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On an integral equation of the problem of heat conduction
with domain boundary moving by law of t = x2

In the article it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has
a nonzero solution. The boundary of the domain moves with a variable velocity. It is shown that the norm
of the integral operator acting in classes of continuous functions is equal to 1. Mellin transformation is
applied to the obtained integral equation. It is proved that for certain values of the spectral parameter the
eigenvalues of the integral equation will be simple.

Keywords: heat conduction, boundary value problems, a kernel, Mellin transformation, convolution theorem,
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In general cases, the methods of separation of variables and integral transformations are not applicable to
problems in domains that are degenerated to the point, since for this type of problems methods of separating
the variables and integral transformations can not be applied, as remaining within the classical methods of
mathematical physics you cannot conform the solution of the heat equation to the boundary of domain. Therefore
the question about the study of boundary value problems with degenerating the domain at the initial moment
of time is actual. Using the method of heat potentials solving such problems is reduced to the study of singular
Volterra integral equations of the second kind. Feature of these equations consists in incompressibility of the
kernel and is expressed in the fact that the homogeneous equation has nonzero solutions and corresponding
non-homogeneous equation can not be solved by classical methods.

1 Statement of the problem

We consider the first boundary value problem of heat conduction in the degenerating domain
(domain with a moving boundary; the boundary of the domain is moving with variable speed). In the domain
G= {(:17, t) :t>0, 0<a< \/{f} to find a solution to the heat equation
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satisfying the boundary conditions:
u(x, t)],_o =0, u(z, t)|x:\/{ =0. (2)

Such problems in the domain @ = {(z; t): ¢ >0, 0<ax <t} are investigated in works [1-3].
2 Reducing the problem to an integral equation

We are looking for a solution to boundary problem (1)—(2) as the sum of the heat potentials of the double
layer [4]
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It is known that function (3) satisfies equation (1) for any v (t) and v (t) [4; 476-480]. Using conditions (2)
and the properties of the heat potential, we obtain the integral equation:

(4)
0

where
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In equation (4) we introduce a new function
p(t) = VEy(t) € M(Ry), where M(Ry) = Loo(Ry) [ | C(Ry);
and consider integral equation (4) with a real parameter \
¢
o(t) = [ K(t.m)e(r) =0 (©
0

where

K(t,7) = \t/Tk(t, 7).
The kernel K (¢,7) has the following properties
1) K(t,7) > 0 and is continuous on 0 < 7 < ¢;
¢

2) tlirg]t{K(t,T)dT = 0;

3) jK(t,T)dT =1

0
The properties 1) and 2) are obvious. Let us prove the validity of property 3)

s
3
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Remark. From this property we conclude that when A = 1, p(t) = C' (where C = const) is the solution to
equation (6).

3 Solving integral equation (6) by means of the Mellin transformation

We rewrite equation (6) in the form

w(t)A/t\/Zkl (j) @dﬁo, (7)
0
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N Vi)
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Introducing the function K;(6) according to the formula

t
¢ k1(>,0<7<t<+oo;
T

0, 0<t< T <400,
we rewrite the equation (7) in the form

o(t) — 7\\/@ K (j) ‘p(:) dr = 0. (8)
0

Applying Mellin transformation to the last equation and taking into account the convolution theorem [5; 385]
oo

to‘-/TB-fl (i) f(mdr = fi(s+a)- fals+a+B+1),
0

B(s) - {1_»[?1 (s—&-;)] =0,

N 1 1 (-2 (142> 22
K 2) = _Z 4y
1(8+2) aﬁ/{ 1+ 22 FPL g2 [P
0

5o = [ (o).

0

we get

where

It is known [5; 180-181], that form of the eigenfunctions of integral equation (8) is determined by the roots
of the transcendental equation for the parameter s:

A-fq(s+;>=1. (9)

Eigenfunctions

pr(t) =t
correspond to the real (single) roots s.

Following [6], we denote by A the set of positive numbers A, and by ¥ the set of numbers s < —%. It is
easily seen that equation (9) establishes a one-to-one correspondence between A and . This is obvious, since

d - 1
°K ) =
ds 1<s+2)
©0 —2s
1 / |1 — 22| . 22 1 1+ 22
= Xpe —— ¢ln|——
a\/T 1+ 22 Pl a2 1—22
0
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~ 1 ~ 1 ~ (1
lim K, (s—l—) =400, lim K; <s+> =0; K; <) = 1.
s—+1 2 s——00 2 2

Also we denote by C, (R ) Banach space of functions ¢(t) € C(R), with finite norm

llolly = max [t7p(t)|, ~ = const.

The following theorem holds.

Theorem. For all A € A there is a number s such that the functions ¢(t) = Ct* (where C' = const) are
eigenfunctions of equation (6) in the space C_s(R4). In thies space C_;(R4) all eigenvalues of equation (6) are
simple.

From the theorem and remark it follows that for A = 1 equation (6) has eigenfunction ¢(t) = C = const,

C
and initial equation (4) has eigenfunction 1 (t) = T
Brief abstract of this work has been published in the Materials of the workshop «Differential operators and
modeling of complex systems» (7-8, April, 2017, in Almaty, Kazakhstan) [7].
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ITTekapachl t = x? 3aH/IbLILIFLI GOMBIHINA ©3repeTiH »KbLIYyeTKI3rimTik

eceOiHIH MHTEerpaJIJIbIK TE€HAEYl TypaJibl

Maxkanana aiimakTa GipTekTi ekinmm perti Bosbreppa nHTErpai bk, TeHIeyiHe KeNTIPETIH KbLITyOTKI3TiI-
Tik GipTeKTi ecebiHiH HOJIIK eMec memiMinig 6ap eKeHmiri KkepceTiared. ARMaKTBIH IIeKapachl aiHbIMAJIbI
KBLTJTaMIBIKIIEH XKBIJKUIABL. Y 3/TIKCI3 (DYHKIUAIAD KIACTAPBIH/IA 9PEKET eTETiH MHTErPAJIIBIK, OlepaTop-
JIBIH HOpMAachl 6ipre TeH eKeHi KOpceTuireH. AJIbIHFaH MHTerpasblK, TeHaeyre MeuH Typienaipyi Ko-
naabLIabl. ClleKTpasiapl HapaMeTpAiH, AaHBIKTAJIFAH MOHIEPIHIe MHTErPAJIABIK, TEHICYAiH MEHIIIKTI MoHIepi
KapanaibIM OOJIaTBIHBI JI9JIEJIICH .

Kiam cesdep: XKbLIyOTKI3TIMTIK TEHJIEY1, MIETTIK ecenTep, ©3eK, MeaanH TypaeHIipyi, KOHBOJIIOIUS TeO-
pemMachl, MEHIIKTI (DyHKITHSI.
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Oo6 OJHOM HMHTEIr'paJIbHOM YpPaBHEHHHN 3a/Ja49M TEIlJIOIIPOBOJHOCTH

c TpaHuIeil, ABUKYyIIeiicda 0 3aKOHY t = X2

B crarpe mokazamo, 4TO OMHOpPOAHOE WHTErpaJibHOE ypaBHeHHE Bosbreppa BTOPOro poga, K KOTOPOMY
CBeJleHa OJHOPOJHAs KpaeBas 3aJia4a TEeIJIOIPOBOJHOCTH B BBIPOXKJAIOIIeiics 00JIacTH, UMeeT HEHYJIeBOe
pemenne. ['panuiia 06JaCTH ABUMKETCSI C MMEPEMEHHON CKOPOCThIO. [loKazaHo, 9TO HOpMa MHTErpaJbHOTO
omeparopa, AefICTBYIOMIEro B KJIacCaX HENpPepbIBHBIX (yHKImi, paBHa 1. K momydyeHHOMYy mMHTErpasibHO-
My YpPaBHEHHIO IIpUMeHseTcs npeobpa3oBanue Mesnaa. /lokazaHo, 9TO NPH OIPEJIEJIEHHBIX 3HAYEHUAX
CITIEKTPAJILHOTO MapaMeTpa cOOCTBEHHBIE 3HAYEHUs] MHTEIPATLHOTO YPaBHEHUsI OYIyT MPOCTBIMU.

Kmouesvie crosa: ypaBHEHME TEIJIOMPOBOIHOCTH, KPaeBble 3a/Ia9H, 1Apo, mpeobpasoBanue MesnHa, Teo-
pema o cBepTKe, cOOCTBEHHAsT (DYHKIIHS.
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