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Characterizations for the family of functions classes {B;’q’ v} and
their connection with Besov’s spaces

In this paper we define families of classes of functions related to best approximations in harmonic intervals.
These families of function classes characterize the order of approximation of functions by trigonometric
polynomials with a spectrum from harmonic intervals. The article contains an investigation of various
characterizations of the indicated families of function classes, introduces imbedding theorems, and shows
the connection between the introduced families of functions classes and the classical Besov spaces. The
article is intended for researchers specializing in the theory of approximation and functional analysis, and
all those whose interests lie in these areas.
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Definition 1. Let 1 < p,q < oo, r > 0, f € L,[0; 2m). Family of function classes {B;’q’N}N is defined by
the following expression

pan = {f 1Sy, <oo} NEN,

where )
N q
1l = (Z pet (B (f),,)q>
k=1

Definition 2. Let two families of function classes are {AN}N and {BN}N, {AN}N N {BN}N =0, NeN.
We assume that

[ llan ~ [l s

if there exist the parameters C;, Cy such that for any f € AV the following expression correct

Cillfllpy <Nfllav < Callfllp

moreover the parameters C, C5 are independent of f and N.
In this case we assume that the families of function classes {AN } N and {BN } N coincide.

{AN}N = {BN}N'

Different characterizations of families of function classes {B;’Q’QW }  are shown in the theorems 1 and 2.
EN (f)p is the best approximation of the function f € L,[0;27), 1 < p < oo, in the harmonic intervals I}¥

[1] by trigonometrical polynomials with order less than or equal to & [2].

Theorem 1. Let f € By , om, m €N, then for 1 <p, ¢ < oo, r >0 we have the relation of the form

q

1fllsy o~ (Z 2k (B3 <f>,,)q>
k=1

Proof. Using the definition

2m q
Wl = (Z Wt (B (f),,)q) -

k=1
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m 2F—1 a

SO set(Em,) et (B (),) b (M)

k=1 s=2k—1

We use one of the properties of best approximation in harmonic intervals
Ey  <Ej ,<.<E} . <EL. 1<k<m. (2)
Besides we have the following estimation

k_
(2k—1)”1—1 Lokl < 221 st < (2k . 1)“1—1 . 2k—1;

s=2k—1

2k 1
2qu—rq < Z Srq—l < 2qu. (3)

s=2k—1

Considering (2), (3), we get from (1)

2k_q

a0 (B (),) < X0 s (B2 ,) < 2 (B (),)

§=2k—1

m  2F—1

2—’“‘15:2"(1’“( B (0),) <30 3 s (B (),) +
k=1

k=1 s=92k—1

Ly om(ra=1) (EQZ ) ) zm: qu< . )p)q+2"1m (Ezm ! 1(f)p)‘1;

=

<Z2rkq (EQk X )p)q>
< {Emiﬂ (B30 ),) 2o (B8 <f>p)q} ;

k=1

Q=

(Z?”‘“(EQH ),,)q> <Wfllpr . <

Q=

IN

< {mzl ora(k+1) (Egi"_l (f)p)q 4 gram (E2m L) )q}

k=0

m—1 q é
& m
< <21+rq Z orq (Egk_l (f)p) ) .
k=0
As a result, we obtain the required inequality
1
q

9" (izm’f (EQk () )q> <

k=1

m—1 q
14, r m q
. <2at < E orak (Egk_1 (f)p) ) )

k=0

The theorem is proved.
Theorem 2. Let f € By, , om, m € N, then the following relation holds for 1 <p, ¢ < oo, 7>0

o~ (i grak (6;3’” (f)p)q> ' ,

k=1
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where
2k 1

B, = |5 T arkean s

SE€EZ 1=2k_—-1
p

Proof. According to the boundedness of the partial sum over the harmonic interval [1] and Theorem 1, we

have
2m_1

TN, <O Y ar+s-2m U L BT (f),,

SEZ 7=2k_1
T p

therefore, using Theorem 1, we obtain

(i 2k (27 (f),) Q>q <C (f: 2 (B3 (), q) ~Clflsr .
k=1

k=1

Q=

Let us prove the reverse inequality. As

m

m m
Eey (f <§ 5

then by Theorem 1, the Holder inequality for numerical sequences the following inequality holds

<c <§: orak . (Eg;"_l (f)p) q> a -
k=1

m m q % m m K é
o(Ere (Em)) e[ (Been) )
k=1 =k k=1 T=k
m m m % ! %
<c ZQM (ZQ Arq ) (Z 2,\752m )p)q> =
k=1 =k 7=k
m m / i/ m % s 4 %
k=1 T=k =k A=k

1
q

—C { i orar (53 ) i (r— )\)qk}
A=1 k=1
c { i 2 (82 (f),)" 2“-”‘”} En:j 2 (52" <f>p)q}q 7

= ||fHB;_q_2m (Z 2rak (5im (f)p) Q> .

k=1

1
q

So the theorem is proved.
Note that in the Theorems 1 and 2 consecutive constants are independent of f and m.

Definition 3. Let two function classes AN and BY dependent on the parameter N are given. We say that
a class of functions AN is embedded in a class of functions BY and denote A™ B, if the following conditions
hold:

1) AN ¢ BY;

2) there exists the parameter C such for any f € A" the relation holds

Ifllpx < C Ul an
and the parameter C' is independent of f and .
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Theorem 3. Let N € N, 1 <p,q,q1 < o0, 7 > 0, then the following embedding holds for g < ¢1

Proof. Applying Theorem 2, we obtain

q
[log, N] a

HquB;qlN <C Z orak (5k (f)p)ql 7

k=1

where the parameter C' is independent of f and N.

q
Since I <1 and orak . (6k (f)p> ' > 0, then, taking into account [3], that

n g n
() <30
k=m

for0<d<1,a;>0,0<m<k<n<oo, we get

log, N|

[
. ; 2 (8,(£),) <l

11

q
r .
Bp,q,N

Thus, the theorem is proved.
Theorem 4. Let N € N, 1 < p,q,q1 < 00, r > 0, then for any € > 0 the following embedding holds

T
Bpﬁq,N B

Proof. 1t suffices to show that

Let f € B, y- Using Theorem 1, we obtain

llogs N1 S
Hf”B;_qEN = Z o(r—e)aik (Eé\lic,1 (f)p) <
i k=1
[logy N] ﬁ
< sup 2%-ER L (f),- 2708 ) < fllg: -Clae).
1<k<[log, N] 2=1Mp kZ:l By o

T rT—E&
= Bp,oo,N - Bp,ql,N'

On the other hand,
Bpgn = Bpoon

for any ¢ such that 1 < ¢ < co. The theorem is proved.
Definition 4. Let r > 0,1 < p < oo, 1 <6 < oo. Suppose that B} ,[0;27) = B} , (B;_’OO = H;) . We say
that a function f € L, [0;2 7) belongs to the Besov space By .if the norm is finite

£, = 1f1, + (Z 207 . By (f);ﬂ) .

s=0

1
Here the expression (Z:io 2997 . [, (f)f)) * for 6 = oo is understood as sup 2°7 - Fos (f), [4]-
s>0

The following statement shows the relationship of families of functions classes {B;q, N} N and classical
Besov spaces.
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Theorem 5. Let N € N, 1 < p,q,< oo, r > 0, then we have the following relation

o0

T _ T
ﬂ Bp,q,N - Bp-,q‘
N-1

Proof. By definition, we have

f = sup ||fllpr
Wl 4= 20 W,

N

Since the following inequality
||f||prq1N <C- Hf”B;ﬂ

holds for any N € N, then relation

swp [flg, =] <17l

o Br
1<N<oo N N Byan P
- - N=1

holds. From which it immediately follows that

oo
B;,q - ﬂ B;,q,N'
N=1
On the other hand, for a partial sum Som (f), where m € N, we have

IS2m (D, = 182m (Dllsy . < Cwar)-Ifllgy . <

2m

Sc(p7Q7T) Sup ||f||B7 N :C(paQ7r)||fH
1<N<oo P.q,

NQI B; N '
From the last relation by the Banach-Steinhaus theorem [4] we obtain the required inequality

< . oo
75y, < Co.an)- Il = .

P,q, N
i.e.
o0
r r
ﬂ Bzxq,N Bp7q'
N=1

As a result, the theorem is proved.
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I"'A. Ecenbaena, /I.H. Ecbaesa

{B; . N} dyHukIusa Kiaactapbl YilipiHiH cMmmaTTaMachl >K9HE OJIapPJIbIH,
BecoB KeHicTiKTepiMeH OaiilaHbICHI

Makasaa rapMOHMKAJIBIK, WHTEPBAJIIAD OOWBIHINA €H 2KAKChl *KYBIKTayJIapMeH OailIaHBICThI (DYHKITHS
KJIACTapPBIHBIH, Yilipi aHbIkTaraH. PyHKINUA KJIACTApPBIHBIH YHipl fgepekTepi DyHKIUAHBIH IapMOHUKAJIBIK
WHTEpBaJIApIa CIEKTPl 6ap TPUrOHOMETPHUSIJILIK, KOIIMYIIETIKTEPMEH KybIKTay PETiH cunarTaiasl. ABTOp-
JIapMeH KOPCETLIreH YHKIMS KJIacTapbl YHipiHIH TypJi cHmaTTamMaapblHBIH 3epTTeMesepl OasiHaaaraH,
€HTi3y TeopusiChl OEPIJIreH »KoHe eHri31l/IreH PYyHKIMS KJIacTapbIHbIH YHipl MeH KJIaCCUKAJIbIK, BecoB KeHicTiK-
Tepi apachiHIArbl 6ail/laHbIC KOPCETITEH.

Kiam cesdep: dyHKIUS KIacTapbl, TApDMOHUKAJIBIK, HHTEPBAJIIAD, (DYHKIIUSIHBIH €H KAKChl YKYBIKTATYbI,
€HTi3y TeopeMachl.

I''A. Ecenbaena, /I.H. Ecbaesa

XapakTepu3anuu ceMeiicTBa KJIaccoB PyHKITUIA {B; ¢ N} U UX CBA3b
c mpocTpaHcTBaMu BecoBa

B crarbe onpejesiensr cemeiicTBa KaaccoB YHKIMM, CBSI3aHHBIE C HAWIYYIIMMYI IPUOJIMKEHUSIMY 110 Tap-
MOHHYECKNM HHTepBasaM. Jlannbie cemeiicTBa KJ1acCOB (DYHKIMIT XapaKTePU3YIOT MOPSIKNA IPUOJINIKEHN
byHKIMIT TPUTOHOMETPUYECKIME ITOJIMHOMAMHU CO CIIEKTPOM U3 FapMOHMYECKHX MHTEPBAJIOB. B craTbe u3-
JIO’KEHO WCCJIEOBaHUe DPA3JINIHBIX XapaKTEePU3AINil YKAa3aHHBIX CEMEICTB KJIAacCOB (PYHKIWI, TaHbI TEO-
PEMBI BJIOYKEHUSI U ITOKa3aHa CBSI3b BBEJEHHBIX CEMEHCTB KJIACCOB (DYHKINN U KJIACCUIECKHUX IPOCTPAHCTB
Becora.

Karoueswie caosa: Knacchl QyHKIW, rApDMOHIYECKUE HHTEPBAJIbI, HAUIydlliee pubJirkere OyHKIUN, TEO-
peMa BJIOXKEHUS.
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