, z = ¢ — 1y, % = % (%—i—ia@y) on the set

D(K) C {w(m) €C(z] < 1), %‘; € C(z] < 1)}.

We assume that the operator K has a non-empty resolvent set p(K). Not begging for generality, we assume
that
0 € p(K), (1)

i.e. there is a bounded operator K~!. In [1] the set of the operators {K} with the property (1) has been
described:

Theorem 1. [1]. For every linear operator K with the property (1) there exists a bounded operator G, which
carries continuous functions in the circle |z| < 1 into holomorphic functions for which imaginary parts are equal
to zero when z = 0, and also the bounded functional S(f) on the set of continuous functions in the circle |z| <1
that uniquely determine domain of the operator K by the formula:

g—; € C(lz] < 1) ,Rew(z) = ReG(a—w), |z| = 1;

D(K) = {w<z> e (2 <), o

Imw(0) = ImS(g—;), |z| = O}.

Inversely, the pair of G and S determines , for which (1) is true.
It is known in [2; 151], that the boundary value problem:

ow
S CHRS
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Rew(2)||21=1 = 9(2);
Imw(0) = C,

has a unique solution w(z) at any selection
f(z) € C(l2] <1), g(2) € C(lz] = 1), C € R.

Moreover, this solution is obtained by the Schwartz’s formula [2] (in the multidimensional case by the Poisson

formula):
1 t+z dt . _
W(Z):% Q(Z)t_z '?+@C+Lq>lf(2)7
lt]=1

where
wa(z) = Ly f(2)
is a solution of the homogenous boundary value problem for the non-homogenous equation:
Owe (2)
0z

with the homogenous boundary value conditions:

= f(2), |2 < 1,

Rews (2)1zj=1 =0, Imws(0) = 0.

Let the operator be given by the Cauchy-Riemann relation and the condition (1) holds, that means existence
of the inverse operator K !, it implies, that the operator equation Kw(z) = f(z) has the unique solution
w(z) = K~1f(2).

Denote the real part of the solution w(z) on the circle |z| = 1 by g(z), and the imaginary part of the solution
w(z) when z=0by C .

In [1] as specific boundary value conditions it is chosen the boundary pair:

NG =5 § L
[tj=1
S(f) = % @dt.

t|=1

The corresponding eigenvalue problem to this boundary pair has the following form:

g—; = dw(z), 2] <1;
1 Aw(t
Rew(z) = RGT 7{ tLUdt, |z| = 1;
i —z
[tj=1
1 Aw(t)
I —Im— ¢ Wy
mw(0) my_ . dt
ltj=1

For this problem in [3] for the spectral parameter A conditions have been obtained for which the problem
is Noetherian in the corresponding function space and is reduced to a linear integral Fredholm equation of the
second kind with a continuous kernel. Moreover, formulas, characterizing the approximate structure of solution
of the boundary-value problem with shift, have been obtained. The paper [4] is devoted to study of spectrum of
elliptic operators. In the general case, the spectrum of an elliptic operator is essentially determined by spectral
properties of boundary operator. However, identification dependence of the spectrum of the operator K in initial
terms of boundary conditions represents an actual (unresolved) problem. From the general results, such facts
are not traced; therefore it is necessary to involve deeper methods, related to specifics of the specific boundary
conditions.
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Formulation of the problem

In [1] along with nonlocal boundary-value conditions, as specific boundary value conditions the Bitsadze-
Samarskii type boundary conditions, that is, the problem «with shift in interior of the domains as well as the
Dirichlet problem type homogeneous boundary value conditions are chosen, that is,

(GH)(2)z1=1 = 0;

S(F)lmo = 0.
Then the spectral problem has the form:
Ow(z)
= . 1' 1
7% Aw(z), 2] < 1; (1a)
Rew(s) =0, |2| = 1; (2)
Imw(0) =0, z=0, (3)

where complex ) is a spectral parameter, which is reduced to singular integral equation with continuous kernel,
and the index is calculated, the condition for the Noetherian is established in [5, 6].

This case will be the subject of our research in this paper.

Description of general regular boundary value problems for the differential Cauchy-Riemann expression was
developed by J.F. Neiman, M.I. Vishik, A.A. Dezin, in 1982 by M. Otelbayev and A.N. Shynybekov [1].

From another point of view, the problems of solvability and behavior of solution of the boundary value
problem for the generalized Cauchy-Riemann equation have been extensively studied in [7-10]. Boundary value
problems for the generalized Cauchy-Riemann system with non-smooth coefficients were studied in [11].

Spectral problems with regular but not intensely regular boundary value conditions for the multiple diffe-
rentiation operator were studied in [12].

Main result of the paper

Denote general solution of the equation (1) by ®(z) = w(2)e*?. Since

0 xz
b (6)‘ w(z)) =0

in the circle |z| < 1 the function ®(z) is holomorphic. Consequently, the spectral problem (la)-(3) has the
following form:

0D(z)

TR 0, |z] < 1; (4)
Re (e** - ®(z2)) |21 = 0; ()
Im®(0) = 0. (6)

Rewrite the real part of the complex number (5) in the form of a half-sum of the complex number and its
conjugate, then we get to the relation when |z| = 1, with considering z-zZ =1:

M B(2) 4D (1) =0.
z

Introduce the function: o
D(z) =D(2),|2| < L;

@:¢<i>7|z|>1.

—_~

It follows that ®(z) = ® (1) when |z| = 1. Then along the unit circle |z| = 1 we have e’\zi\(z/)—l—e)‘zq),(z) =0.
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Solution has the following form [2; 147]: az/) =),
At — Xt

where
1
I(z)=—— dt.
2mi t—=z
tj=1
When |z| = 1 check the condition ®(z) = ® (1).
As a result, we get:
1 1 At — Xt 1 Xt — N—
F'z)=r(-)=— dt = —— dt.
(2) (z) 27 t—=z 2mi t—1
t|=1 It|=1 z
Duetot-t=1,z-%Z =1, we consider the expression when [t| =1 and |z| =1
M—X  N-XM_ X-X | — 1 dt
— = = 't,dtdtd<)2
Hence we have _
- _dt 1 At — Nt dt
— At — At = — -
2mi ( )t—z 2me 1—2t ¢
[¢[=1

[t]=1

Due to the obvious equality, were write the last integral in the form:

o (t 1>dt:A1 (t(tl—zf(l—lzt)t?)dt‘

2mi t—z 1—at 2ms
[t]=1 t]=1
By the Deduction Theorem [13] we have that
_ _ 2
A z—lim -z =X i+lflimt72—limi T
t—z 1 — 2t —z oz toz(l—zt)t?2  t=0dt \ (1 — zt)t?
and also
A (z—liml) =X\ <—12 (—1> —z).
t—z —2 z z
It yields that
- 1 1
A (z—l—) =A- (z—3> = 0;
z z
that is ) .
A.(Z+1>+A-(Z31)Q
z z
The last equality is reduced to
_ 2 1
A+x(zz ):0
z

Hence, inside the unit circle |z| = 1 we get 22X + A\22 — X\ = 0.
Taking derivative by ¢ in the polar coordinates, we have:

o .. ‘
— €PN+ Ne*¥ — X =0.
dp
Then the following equation is true:
220 = —\2z.

As a result we receive:
A+A=0.
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From this case it is not hard to establish that when A = 0 condition z2(—\) + A\2? = X holds. Thus, it is
proved

Theorem 2. The spectral problem (1a)—(3) does not have eigenvalues, that is, for any complex A, the spectral
problem (la)—(3) has only the zero solution.

Remark. The spectral problem (1a)—(3) turned out to be a Volterra problem.

In conclusion, the authors express their gratitude to Professor Sh. A. Alimov for attention to the paper.
The article was written with the support of the state grant «The Best Teacher of the University — 2017 of the
Ministry of Education and Science of the Republic of Kazakhstan.
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BiprekTi niertik maprrapmen oepiiren Komu-Puman
ONepaTOPbIHBIH, CHEKTPAJIABIK, MaceJieci

Maxkanana {upuxite TekTi 6ipTekTi meTTiK maprrapMmen Gepinren Komu-Puman onepaTopbIlHBIH MEHIIIK-
Ti MOHIEpIH 3epTTeyre apHaJFaH ecell KapacThIpbuIraH. EcenTid KuChIHABI KOUbLIYbl M. OresnbaeB mnen
A.H. [IIsiHBIGEKOBTHIH TeOpeMachiHa Herizjenred. by Teopema Herizinge Komu-Puman oneparops! yimiu
OelJIOKAIIBI EeTTIK MmapTTapMen oepiyiren xkoHe Bunaaze-CamMapcKuii TEKTI METTIK apTTapMeH OepiireH
ecenTep/IiH, MbIcAJIIaphl Kopcerinren. KapacTolpblibill orbiprad Jlupuxie TekTi 6ipTeKTi MeTTiK mapTrap-
MeH 6epinren Komm-Puman onepaTopbIHbIH, MEHITIKTI MOHJEDPIH 3epTTEyre apHaJIFaH eceOiHiH CHHIYIISPJIbI
WHTETrPAJIJILIK, TEHJEYTe, COHAH COH CBI3BIKTHIK MHTErPAJIJIBbIK, eKiHI TekTi PpearoyibM TeHIeyine peryK-
[USIAHFAHDBI, COHIAN-aK CHHTYJISAPJIBI MHTEIPAJIIBIH, TeHACYIIH UHIEKCIHIH HOJre TeH OOJIATBHIHIBIFLI YKOHE
HETEPJIK MAapThl TypaJbl MojiMerTep eckepinred. Apropaap Kommu-Puman nuddepennmanabik oneparo-
PBI YIMH KOABLIFAH CIEKTPAJIIBIK €CeNTiH MEHINKTI MOHAEPIHIH, OOJIMANTBIHABIFBIH JI9JICIIETeH, SIFHA Ke3
KeJITeH KeIIeH i A VIIiH TeK KaHa HOJIIIK IIemriMi rana 6ap 60J1aIbl.

Kiam cesdep: Komu-Puman omeparopsl, Jupuxiie TeKTec ecer, CHEKTPAIILIK TapaMeTp, Pe30IbBEHTTIK
2KUBIH, KaJBIHIBLIAP, sIp0, OIPpTEKTi MIeTTIK IapTTap, BOJAbTEPJIK, HeTepsi, PpegarosbM TeHIeyi.

H.C. Nmanbaes, B.E. Kanryxun

K cnexkTpaapHomy Bompocy omniepatropa Komm-Pumana c
O/THOPOJHBIMU KPAeBbIMU YCJIOBUAMM

B crarpe paccmorpena 3ajiaua Ha coOCTBEHHBIE 3HAYeHUs1 onieparopa Kormu-PuMana ¢ oHOPOSHBIME Kpa-
eBbIMU ycioBusiMu Tuna 3agaqun dupuxse. [locranoska 3amaun obocHoBaHa K Teopeme M. OresbaeBa u
A H. ITbiabibekoBa, yCTaHOBJIEHA KOPPEKTHOCTh PACCMATPUBAEMON 3a/1a4M, B KAUeCTBE [IPUMEPa YKA3AHbI
HEJIOKAJIbHBIE KPAEBbIE YCJIOBUS M KpaeBble ycjoBust Tuiia Bunaaze-CamMapckoro. Y YuTbIBaeTcs, YTO yKa-
3aHHAas BBIIIE CIIEKTpaJbHasI 3aa4a st quddepenimaabHoro oneparopa Komu-PuMmana ¢ oqHOpOgHBEIMU
KpPaeBbIMU yCJIOBUAMU TUIIA 3a0a9N ,HI/IpI/IXJIe peaynupoBaHa K CUHTYJIIPDHOMY UHTETrPaJIbHOMY, 3aTeM K JIN-
HEHHOMY MHTErpajJbHOMY ypaBHeHuo Ppearoabma BTOPOro poaa ¢ HEIMPEPBIBHBIM SIAPOM. A Tak»Ke y4ITeHO,
4TO MHIEKC CUHTYJISIPHOIO MHTErPaJbHOIO YPaBHEHUs] paBEH HYJII0, U YCTAHOBJIEHO yCJIOBHE HETEPOBOCTH.
JokazaHo, 9T0 paccMaTpuBaeMasi CIIeKTpaJibHas 3a/1a4a He UMeeT COOCTBEHHBIX 3HAYEHUMH, T.€. IIPHU JIFIOOOM
KOMIIJIEKCHOM A HMeeT TOJIbKO HYJIEBOE€ pelIeHue.

Karouesvie caosa: oneparop Komu-Pumana, 3agada tuna Jdupuxiie, crieKTpaJJbHBIA TapamMerp, pe30JbBeHT-
HOE MHOXKECTBO, BBIYETHI, $1/IPO, OJHOPOJIHBbIE KPA€eBble YCJIOBUs, BOJIBTEPPOBOCTH, HETEPOBO, ypPaBHEHUE
PpenroasMa.
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