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On spectral question of the Cauchy-Riemann operator with
homogeneous boundary value conditions

In this paper we consider the eigenvalue problem for the Cauchy-Riemann operator with homogeneous
Dirichlet type boundary conditions. The statement of the problem is justified to the theorem of M. Otelbaev
and A.N. Shynybekov, which implies the correctness of the considered problem. As an example, non-local
boundary conditions and Bitsadze-Samarskii type boundary conditions are given. It is taken into account
that the above spectral problem for a differential Cauchy-Riemann operator with homogeneous boundary
conditions of the Dirichlet type type is reduced to a singular integral, also reduces to a linear integral
equation of the second kind with a continuous kernel. And it is also taken into account that the index of
the singular integral equation is zero and the Noetherian condition is obtain. It is proved that the considered
spectral problem does not have eigenvalues, that is, for any complex ?, has only the zero solution and thus
the Cauchy-Riemann spectral problem is a Volterra problem.

Keywords: Cauchy-Riemann operator, Dirichlet type problem, spectral parameter, resolvent set, residues,
kernel, homogeneous boundary conditions, Volterra property, Noetherian, Fredholm equation.

Introduction

In the functional space C (|z| ≤ 1) we consider an operator K, generated by the differential Cauchy-Riemann
operation

Kω(z) =
∂ω(z)

∂z
,

where z = x+ iy, z = x− iy, ∂
∂z = 1

2

(
∂
∂x + i ∂∂y

)
on the set

D(K) ⊂
{
ω(x) ∈ C(|z| ≤ 1),

∂ω

∂z
∈ C(|z| < 1)

}
.

We assume that the operator K has a non-empty resolvent set ρ(K). Not begging for generality, we assume
that

0 ∈ ρ(K), (1)

i.e. there is a bounded operator K−1. In [1] the set of the operators {K} with the property (1) has been
described:

Theorem 1. [1]. For every linear operator K with the property (1) there exists a bounded operator G, which
carries continuous functions in the circle |z| ≤ 1 into holomorphic functions for which imaginary parts are equal
to zero when z = 0, and also the bounded functional S(f) on the set of continuous functions in the circle |z| ≤ 1
that uniquely determine domain of the operator K by the formula:

D(K) =

{
ω(z) ∈ C(|z| ≤ 1),

∂ω

∂z
∈ C(|z| < 1) ,Reω(z) = ReG(

∂ω

∂z
), |z| = 1;

Imω(0) = ImS(
∂ω

∂z
), |z| = 0

}
.

Inversely, the pair of G and S determines , for which (1) is true.
It is known in [2; 151], that the boundary value problem:

∂ω

∂z
= f(z), |z| < 1;
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Reω(z)||z|=1 = g(z);

Imω(0) = C,

has a unique solution ω(z) at any selection

f(z) ∈ C(|z| < 1), g(z) ∈ C(|z| = 1), C ∈ R.

Moreover, this solution is obtained by the Schwartz’s formula [2] (in the multidimensional case by the Poisson
formula):

ω(z) =
1

2πi

∮
|t|=1

g(z)
t+ z

t− z
· dt
t

+ iC + L−1
Φ f(z),

where
ωΦ(z) = L−1

Φ f(z)

is a solution of the homogenous boundary value problem for the non-homogenous equation:

∂ωΦ(z)

∂z
= f(z), |z| < 1,

with the homogenous boundary value conditions:

ReωΦ(z)||z|=1 = 0, ImωΦ(0) = 0.

Let the operator be given by the Cauchy-Riemann relation and the condition (1) holds, that means existence
of the inverse operator K−1, it implies, that the operator equation Kω(z) = f(z) has the unique solution
ω(z) = K−1f(z).

Denote the real part of the solution ω(z) on the circle |z| = 1 by g(z), and the imaginary part of the solution
ω(z) when z = 0 by C .

In [1] as specific boundary value conditions it is chosen the boundary pair:

(Gf)(z) =
1

2πi

∮
|t|=1

f(t)

t− z
dt;

S(f) =
1

2πi

∮
|t|=1

f(t)

t
dt.

The corresponding eigenvalue problem to this boundary pair has the following form:

∂ω

∂z
= λω(z), |z| < 1;

Reω(z) = Re
1

2πi

∮
|t|=1

λω(t)

t− z
dt, |z| = 1;

Imω(0) = Im
1

2πi

∮
|t|=1

λω(t)

t
dt.

For this problem in [3] for the spectral parameter λ conditions have been obtained for which the problem
is Noetherian in the corresponding function space and is reduced to a linear integral Fredholm equation of the
second kind with a continuous kernel. Moreover, formulas, characterizing the approximate structure of solution
of the boundary-value problem with shift, have been obtained. The paper [4] is devoted to study of spectrum of
elliptic operators. In the general case, the spectrum of an elliptic operator is essentially determined by spectral
properties of boundary operator. However, identification dependence of the spectrum of the operator K in initial
terms of boundary conditions represents an actual (unresolved) problem. From the general results, such facts
are not traced; therefore it is necessary to involve deeper methods, related to specifics of the specific boundary
conditions.
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Formulation of the problem

In [1] along with nonlocal boundary-value conditions, as specific boundary value conditions the Bitsadze-
Samarskii type boundary conditions, that is, the problem «with shift in interior of the domain» as well as the
Dirichlet problem type homogeneous boundary value conditions are chosen, that is,

(Gf)(z)||z|=1 = 0;

S(f)|z=0 = 0.

Then the spectral problem has the form:

∂ω(z)

∂z
= λ · ω(z), |z| < 1; (1а)

Reω(z) = 0, |z| = 1; (2)

Imω(0) = 0, z = 0, (3)

where complex λ is a spectral parameter, which is reduced to singular integral equation with continuous kernel,
and the index is calculated, the condition for the Noetherian is established in [5, 6].

This case will be the subject of our research in this paper.
Description of general regular boundary value problems for the differential Cauchy-Riemann expression was

developed by J.F. Neiman, M.I. Vishik, A.A. Dezin, in 1982 by M. Otelbayev and A.N. Shynybekov [1].
From another point of view, the problems of solvability and behavior of solution of the boundary value

problem for the generalized Cauchy-Riemann equation have been extensively studied in [7–10]. Boundary value
problems for the generalized Cauchy-Riemann system with non-smooth coefficients were studied in [11].

Spectral problems with regular but not intensely regular boundary value conditions for the multiple diffe-
rentiation operator were studied in [12].

Main result of the paper

Denote general solution of the equation (1) by Φ(z) = ω(z)eλz. Since

∂

∂z

(
eλz · ω(z)

)
= 0

in the circle |z| < 1 the function Φ(z) is holomorphic. Consequently, the spectral problem (1а)–(3) has the
following form:

∂Φ(z)

∂z
= 0, |z| < 1; (4)

Re
(
eλz · Φ(z)

)
||z|=1 = 0; (5)

ImΦ(0) = 0. (6)

Rewrite the real part of the complex number (5) in the form of a half-sum of the complex number and its
conjugate, then we get to the relation when |z| = 1, with considering z · z = 1 :

eλz · Φ(z) + eλz · Φ
(

1

z

)
= 0.

Introduce the function:
Φ̃(z) = Φ(z), |z| < 1;

Φ̃(z) = Φ

(
1

z

)
, |z| > 1.

It follows that Φ(z) = Φ
(

1
z

)
when |z| = 1. Then along the unit circle |z| = 1 we have eλzΦ̃+(z)+eλzΦ̃−(z)=0.
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Solution has the following form [2; 147]: Φ̃(z) = eΓ(z),
where

Γ(z) = − 1

2πi

∮
|t|=1

λt− λt
t− z

dt.

When |z| = 1 check the condition Φ(z) = Φ
(

1
z

)
.

As a result, we get:

Γ(z) = Γ

(
1

z

)
=

1

2πi

∮
|t|=1

λt− λt
t− z

dt = − 1

2πi

∮
|t|=1

λt− λt
t− 1

z

dt.

Due to t · t = 1, z · z = 1, we consider the expression when |t| = 1 and |z| = 1 :

λt− λt
t− 1

z

=
λt− λt

1
t − z

=
λt− λt
1− zt

· t, dt = dt = d

(
1

t

)
= −dt

t2
.

Hence we have
1

2πi

∮
|t|=1

(λt− λt) dt

t− z
=

1

2πi

∮
|t|=1

λt− λt
1− zt

dt

t
.

Due to the obvious equality, were write the last integral in the form:

λ
1

2πi

∮
|t|=1

(
t

t− z
− 1

1− zt

)
dt = λ

1

2πi

∮
|t|=1

(
1

t(t− z)
− 1

(1− zt)t2

)
dt.

By the Deduction Theorem [13] we have that

λ ·
(
z − lim

t→z

t− z
1− zt

)
= λ ·

(
1

−z
+

1

z
− lim
t→z

t− z
(1− zt)t2

− lim
t→0

d

dt

(
t2

(1− zt)t2

))
and also

λ ·
(
z − lim

t→z

1

−z

)
= λ ·

(
− 1

z2

(
−1

z

)
− z
)
.

It yields that

λ ·
(
z +

1

z

)
= λ ·

(
z − 1

z3

)
= 0;

that is

λ ·
(
z2 + 1

z

)
+ λ ·

(
z4 − 1

z3

)
= 0.

The last equality is reduced to

λ+ λ ·
(
z2 − 1

z2

)
= 0.

Hence, inside the unit circle |z| = 1 we get z2λ+ λz2 − λ = 0.
Taking derivative by ϕ in the polar coordinates, we have:

∂

∂ϕ
|e2iϕλ+ λe2iϕ − λ = 0.

Then the following equation is true:
2zλ = −λ2z.

As a result we receive:
λ+ λ = 0.
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From this case it is not hard to establish that when λ = 0 condition z2(−λ) + λz2 = λ holds. Thus, it is
proved

Theorem 2. The spectral problem (1а)–(3) does not have eigenvalues, that is, for any complex λ, the spectral
problem (1а)–(3) has only the zero solution.

Remark. The spectral problem (1а)–(3) turned out to be a Volterra problem.

In conclusion, the authors express their gratitude to Professor Sh. A. Alimov for attention to the paper.
The article was written with the support of the state grant «The Best Teacher of the University – 2017» of the
Ministry of Education and Science of the Republic of Kazakhstan.
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Н.С. Иманбаев, Б.Е. Кангужин

Бiртектi шеттiк шарттармен берiлген Коши-Риман
операторының спектралдық мәселесi

Мақалада Дирихле тектi бiртектi шеттiк шарттармен берiлген Коши-Риман операторының меншiк-
тi мәндерiн зерттеуге арналған есеп қарастырылған. Есептiң қисынды қойылуы М. Өтелбаев пен
А.Н. Шыныбековтың теоремасына негiзделген. Бұл теорема негiзiнде Коши-Риман операторы үшiн
бейлокалды шеттiк шарттармен берiлген және Бицадзе-Самарский тектi шеттiк шарттармен берiлген
есептердiң мысалдары көрсетiлген. Қарастырылып отырған Дирихле тектi бiртектi шеттiк шарттар-
мен берiлген Коши-Риман операторының меншiктi мәндерiн зерттеуге арналған есебiнiң сингулярлы
интегралдық теңдеуге, сонан соң сызықтық интегралдық екiншi тектi Фредгольм теңдеуiне редук-
цияланғаны, сондай-ақ сингулярлы интегралдың теңдеудiң индексiнiң нөлге тең болатындығы және
нетерлiк шарты туралы мәлiметтер ескерiлген. Авторлар Коши-Риман дифференциалдық операто-
ры үшiн қойылған спектралдық есептiң меншiктi мәндерiнiң болмайтындығын дәлелдеген, яғни кез
келген кешендi λ үшiн тек қана нөлдiк шешiмi ғана бар болады.

Кiлт сөздер: Коши-Риман операторы, Дирихле тектес есеп, спектралдық параметр, резольвенттiк
жиын, қалындылар, ядро, бiртектi шеттiк шарттар, вольтерлiк, нетерлi, Фредгольм теңдеуi.

Н.С. Иманбаев, Б.Е. Кангужин

К спектральному вопросу оператора Коши-Римана с
однородными краевыми условиями

В статье рассмотрена задача на собственные значения оператора Коши-Римана с однородными кра-
евыми условиями типа задачи Дирихле. Постановка задачи обоснована к теореме М. Отелбаева и
А.Н. Шыныбекова, установлена корректность рассматриваемой задачи, в качестве примера указаны
нелокальные краевые условия и краевые условия типа Бицадзе-Самарского. Учитывается, что ука-
занная выше спектральная задача для дифференциального оператора Коши-Римана с однородными
краевыми условиями типа задачи Дирихле редуцирована к сингулярному интегральному, затем к ли-
нейному интегральному уравнению Фредгольма второго рода с непрерывным ядром. А также учтено,
что индекс сингулярного интегрального уравнения равен нулю, и установлено условие нетеровости.
Доказано, что рассматриваемая спектральная задача не имеет собственных значений, т.е. при любом
комплексном λ имеет только нулевое решение.

Ключевые слова: оператор Коши-Римана, задача типа Дирихле, спектральный параметр, резольвент-
ное множество, вычеты, ядро, однородные краевые условия, вольтерровость, нетерово, уравнение
Фредгольма.
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