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On the solvability of the first boundary value problem
for the loaded equation of heat conduction

In this paper we consider the first boundary value problem for the loaded equation of heat conduction in a
quarter plane. The loaded term is the trace of the fractional derivative of order v, 0 < v <1 with respect
to the time variable on the line x = ¢. It is shown that when 0 < v < 1 and VA €C, then the load is a weak
perturbation, that is, the studied problem has a unique solution in the class of bounded functions.
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Statement of the problem. In the domain @Q = {z € Ry, t € R} the following boundary value problem is
considered:

ou 82U v
Efazaxz + A oDfu(x,t)],_, = f(2,); W
u (x’ 0) = 0, u (0’ t) = 07 (2)

where .
1 Q 1
Frl—-v)ot) (t—r)
0

AeC,0<v <1, oDiu(z,t) =

su (z,7)dr —

is the fractional Riemann-Liouville derivative of the function u(z,t) with respect to a variable ¢ of order v,

oDy //G@,g,t—ﬂ-f@m)dgm e M(R,). 3)
0 O

Hear
M (Ry) = Loo (R1)NC (Ry),

_ 1 (z — ) (z +6)°
G(x,ﬁ,t) = 27\/7_? {exp <_4t> —exp <_4t> } _

is the Green’s function of the first boundary value problem for the heat equation.

Peculiarity of this problem lies in the fact that the loaded term is the value of the fractional derivative on
the line x = t. Similar problems were considered in [1, 2]. In [1] it has been shown that when v =1 the load is
a strong perturbation and for certain values of the parameter A\ the corresponding homogeneous problem has
nonzero solutions, that is, a non-homogeneous problem has a non-unique solution.

The purpose of this paper is to determine the nature of the load when 0 < v < 1.

Inverting the differential part in the boundary value problem (1)—(2), we have the following representation
for the solution:

t oo
w(zt) = —A//G(x,g,t 1) o DYu (€, )] dédr+
0 0

+0/0/G(:17,£,t7-)~f(§,7)d§d7,
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or
t oo
U(.]Z,t) = _)‘ KO (xat -7 ) ' [ODtyu (677—)“5:7— dng—i—
/]
t oo
" / [t s (4)
0
hear -
Ko (z,t—1) O/G(a:,§,t7)d§ erf( \/7)
Indeed

r ~ (x—¢)° @+’ -
O/G:rft T)dE = 2m/{exp< t_T)>—exp< 4(t—7')>}d§_

. =FE ,=_Z
N _2\/75—7’ _2\/t77'

— % { /Z exp (=) dn — 76961) (—n?) dﬂ}

z

_ \/Z%O/Ze:cp (=1°) dn=erf (2\/26—77) '

Substituting the value of this integral into (4), we obtain

wlat) = - / erf( \/—)'[OD?U(&T)] dr+ fi (1), (5)

E=1

where .
1<x,t>://G(x,g,t—Tyf(mdgdr
0 O

It follows from (5) that in order to find solutions of problem (1)—(2) it is sufficient find an expression

oD u (€, T)lle=r -

For this, we differentiate both sides of (5) by ¢, then assuming x = ¢, we get

[oD{u (x,t)]| =y = —A {0 jerf <2\/7) oDy u (€,7)] N dT} +
0 - w=t

+oDy f1 (x7t)|x:t7 (6)

and introducing the notation

loD{u(x,0)]|,—, = ¢ (1), oD} f1(z,t)|,—, = f2(t);

from (6) we obtain the following integral equation

¢<t>+x{ /f(QF) <>dT} =5 (0). M
0 T=t
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Next, we calculate

th”/terf(wfj) o (r)dr =
0

_ r(11f y)@ato/ (t—lT)V {O/Terf (2\/:’_77) .gp(ﬁ)dﬁ}dT:

T

- it | et i o oo -

T1

t t—11
1 0 1 x
:1“(1—1/)/&{/ ) (za,m>dn}*"<ﬁ)dﬁ:
0 0

t—T=mn
T=t—"n

t
T

X Tdn o (1) dn T /K,, t,71,2) @ (1) dm, (8)

da(t—7 —n)2 _V)O

where the following notation is used:
1
K, (t,7,x2) = 5 —ky, (t,71,7); (9)
(t — Tl)

72
k, (t,71,2) / , ~exp{—}d77-
Qa\f (t—7 — 77)% 4a? (t — 71 — 1)

Let us find the explicit form of the function k, (¢, 71, z) .

o (¢ ) T ] 1 1 x? d
 (tT,m) = — Py =
! 2a\/T J (-1 _n)% P 122 (t—m—n) g

/ t_Tl ! ex _7.%2 1 dz =
2a\f (t—m1)" (1 —2)" (t—ﬁ)%- g P da? (t — 1) =2 B

- /z_%-(l—z)fy-ex _96721 dy —
2a+/T (t_ﬁ)u+% / P a2 (t—m) =z
=|[3]. p.367, 3.471(2)|| =

ST(=v) g (t—rll)% ' {4(12 (f n)]i -exp{—w(fﬁ)} )

hear W, 1 1 {Win)} is Whittaker function.
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Substituting the function k, (¢,71,2) into (9), for the kernel K, (¢,7,z) finally we obtain the following
representation

1 20 1
Kl/ tv ) = v — =
R iy T JE

1 2 z?
—_— — . 1 1 — . 1
X<t_anﬂexp{ R L ey (10)

Thus, the integral equation (7) takes the form

where

Kby = ?Q@@;yfw{w%iﬂ}m**{wgﬂﬁkauhﬂ”

This kernel has a weak singularity when 0 < v < 1, that will be shown below.

We consider some particular cases of equation (11) for specific valuesof v: v =1, v=0, v = %

We note that earlier in [1] the problem (1)—(2) was considered for the case v = 1, which was reduced to an
integral equation of the form

1+XMNe /K1 t,7)-p(r)dr = fa(t), (12)

the kernel of this integral equation

v e )

¢
lim/K1 (t,7)dr =
t—0

0

and it was shown that the corresponding homogeneous integral equation has non-zero solutions, and their
number depends on |A].

We show that when v — 1 — 0, the integral equation (11) coincides with equation (12). To do this in (11)
we pass to the limit » — 1 — 0, that is, we calculate the following limits:

K1 (t,T)

is «incompressible», since

t

: 1
ykrln—o)\./l_‘(l—l/)-(t—T)u p(rdr=
0

u=p(r); du=¢ (1)dr

= dv = 7(tii:—)";v = 7$ (t o T)l—y
t t
= 1 #)\ M ()+1/(t )1u /()d —
TS T (I w) R A oowner e =
0
\ t
= Ty (PO [ e =
0

=X 00+ e(Mo=A00)+X @) =A-00)=Xp(t).
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Now we find the limit from the first summand

lim k, (t,7)= —-m

v—1—-0 e

t? t?
Xemp{_&ﬂ(t—ﬂ} W04 {42@_T>} -

2a 1 t? o
== = egpd_—
T i (t— T)%*O P 8a2 (t—1)

e R )

Here we use the representation of the Whittaker function Wy , (z) in terms of the function M) , (z)
[3; 1024(9.220)]. Further, writing down the Whittaker function M) , (z) via the Kummer function (e, f;z2)

we have:

lim Ey (t.7) = 2a 1 t? t* Y
u—%ﬁﬂ v )= T \/E'(t—T)i_O erp 8a2(t—7') 4(12(t—7)

12 3 12
_ . D R
xe:vp{ 8a? (t — 1) } <O’ 27 4a2 (t — T))

1 t t?
—_—Fs ' EX —_——— .
Z p da? (t — T)

00

B 2aym (t—1)
Thus, we obtain
<1+A>so<t>—A/2a1ﬁ-(ttT)g-ezp{—m}-@<f>dr=f2<t>. (13
0

Indeed, equation (13) coincides with equation (12) [1].We further define the form of the integral equation (11)

i) -

at v — 0,
For this, we find the value K, (¢,7) npu v — 0.

T RN o et S
VT fE

(2) = [1 —erf(z)] - 6_7%2

NS
=

P
4

1
4

20 (t—7) ﬁw)i,{l_erf{%tﬂz

R Y (2a)t (-7 -

t t
=1l—|l—erfq ———=¢| =erf{ ———— .
[ er {20,\/t—7'}:| {Qa\/t—r}
Using this relation, we obtain the following integral equation

! (14)

w(t)—AO/erf{W} D= £,

where ¢ (t) = u (z,t)|,_, -
This equation coincides with the integral equation (5), when v — 0.

Cepusi «Maremaruka». Ne 1(89)/2018



M.T. Jenaliyev, S.A. Iskakov et al.

Now we consider the case v — % That is

Q?G. Vit (tl— T)iexp{_&ﬂ (t: T)}.W‘l* T {4‘1257)} .

1 1
VE Vit
To determine the specific form of the kernel, we use the representation of the Whittaker function

I'(~3)
"M 1
I (+0) i

lim K, (¢t,7)=

1
v—3

(2) + (2) =

_1
:Z%e_%_i'_l—‘( 2).i.z%.6_%.erfi{\/g}7

vz
where erfi{y/z} = [ e$”d¢. Hence the kernel Ky (t,7) is equal to the sum of three terms.

0
We compute the first summand

K (t,7) = Q?G Vi (tl— nE (4a2 (t:— T))i .exp{_wg)_ﬂ} i

For the second summand we have

”lgn’K(Q) G,7) = 11:((;%))) . Q?GTW \/i.(tl—r)i . (4@2 (t:T))A11 .
2 BT
Xexp{ 4a2(tt 7_)}' exp {€*}d¢ =
0
_ T(=3) 1 12 = , -
2T VieT e“’{ 4a2<t—7)} 0/ e
H{ 2&\/%'2"_
- ﬁ(éé) \/tl—iT 2at —1 p{ 4a2(tt2—7-) (1_22)}d2:

Thus

R R = i

This result can be obtained if we take directly from both sides of (5) the derivative of order  :

oD} /f(wtf) o(r)dr § =

Bectnuk Kaparanmauickoro yHuBepcuTera

38



On the solvability of the first boundary value problem...

t T
1 0 1
:\/Ef)to/ — O/erf(2ﬁ> o (m)dm pdr =

t t
_ 1 0 1 x . t—T7=n
- 7w [ g ot (e o e oin = | rth‘
0 1

t
1 0 1 x
-+ /= /n ”f<2am)d" p(m)dn =
0 0
T AT 2
x x
= — ~erf (oo ,/71 ~6xp{ }x —d ) dr
7T0/ Vi—T1 (00) / N2 e 4a? (t —m —n) da(t—11—mn)2 n e (m)dn

[ n=0=m)-(A=2) || _
| e |

= [I[3], 3.471]| =

[ (e ) o

Now we show that the kernel of the integral equation (11) has a weak singularity for Vv, 0 <wv < 1. To do

this, we calculate the integral from the kernel k, (¢, 7).

J(t’”:o/tﬁwmp{‘&ﬂéf—ﬂ}wui it~

2a (2a) oy 1 y
/ et e Y eap{ =3} Wooyy ) dy =

20" o [ 1) y
_%.tz 2 ./y< D2eap {2 W,y )y =

_ (2a)21’—2 2—2v v— W ° —
B T t v 6.’13]){—*} Vﬁii% (y) 4:2’ B
2(1 7u+§ t t
“VE ! “”p{‘s@z} Wog-4 {42}

_5 _
1

NG

(z) at t — 0, for this, we represent the function W,

r(-1
I ER

Let us study the behavior of functions W,,_ 51
as follows:
_ T ( )
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From here it follows that

lim [ Ky (t,7)dr =0, Vv, 0<v<1.
t—0
0

This means that the integral equation (11) has a unique solution ¢y (t), VA € C, f2 (t). The same can be
shown as follows.

The function k, (t,7) has a singularity at 7 — ¢, we define the order of this singularity by using the
asymptotics W, (z) ~ 2* - exp (—%) , npu |z| — oo [3, 1026; (9.227)].

We have for the case v > %

_ 1

- La? it—J p{‘4(tt—>} :

Here, we use the estimate

2 - eap{-a} < (V_ ;)V_é .ea:p{— <y_ ;)}

And when v < % the following inequality is used

(t flﬂ" ' LW it—ﬂ p{‘zl(tt—)} :

1—-2v
1 t—T7 1 1—2u 1
= 2v—1 ( ) ’ < (2a) ’ :
(2a) t t—1T t—T1

Now, according to (4), we write the solution to problem (1) — (2) in the form

t

u(x,t)z—x/erf{wij} o (7) dr+

0

t oo
+O/O/G(:c7§,t—7)-f(ﬁ,T)dﬁdT.

Thus, it is shown that when 0 < v < 1 for YA € C the loaded term in (1) — (2) is a weak perturbation.
Thus, the following theorem is valid
Theorem. The boundary value problem (1)—(2) Vv,0 < v < 1, VA € C has a unique solution uy € U, where

U= {al (5 vE) s = € (@), oD o)Ly € M (R
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M.T. ZKuenanues, C.A. Uckaxkos, M.W. Pamazanos, 2K.M. Teneyraesa

2KyKTeJireH >KbLTYyOTKI3TIINTIK TeHAeyl YImiH OipiHTmi
MIETTIK eCeNnTiH MIENIiM/IJIr TypaJbl

MakaJjiaga »Ka3bIKTHIKTBIH Oip ITUperine »KYKTeJIreH XKbITYOTKI3rIMTIK TeH eyl yIimiH 6ipinm meTrTik ecebi
KapacTeIpblarald. 2KyKTereH KOCBUIFBINI — & = ¢ CBhI3BIFBIH/IA YAKBITTBIK, aflHBIMAJIBICHI OOWBIHINA V-IITi
perTi Gesmiek TyBIHABIHBIH 131, 0 < v < 1. Erep 0 < v < 1 xkome VA € C 6osica, OHIa KYKTEMEHIH 9JICi3
aybITKY €KeHi KOPCEeTIJINeH, AFHU, 3ePTTEJIETIH €CEITiH, MeHeareH (MYHKIUAIAD KIAChIHIa YKAJIFBI3 IIeIiMi
oap.

Kiam cosdep: »KYKTeJITeH »KBUIYOTKI3TIIITIK TEHJIEY, IETTIK ecell, OOJIIIEK TYBIHIbI, BolbTeppaHblH, UHTE-
IPaJIIbIK, TEHIEYI.

M.T. JIxenamues, C.A. Nckakos, M./. Pamazanos, (.M. Tyseyraesa

O paspemnmMocTu MepBoOii KpaeBoii 3aa4un JJid HArpyKEHHOTO
YpaBHEHUs TeNJIOIMPOBOJHOCTU

B craTbe paccmoTpena mepBast KpaeBas 3aada IS HArPYKEHHOTO yPaBHEHHUS TEIIONPOBOIHOCTUA B U€T-
BEpPTH IJIOCKOCTH. HarpyskeHHoe ciiaraemoe — cJjieji JpoOHOM mpou3BogHoi mopsiaka v, 0 < v < 1, mo
BpeMeHHO# mepemenHoit Ha jguHun x = t. [Tokazano, aro pu 0 < v < 1 u VA €C Harpy3ka sSIBISI€TCS CJIa-
OBIM BO3MYIIIEHHEM, TO €CTh UCCJIEIyeMas 3ajada UMeeT eIMHCTBEHHOEe DeIlleHre B KJIAaCcCe OTPAHUYEHHBIX
bYHKIHIH.

Karoweswie croea: HArpy»KEHHOE ypaBHEHHE TEIIONPOBOJHOCTH, KpaeBas 3aJada, JPoOHAasi TPOM3BOIHASI,
WHTErpaJibHOE ypaBHeHUe Boabreppa.

References

1 Jenaliyev, M.T. & Ramazanov, M.I. (2010). Nahruzhennye uravneniia kak vozmushcheniia differentsi-
alnykh uravnenii [The loaded equations as perturbations of differential equations/. Almaty: Hylym [in
Russian].

2 Nakhushev, A.M. & Borisov, V.N. (1977). Kraevye zadachi dlia nahruzhennykh parabolicheskikh uravnenii
i ikh primenenie k prohnozu urovnia hruntovykh vod [Boundary value problems for loaded parabolic
equations and their application to forecast of groundwater level|. Differentsialnye uravneniia — Differential
equations, Vol. 13, 1, 105-110 [in Russian].

3 Gradshteyn, I.S. & Ryzhik, .M. (2007). Table of Integrals, Series, and Products. New York: Academic
Press is an imprint of Elsevier.

4 Prudnikov, A.P., Brychkov, Yu.A. & Marichev, O.1. (2003). Intehraly i riady. Spetsialnye funktsii. Dopol-
nitelnye hlavy [Integrals and Series. Special Functions. Additional chapters]. Vol. 3. (2d ed.). Moscow:
Fizmatlit [in Russian].

Cepusi «Maremaruka». Ne 1(89)/2018 41





