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Onenka Haujyvyuiero l'[pl/lﬁ.]'II/DKeHl/IH YoM CyMMBI I[BOﬁHI)IX PHAI0B 11O
MyJILTHHJIHKaTHBHOﬁ CUCTEME C KBA3UBBINMYKJIBIMHU KOZ)(I)(l)I/IIII/leHTaMI/I

B crarbe uccne1oBaHbI IBOHHBIE PSIBI 0 MYJIBTHIUIMKATHBHBIM CHCTEMaM C KBa3UBBITYKIBIMA K03 (hHUIH-
eHTamu. Jloka3aHa CXOAMMOCTb TaKUX PSIIOB K MHTETPHPYEMBIM (DYHKIHAM U TOJTydeHa OLEHKA HAMITyqIIero

puOIIKEHHs yTIoM B Metpuke L[0,1)° TOTHMHOMAMH MO MyTbTHILTHKATHBHOMN CHCTEME.

Kniouesvie cnosa: NBOWHBIE PSIbl 1O MYJIBTHUIUIMKATUBHBIM CHCTEMaM, KBa3HUBBITYKIbIE KO3()(GHUIUEHTEL,
HauTydIiee NpUOIMKEHHE YTIOM.

W3BecTHO, YTO psAf 1O cucTeMe Y Oullla ¢ KBa3UBBIMTYKIBIMU KO UIMeHTaMu sBisieTcs psiioM Dypbe-
Yomma HekoTopoii cymmupyemoit dynkuuu £ € L'0,1) (em. [1, 2]). B [3] nomyueHa olieHKa HAHITyHIIEro

NPUOTMKEHUS] CYMMbI OAHOMEPHBIX PSIOB MO0 MYJIBTHILIMKATUBHBIM CHCTEMaM C KBa3HBBITYKJIBIMUA KO3(-
¢unuentamu. B nanHO# pabore monydeHa OLEHKA HAWIY4IIero NpUOIMKEHUS! YTIIOM CyMMBI ABOMHBIX psi-

1o B Metpuke L'0,1)* 10 MyJIBTUILIMKATHBHON CHCTEME C KBA3UBBITYKIIBIMU KO3 duimenTamu.
Ilycte P={p,},_,— TPOH3BOIbHAS IIOCICIOBATEIPHOCTh HATYypaNbHBIX YHCEN, TaKas, dTO

2<p <M, MeN,n=1,2,... Ilo10XuM 10 OIIPENEICHUIO

J
m, =1, m; = Hpn,jzl,ln
n=l1

Torma xaxmas Touka x €[0,1) uMeeT pa3noxeHue

= X
x:Z;m—", x, € ZN[0,p,),

rae Z— MHOXECTBO IENbIX 4Yucell. J[aHHOe paslioKeHHe OIpeaesicHO ONHO3HAYHO, €CIU IpH X = —
m

n

O<k<m
orepanurio 0000IEHHOTO CIIOKEHUS « @ »:

keZ, ={0,1,2,...}, O6parb pasnoxeHue ¢ KoHeuHbIM umuciaoM x, #0. g x,y€[0,1) BBegem

no

x@yzzzZzn /m,, z =x,+y (modp,).
n=l1

[Tpu puKcUpOBaHHOM X YHCIIO Z OTMPENENICHO JJIS IOYTH BCEX .
MynpTunivkatiuBHas cuctema Bunenkuna-Ilpaiica {X,(x)},_, ompeneineHa cCIeaylOIM 00pa3oM.
Beskoe k € Z, npencraBumo B BUAE

k=>km,_, k eZN[0,p,).

n=1

Hns x€[0,1) u k € Z, nonoxum

X,(x)=1, X, (x)= exp(znii%}

n=l1 p,,
W3BectHO, uto cucrtema (yHkmuid {X,(x)},_, SBISETCS IOJIHONH OPTOHOPMHMPOBAHHOW CHCTEMOH B
L[0,1) (cm. [2, 4]).
CymMBI

S X,@=D,0) n 13D, =E 00
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Ha3BIBAIOTCS COOTBETCTBEHHO sinpamu [upuxie u Oetiepa. zsectHo [4], uto ans mroboro ne N ux € (0,1)
UMEIOT MECTO HEPaBEHCTBA

D, ()<=, (1D, [l0,,< G In(n+1); (M

170,1)

Cl
X

IF (x>\<— 1E, 1,0, = G @

3necs u B panbHeiimem yepe3 C, Oyzxem 0603Haanb MOJIOKUTENILHBIC TIOCTOSHHBIC, Pa3jIMYHbIC B Pa3HbBIX
MecTax.

Kosdduimentsr @ypre Gpynxuun f € L'[0,1) 1o cucteme {X, (x)}7_, ONpeesoTCs CEAyOMUM 06-
pazom:

fm =[x, 0dt, nez.,

TJIe MHTETpal moJipasymMeBaeTcst B cMbiciie Jlebera.
Tlomoxnm

P ={fel0]): f(k)=0, k=n}, neZ,
U yepe3
E,(f)=inf{|| f—1,1,:1, € £}
OyneM 0003HaYaTh HAWITyUlllee NPUOIDKeHHE QYHKIIMK f TOJMHOMAMH 10 MYJIbTUTUTUKATHBHOW CHCTEME.
B nBymepHOM ciydae OyneM paccMaTpuBaTh TaK Ha3bIBAEMOE HAMJIy4IlIee MPUOIMKEHHE YIIIOM, PE/ICTaB-
JieHHoe ciemyronuM obpasom: eciu P, i=1,2, — mHoxkecTBa QyHKImit £ (X,,X,) TaKUX, 4TO AT HUKCH-

POBAHHOTO X, j = L2, j#i, umeem f(x,,x,)€ P, Torna mno omnpeaeneHuIo NOI0KIM

A, ()=inf{]| f~u—v,;ueh"ve B} 3)
B nannoii paboTe nccnemyercs: IBOMHON PAJ 10 MYJbTUIUIMKATUBHON CHCTEME:
224X ()X () )

/=0 k=0
Hawm nonamoburcs aoiiHoe npeobpazoBanue AGens (cM. [5]), IPUMEHHUTENHFHO K YaCTHYHBIM CyMMam
psna (4):
m—1 n—1
3>, X, (0X,(0)= 3. 3.4, (D, (A, +
Jj=p k=g Jj=pk=q
m—1
+2A10a1 nDJH(x)Dn(y) zAloaj qD]+1(x)Dn(y)+
Jj=p Jj=p
n—1

+ZA01am «D,,(x)D, (y)— zAmaka (X)D,.,(y)+

k=g k=q

+a, D, (x)D,(y)~a,,D,(x)D,(y)~a,,D,(x)D,(y)+a,,D,(x)D,(y) +

pn

+a, D, (x)D,(y)- a,,D, (x)D,(y)- a, D, (x)Dq (»). %)
n—1
rne D, (x)= ZX . (x) — anpo lupuxne mo MyJbTUIUTMKAaTUBHOM CHCTEME.
k=0
Honoxum Aya ,=a, —a,,,, Byd ,=a, = ., Ana,=A0(A4q,), Aizj (a,)= Ay (Aijakn ), THe
i’ j e {O’ 1} *

HBOﬁHaﬂ IOCICa0BaTCIIbHOCTD {ak n} Ha3bIBACTCA KBaBI/IBBIHYKHOﬁ €Clin

ZZ(kH)(nH)IAnaan

k=0 n=0
OCHOBHOﬁ OEJIbO HaCTOHHIeﬁ pa60TI>I ABIICTCA 10Ka3aTEJIbCTBO CJIe,I[y}OI_uerO yTBCp)K,Z[eHI/I}I.
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~ o)
Teopema. IlycTh /1BOWHAs KBAa3HBBIIYK/Ias MOCICIOBATENBHOCTE {d;, },  Y/IOBICTBOPACT YCIOBUAM

a4, =0 mpu max{k ,k,} > un

Z(k +1)] Amakk | <o mpu GUKCUPOBAHHOM k, € Z;

D (ky +1)| Aja,, | <o npu pukcnpoBanHOM k, € Z, .

ky=0
Torna psin
z z Ak, Xkl (x, )sz (x,)
k=0 ky=0
aBisiercst pagoM Dypbe HekoTopoil byHkuun f(x,, X, )L'[0,1)* 1 ©IMeeT MecTo OLleHKa

nlm (fH=C z Z (k, +1)(k, +1)A11akk +n,Inn, z (k, +1)A10akk +m Inn, z (k, +1)A01akk . (6)

ky=ny ky=n, ky=n ky=m,
s moxaszaTenbcTBa TEOPEMBI MOHAJO00SITCS CIIeIyOIIE BCIIOMOTaTeIbHbIEC YTBEPKACHHS.
Jlemma 1. Ecnu fBoifHas TocienoBaTenbHOCTh {a,, }. _, KBa3WBBIIYKIa | a,,, =0 1pu
max {k,,k,} — oo, TO ee 4IeHbI yIOBIETBOPSIOT YCIOBHAM:

Q) klsz”ak_k2 — 0 npu k,k, = o
b) kA, — 0 1pu k; —> 00 1 PUKCHUPOBAHHOM £, ;
¢) kyAgay, ,, — 0 npu k, —> 0 1 PUKCHPOBAHHOM ;.
Lokazamenvcmeo. PaccMOTpUM CyMMy

00 00 0 0 00 0

2 _ _ —

Z Z Allak,kz _z z All(Allaklk2 ) _Z Z AII(AOIak,k2 _AOIak,+1,k2 )=Aa,,

ky=nky=m ky=nky=m ky=nky=m
Orciozia B CHITy KBa3UBBIMYKIOCTH MOCIEA0BATeNbHOCTH {a,, } . _, AMEeM

1
Ay, €YY Ay, =), Z kD + D AYG, S
2

ky=nk,=m ky=nk,=

1
<— k +1)(k, +1)|A}a,, |FO| ——— |,n,m —> o
(n+1)(m +1) kzkz( o+ D1 Ay, (n+1)(m+1)
Ortcroia BEITEKAET YCIOBHE @) IeMMBI 1. YcnoBus b) U ¢) clieayroT u3 0JHOMEpHOTo cirydas [2].

Jlemma 2. TlycTs nOC/IEN0BATENBHOCTD {4, }, o TAKOBA, YTO NP GUKCUPOBAHHBIX /7 U 1 COOTBETCT-

BEHHO yJIOBJIETBOPSET YCJ'IOBI/ISIM
Z(n +1)|Aha,, [<oo; D (m+1)| A a,, <o
n=0 m=0

Toraa psinbl

z Ay(Aya,, ) (n+1); Z Ay (Aya,, )(m+1)

m=0
CXOOATCA U UMCHOT MECTO CJ'ICI[yIOH_II/IC HCPABCHCTBA:

ZAIO (Allanm )(n + 1) < Z(n + 1) | A10anm |’

n=0

ZAOI (A,a, )m+1)< Z(m +1)|Aa,, |

m=0 m=0
ﬂoxaaameﬂbcmeo. HOCTaTOqHO MMOKa3aThb CHPAaBCAJIMBOCTDb MOCICAHUX JABYX HCPABCHCTB, a CXOAUMOCTDH
BBITCKACT U3 HUX KaK CICACTBUC, aBTOMATHYCCKH. IToxaxxem CIIPaBCJIMBOCTL IMIEPBOI0 HEPABCHCTBA, BTOPOC
IMOJIYy4a€TCs aHAJIOTUIHO. Taxk xak
Al lanm = A10 (Aolanm) = A01 (AIOanm )’
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TOorj4a npu J'I}O6OM (bHKCI/IpOBaHHOM m UMCEM
ZAIO (Allanm )(n + 1) = ZAIO (AIOanm - AIOan,erl )(n + 1) = Z(Aloanm - AIOan,mH)(n + 1)
n=0 n=0 n=0
CnenoBartenbHO,

ZAIO (Allanm )(l’l + 1) < Cz (n + 1) | A120anm |
n=0 n=0

Hoxaszamenbcmeo meopemvi. CHauana JOKaXKeM CXOIUMOCTb psna (4) mpu Bcex X,,X, e(0,1)>. Jna

3TOr0 PACCMOTPUM CYMMY

mooM

L:mi (x,x,) = z z A i, Xk, (961))(k2 (x;)-

k=i ky=iy

JBaxsl ucnonb3ysd npeoOpazoBanue AGens (6) u yuutsiBas, uto a,, —0 mpu n— o, m — o,

HMECM
Lfs (xl sxz) = Z Z Alzlak,kz (kl + 1)(k2 + I)Ec,+1(x1)sz+1(x2) - _Z AIO(AIIak,iZ )(kl + 1)(i2 - I)EqH (xl )Ez—l (xz) -
ky =iy ky=iy k=i,
- Z AOI(AIIailkZ )(il - 1)(k2 + I)EH (xl )Fk2+1 (xz) -
ky=iy
_Diz (xz )Z Alzoak,iz (kl + I)Ec]+1 (xl) - Dil (xl)z A(z)lailkz (kz + I)Ec2+1(x2) +
ky =iy k=i
+A1 1%, (i1 - 1)(i2 - I)F;‘l—1 (xl )F;'z—l (xz) + Aloailiz (m1 - I)F;‘, -1 ('xl )Diz (xz) +

+Aga;, (5, - I)F;zf] (x; )Dil (x,)+ a,. D, (%, )Di2 (x,). (7)

0O0603HaUYNM CyMMBI

ﬁzZZMm%@HMﬁﬂ;%zZ%@MM@HM+m

=iy ky=i, k=i
Sor = Z A01(A11ai1k2 (& + Dk, +1); S120 = z Alzoakliz (, + I)Eﬁ*l(xl);
ey =i, k=i
Sy =Y Ay, (ky +1).
ky =iy

Torna, yuutsiBast nemMy 1 u Hepasenctsa (1), (2),

C 2 2 2
(x,x,)[< . (S5 + 810 + S +8)p + g, +
1%2

+Aa;, (G =D -D+ Aya;, G-D+ AW G -D+ a;;, )-

ITo ycnosuro TeopeMsl U geMM | M 2 mpaBas 4acTh CTPEMHUTCS K HYJIO IPH i, —>00 M I, —> 00 I BCEX

L

1y Iy

x,,X, €(0,1)*. CrenoBatenbHO, CymeCTBYeT GyHKIHS

noon

S (x,x,)=lim E E a1, Xy (0) X, (x,).
Mm% k=0, k,=0 .
ny —»o0 ML T2
lycte O, , — MHOXECTBO BCEX TakuX HMHACKCOB (k,k,), 4ro mmn O0<k <i, wm 0<k, <i,.

TTonoxnm
7;, iy (x,x,) = Z Ak, Xkl (x, )sz (x,)-

(kK €0y 1))
PaccmoTpum pazHocTh
Ril,iz (x;,%,) = f(x,%,)— 7;1,1‘2 (%, x,).
Torna sacHo, 9TO

Rl,iz (x,x,) = Z Z akl,ksz, (xl)sz (x,)= L:oozoz (x;,x,),

k=i ky=i
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T.C.
S(x,x,) - T[,,iz (x;,x,) = LTZ (x;,X,).
Torma u3 (7) cnenyet
S(x,x,)— 7;, h (x,%,) = Allai]iz (G =D, - I)E, L0 )Fi2—1 (x,)—
—Aya,, (G —DF,_(x)D, (x,)—Aya,, (i, —~DF, _(x,)D, (x,) -

—a,, D, (x,)D, (x,) = z Z Alzlak,kz (k +D(ky + DE, (X)) F L (x;) =

=iy ky =i

_i AIO(AIIak,iZ )k, + 1), - I)EqH (x, )E'Zq (x,)—

k=i

- i A01(A11‘1i1k2 )(kz + 1)(i1 - I)Fk2+1 (xz )El—l (xl) -

ky=iy
0 0
2 2
_D[Z (xz)z Aloakli2 (k, + I)F}qH (x)— D[, (%) z AOlai1k2 (k, + I)F}c2+1 (x,).
ky =iy ky =i
OTMeTHM, YTO B JIEBOM YacTH IMOCJETHETO paBEHCTBA (PUTYPUPYIOT MHOTOWIEHBI MOPS/IKA, HE TIPEBOCX OIS~
wye i,i,, 0603Haunm ux 4epes £, ;. Toraa, cornacHo onpezenenuio (3), nmeem

4, ()= inf I f=B, I, < I/ =R, Il <

0<k, <iy

<D D Al ( + D0 + D F L ()F, () 0 +

ky=iy ky=iy

Ll

+(i2 a l)z Alo(Anak,f2 )(kl +1 ] Fk1+1 ('xl)Ez—l(XZ) ||L‘(0,1)2 +

k=i

i =1 D Ay (A )k + DI F L (5)F, (%) e *

ky =iy

+z Alzoak,i2 (k,+ 1)l Diz (x,) ”L‘ (0,1)?

k=i

+ z Afna[lkz (k2 + 1) H D,-l (Xl) ||Ll(0’1)2

ky =i,

Torma, Ha ocHOBaHHU JieMM 2 U 3, morydnM oteHKy (6). Teopema gokasana.

Ecﬁl ('xl) ||L] (0’1)2 +

F}czﬂ (x,) ||L1 1)
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H.O.bokaes, A.T.Cr3ap1k0Ba

Kosgpuuuentrepi KBazuaeHec MyJIbTHIUIMKATUBTIK Kyiie 00MbIHIIA eKi eceJti
KATapJapAblH KOCHIHABICHIHBIH €H KAKChI OYPBIIITAI KYBIKTAYbIHBIH 0aFaJIaHYbI

Makanana kod(pduimeHTTepi KBa3UAOHEC MYJIbTUILIMKATHBTIK JKyie OoifblHIIA eki eceni KaTapiap
KapactelppuiFad. CoHzmall KarapiapiplH HHTErpanfaHaThlH (YHKUMSIApFAa JKUHAKTANATHIHBI JQJICTACHAL

xome L[0,1)’ MeTpuKagarsl MyNbTHIUTHKATHBTIK Kyiie GOHMBIHINA €H JKAKCHI OYPHITAIl JKyBIKTAYBIHBIH
Garananybl Oepiii.
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N.A.Bokayev, A.T.Syzdykova

An estimate of best approximation by angle of sum of double series with respect
to multiplicative system with quasiconvex coefficients

In this work double series with respect to multiplicative systems in terms of quasiconvex coefficients are in-
vestigated. The convergence such series to integrable functions are proved and an estimate of best approxi-

mation by angle with respect to multiplicative system in L'[0,1)* metric is obtained.

References

1 Yano S. Tohoku Math. J., 1951, 3,2, p. 223-242.
2 Golubov B.1., Yefimov A.V., Skvorcov V.A. Walsh series and transforms: theory and application, Moscow: Nauka, 1987.
3 Volosivets S.S., Fadeev R.N. Analysis Mathematica, 2011, 37, p. 215-238.

4 Agayev G.N., Vilenkin N.Ya., Dzhafarli G.M., Rubinshteiyn A.l. Multiplicative systems of functions and harmonic analysis
on zero-dimensional groups, Baku: ELM, 1981.

5 Moricz F. Proc. Amer. Math. Soc., 1990, 109, 2, p. 417—425.

36 BecTHuk KaparaHguHckoro yHusepcuTeTa





