UDC 517.75, 519.911

E.A. Bakiroval?, Zh.M. Kadirbayeval?, A.B. Tleulesova®

! Institute of mathematics and mathematical modeling SC MES RK, Almaty, Kazakhstan;
2Kazakh State Women’s Teacher Training University, Almaty, Kazakhstan;
3L.N.Gumilyov Eurasian National University, Astana, Kazakhstan
(E-mail: bakiroval974@mail.ru, apelman86pm@mail.ru)

On one algorithm for finding a solution to a two-point boundary
value problem for loaded differential equations with impulse effect

A linear two-point boundary value problem for a system of loaded differential equations with impulse effect
is investigated. The parameterization method is used to solve the problem. The essence of parameterization
method is that segment, where the loaded differential equation is considered, is divided into parts by loading
points, and the initial problem is reduced to the boundary value problem with a parameter. The solution
to boundary value problem with parameter is defined as a limit of systems sequence, consisting of the
pairs of parameter and function. Parameters are defined by a system of linear algebraic equations. System
of linear algebraic equations is determined by the matrices of boundary conditions, the system of loaded
differential equations, and the conditions of impulse effect. An algorithm for finding the solution to linear
two-point boundary value problem for the systems of loaded differential equations with impulse effect is
offered. The convergence conditions of the algorithm providing the existence and uniqueness of solution to
the considered problem are established. Sufficient conditions for unique solvability of the problem in the
terms of initial data are received.

Keywords: boundary value problem, parameterization method, loaded differential equation, impulse effect,
algorithm.

In recent years, the interest in studying the loaded differential equations steadily increases, and these
equations find numerous applications in practical problems. The intensive research of loaded differential equations
with various boundary conditions is observed. The «loaded equation» term has been used in the works of
A.M.Nakhushev [1, 2], where the most general definition of loaded equation is given, and various loaded equations
are classified in detail, for example, the loaded differential, integral, integro-differential, functional equations,
and numerous applications are described. A numerical method for solving the systems of loaded linear non-
autonomous ordinary differential equations with non-separated multipoint and integral conditions is offered
in [3]. Basic questions in the theory of boundary value problems for loaded differential equations are the same as
in the theory of boundary value problems for ordinary differential equations. However, the existence of loaded
operator does not always make it possible to apply directly the known theory of boundary value problems [4-6].

Mathematical modeling the evolution of real processes with short-term perturbations, the duration of which
can be neglected, leads to the necessity of investigating the differential equations with impulse effect. Various
problems for such equations, as well as the methods for their solving and other problems in the theory of
impulse systems are considered by many authors [7, §]. It is known that impulse existence essentially affects the
properties of solutions to ordinary differential equations.

Earlier in the works of D.S.Dzhumabaev [9], a parametrization method has been developed for the investi-
gating and solving the two-point boundary value problems for the systems of ordinary differential equations.
Parametrization method has allowed establishing the necessary and sufficient conditions for the unique solvability
of the problem in the terms of initial data. Based on this method, two-parametrical families of algorithms for
finding solutions to the two-point boundary value problems for the systems of ordinary differential equations
have been offered. The conditions of feasibility and convergence of those algorithms simultaneously ensure the
existence of a unique solution to the problem.

In work [10], the parameterization method is developed for the two-point boundary value problems for the
systems of ordinary differential equations with impulse effect, the effective solvability conditions are established,
and the constructive algorithms for finding a solution are constructed. Coeflicient signs of unique solvability for
a linear two-point boundary value problem for the systems of loaded differential equations are found in works
[11-15] on the basis of parametrization method, and the algorithms for finding a solution to this problem are
constructed.
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The parameterization method in this paper is developed for the linear two-point boundary value problem for
the system of loaded differential equations with impulse effect (1)—(3). According to the scheme of parameteriza-
tion method, the algorithms constructing the approximate solutions to the considered problem are offered.
Sufficient conditions for feasibility and convergence of the offered algorithms, as well as for the existence of a
unique solution to the two-point boundary value problem for the system of loaded differential equations with
impulse effect (1)—(3) are established. One of the basic conditions for the unique solvability of investigated
problem is the invertibility of a special matrix compiled from the data of problem.

Consider the linear two-point boundary value problem for the system of loaded differential equations with
impulse effect

dx
= :c—i—ZA hm LB+ f(@), L€ (0,1)\ {01,062, ... 0m}; (1)
Box( )+ Cox(T)=d, deR", x¢€R" (2)
B; t_1>19{§1_0w(t) - Citilerf}kox(t) =i, @i €R", i=1m, (3)

where the (n x n)-matrices A;(t), j = 0, m, and n—vector-function f(t) are piecewise continuous on [0, T] with
possible discontinuities of first kind at the points ¢t = 6;, i =1, m. Matrices B; and 0]7 j=0,m, are (n X n)

constant matrices, 0 =0y < 01 < ... <O, < Opy1 =T, |z|] = m?l|xi|, lA®)| = m?x Z la;; ()]
i=1n ng=1

Solution to problem (1) -(3) is a piecewise continuously differentiable on [0, T] vector function x(t), which
satisfies the system of loaded differential equations (1) on [0,T], except the points ¢t = 6;, i = 1,m, the
boundary condition (2) and the conditions of impulse effect at the fixed instants of time (3).

Denote by PC([0,T], 6;, R™) the space of piecewise continuous functions with the norm
[zl = max  sup [lz(t)]].

1=0,m t€[0;,0;41)
Definition. Problem (1)-(3) is called uniquely solvable, if for any function f(t) € PC([0,T],6;,R™) and

vectors d € R™, p; € R™, i=1,m, it has a unique solution.

Let us consider an example showing that impulse at loading points influences significantly to the property
of two-point boundary value problem investigated.

Consider the periodic boundary value problem for the loaded differential equation without impulse effect:

dz 1
=t +x(§), 2(0) = z(1), te0,1]. (4)
: : : £t 3 : : -
Obviously, problem (4) has a unique solution z(t) = — — = — —. Along with (4) we consider the periodic
boundary value problem for the loaded differential equation with impulse effect
dz 1 1
“=t+a(3) tel0ING} 2(0)=20); (5)
1 1
4x(§+0)—x(§—o) ~1. (6)
. : 1 2t 1 1
General solution to the equation on [O, 5) has the form: z(t) = 3 + 1 +2Ct + C, x(i — O) =1 + 2C.
1
From (6) we define x(§ + 0).
1 1 1 1 1 ) C
o(z+0) =7[1+=(z-0)] *1[”1*20} 16T

1 3
Then the solution on {2 1} takes the form: z(¢t) = 5 + 8t + Ct.

Now, to make solution satisfied the periodic boundary condition, we need to choose an arbitrary constant
7
C satisfying the equation C' = C'+ 3 Since there is no such number C, problem (5), (6) does not have a solution.

Let us now investigate boundary value problem (1)-(3) by the parametrization method. Divide the interval

m—+1
[0, T] into parts by the loading points: [0,7) = U [0-1,0:).
r=1
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Introduce C([0,T],6,, R*™+1) as a space of function systems x[t] = (z1(t),z2(t), ..., Zm41(t)), where
functions z,(t), r = 1,m+1, are continuous on [f,_1,6,) and have finite left-sided limits t_l>iem oxT(t)’
r =1,m+ 1, with the norm ||z[]||]s = max sup ||z

r=1,m+1 te(0r-1,0,)

Let z,(t) be the restriction of function z(t) to the r-th interval [0,_1,60,), r = 1,m + 1, i.e. z,.(t) = x(¢), for
t€[0,-1,0,), 7 =1,m+ 1. Introducing the additional parameters A\, = z,(0,_1), r = 1I,m + 1 and performing
the replacement w,.(t) = x.(t) — A, on each interval [0,_1,0,), r = 1,m + 1, we obtain the boundary value
problem with parameters

du, i
= Ao()ur (1) + 2] + S A ONp + F(1), tE[0o1,0,); (7)

j=1
ur(0,21) =0, r=1,m+1, (8)
Bo/\1 + CO)\m—&-l + Co lim um+1(t) = d; (9)

t—=T-0
B; lim uz(t) + B;\; — Ci>\i+1 =y;, t=1m. (10)
t—0;—

Solution to problem (7)-(10) is a pair (X, wft]) with elements X = (Ag,Az,...; Any1) € R,
ult] = (u1(t), ua(t), .. umH t)) € C([0,T),0,, R*™*1)) where the functions u,(t) are continuously differen-
tiable on [0,_1,6..), = 1,m + 1, and for \, = \} they satisfy the system of ordinary differential equations
(7) and conditions (8)7(10). }

Problem (1)-(3) 1is equivalent to problem (7)—(10). So, if the pair (A, @[t]) with elements
A= (A Ay s Ama1) € RG] = (g (t), Ga(t), ..., Gmei(t)) € C(0,T],6,, R*™+tD) is a solution
to problem (7)-(10), then the function Z(t) defined by the equalities &(t) = A, +,(t), t € [f_1, 6,),
r=T1m+1, #T) = Apy1 + tii%noﬁmﬂ(t) is a solution to the origin boundary value problem (1)—(3).
Conversely, if x(t) is a solution to problem (1)—(3), then the pair (A, u[t]) with elements \ =
= (x(00),x(01), ..., x(Om+1)), wlt] = (x(t) — x(00), x(t) — x(01), ..., x(t) — x(0my1)) is a solution to problem
(7)-(10).

The appearance of initial conditions wu,(6,_1) = 0, r = I,m+1, for fixed values of the parameters
A= (A, A2,y .oy A1) permits to find the functions u,(t), r = 1,m + 1, from the Volterra integral equations of
the second kind

t

() = /AO(T)[UT(T)MTMTJF / [ AN+ f@)]dr, te 00, r=TmFL (1)
0, _

97‘71 ]:1

In equation (11), replacing w.(7), r = 1,m + 1, by the corresponding right-hand side and then repeating
this process v(v = 1,2, ...) times, we obtain the representation of functions w,(t), r = 1I,m + 1, in the following
form:

m

up(t) = HY . (t)A + Z H) ()1 + Fur(t) + Gur(up,t), t€[0,-1,0,), r=Tm+1, (12)
j=1

¢ t Ty—2 Ty—1
t) = /Aj(71)d71+...+ / Ao(71) - / Ao(Ty—1) / Aj(r,)dry, ...dm, j=0,m
[ 0,_1 0,1 0.,
t

/le dT1+/A0 7'1 /fTQ drodm + ..

0r_1 0r—1

where

Ty —

‘ 2 oo
+ / Ao(m1) ... / Ao(n_l)er/l f(r)dry ...dr;

r—1 0r—1
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t Ty—2 Ty—1
G, t) = /Ao(n)... / Ao(ry 1) / Ao(r)un(r)dry - dr, 7 =TT,
0,1 0r_1 0,_1

By passing in the right-hand side of (12) to the limit as ¢t — 6, — 0, » = 1,m + 1, and substituting the
corresponding expressions into (9) and (10), we obtain the system of equations for the unknown parameters \,.,
r=1,m+1

B())\] + C()[I + HS,'n’H»l( m+1 + CO Z um+1 J+1 =

=d— COFV,erl( ) - COGV,m+1(um+1a T)7 (13)

Bl[I+H0 )\ + B ZH J+1 C )\1—0—1 B FV'L( 1) B le(ula l)a Z: 1ama (14)

where I is an identity matrix of dimension (n x n). Denote the matrix corresponding to the left-hand side of
system (13), (14) by Q,(#) and introduce the vectors

Fu(e) = (d - COFV,erl(T)a Y1 — BlFll,l(el)a Y2 — BZFV,2(92)7 ey Pm — BmFu,m(em))7
Gu(u7 9) = (COGV,m+1(um+17 T)u BlGu,l(ulu 91)7 B2Gu,2(u27 92)7 eeey BmGl/,m(um7 em))

Then we rewrite system (13), (14) in the form
Qu(ON=F,(0) — Gy(u,0), Xe R"mY, (15)

Thus, we have the closed system (11), (15) to find the unknown pair (A, u[t]), a solution to problem (7)—(10).

Applying the method of successive approximations, we find solution to boundary value problem (7)—(10)
and, correspondingly, to boundary value problem (1)—(3). That’s an essence of the parameterization method.

Pair (), u[t]), the solution to problem (7)-(10), is found as a limit of the sequence of pairs (A*), u(*¥)[t]),
k=0,1,2,..., defined by the following algorithm:

Step 0. ) We assume that for the chosen v € N matrix @, (0) is invertible and find initial approximation with
respect to the parameter \(?) (/\(0) /\(0),. ,)\igl_l) € R*m+1 from the systems of equations Q, (0)\ = F,(0),
i.e. A9 =[Q,(0)]7'F,(#). b) Using the components of vector A(*) € R"("+1) and solving the Cauchy problems
(7), (8) for A\, = MO = T,m + 1, on the intervals t € [0r-1,6-), T =1,m+ 1, we obtain the functions
usao)(t), r=1m+L

Step 1. ) Substituting the found wl? (t), r=1,m+ 1,into the right-hand side of system (15), we determine
AO = A A AN ) € R from QL (0)A = F,(0) — G, (u(9),6). b) Solving the Cauchy problems
(7), ( ) on the closed intervals ¢t € [0,-1,60,), r = 1,m + 1, for A\, = AY = T,m ¥ 1, we find the functions

ulM (t), r=1,m+1, and so on.

Proceeding in this manner, at step k we obtain a pair (A*), w(®)[t]), k = 0,1,2, ... Note that in part b),
for the fixed values of parameter A\., r =1,m + 1, the solution of the Cauchy problem is found separately on
each interval t € [0,_1,0,), r =1,m + 1.

Sufficient conditions for the convergence of algorithm, the existence of a unique solution to the linear two-
point boundary value problem for the system of loaded differential equations with impulse effect (1)-(3), are
provided by the following assertion:

Theorem. Suppose that for some v € N, the matrix Q,(0) : R*™*D — R(m+1 is invertible, and the
following inequalities are true:

I1Qu0) " < 7(6); (10
00(6) = 20 0) max{t, ma B [Coll e~ 3 O 15 e - (17)
v i=0 : j=1 i=0

where h = max (9 —0r—1), |A: ()| € i, i =0,m.
r=1,m+

Then the hnear two-point boundary value problem for the system of loaded differential equations with
impulse effect (1)—(3) has a unique solution.
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The proof of Theorem with minor changes is similar to the proof of Theorem 3.2 in [10].
To illustrate the Theorem, we consider the following example. On [0, 1] for the system of loaded differential

equations
p 0 1 1 0
ar _ 2 8 1 ) tefo, 1\ 41 18
dt E 0 T+ 0 i x 2 + fZ(t) ’ 6[7 ]\ 9 ) ( )
4 16
we consider the linear two-point boundary value problem with impulse effect
10 -1 0 o di Y.

1 0 . 2 1 . _ [ ¥
(0 Z)tilglox(t)_(l O>ti1?l()x(t)—(¢2). (20)

Divide the segment [0, 1] into two parts: [0,1) = [0,1/2)J[1/2,1). Introducing the additional parameters
A1 = 2(0), A2 = 22(1/2), we pass to the boundary value problem with parameters

1 1
du 0 3 g O fi(t)
LA 2 A 8 A ! =1,2,
i ' 5 [ur + A] + . t 2+<f2(t))’ r ,
4 16

10 1 0 1 0\ . (4
<0 1 )A“L( 0 -1 >A2+< 0 -1 )tllino“?(t)_ ( ds )
10 1 0 2 1 _ [ ¢
(o5 ) (o) tpmo- (5 5)e=(2)
For v = 1 matrix @1(6) has the next form:
1 0 —1.0625 —0.25
0 1 —0.09375 —1.02344
@) = 1 025 —1.9375 -1
0.0625 2 1 0.01563

Matrix @Q1(60) is invertible and

12.66431  0.95466 —1.64735 —0.27141
Q:(0) " = —-0.9913 —0.67168 0.94646  0.71753

1.83385 1.31109  —1.80699 —0.42967

—1.13659 —1.75349 1.09031 0.74046

Let us verify the implementation of the Theorem conditions:
I[Q1(0)) 7 < 5.53773;

q1(0) = 5.53773 - max[1, | By ||, ||Col|] - [e**® — 1 —0.25 4+ 0.125- 0.5 - (e*2° — 1)] = 0.57345 < 1.

Thus, all assumptions of Theorem are true, and problem (18)-(20) has a unique solution.
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9.A. Bakuposa, 2K.M. Kagupbaesa, A.B. Tneymecosa

NMnoyabeTik ocepi 6ap KyKrejreH nuddepeHnnaJIIbIK TeHaeyJiep

YIIIiH eKiHYKTeJIi MIeTTIiK eCenTiH MIenIiMiH Taby IbIH
AJTOPUTMIi TYyPaJIbl

WmmynscTik ocepi 6ap KykTenaren auddepeHnuaiiblK TeHIeyIep KYHeci YIIiH ChI3bIKTHI €KIHYKTeJI II1eT-
TiK ecen 3eprresai. KapacThIpBLIBIT OTBIPFAH €CENTI IIENTy VIMiH mapaMerpiey 9aici Koaganbpuiabl. [la-
paMeTpJiey 9MiCiHiH MaHBI3BI KYKTeJITreH nuddepeHInaIbIK, TeHIEYIED Kyiteci KapacThIPBIIbII OTBIPFaH
KeciHi KikTey HyKTesiepiMeH Geulikrepre GesiHesi »KoHe HGacTalKbl ecell mapaMerpi 6ap mapa map IeTTiK
ecenike Kesripinmi. [Tapamerpi 6ap merTik ecerrriy mrermiMi mapaMeTp KoHe (DYHKIIHAs KYITap XKyiieci Tis-
OeriHig, 1meri perinae aHbIKTa LI [lapaMerpiiep MIETTIK MAPT MIeH UMITYJILCTIK 9Cep MAapThl MATPUIIAJIAPbI
JKOHE JKYKTesreH IuddepeHInaIbK TeHIeyIep Kyiecl apKplIbl aHBIKTAJIATHIH ChI3BIKTHI AJIrebpasIblK
TeHeyIep XKylecineH TabbLIAbI. MIybCcTiK 9cepi 6ap KyKTeireH auddepeHtnaaabk, TeHIeYIep XKyieci
YIIH CBI3BIKTHI €KIHYKTEJ IeTTIK eCenTiH IemiMin Taby/IblH aJropuTMi YChIHBUIABL. 3ePTTEJIN OThIPFaH
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ecernTiy, memnriMinig, 6ap 60/Iybl MEH XKAJFBI3IBIFBIH KAMTAMACHI3 €TEeTIH YCHIHBLIFAH AJITOPUTMHIH YKUHAKTHI-
JIBIFBIHBIH, [IAPTTAPBI TaraiibiHgaral. Ecerrrin 6ipMoHIi meniiMIimirinia, >)KeTKHKTI maprrapbl 6acTankb
OepiimMJiep TEPMUHIHIE AJILIHFAH.

Kiam cesdep: enkenik MIHIET, mapaMeTp dici, KYKTeareH audpepeHnnaablK, TeHIeyaep, TMITYJIbCTIK
acepi, aJIrOPUTM.

9.A. Bakuposa, 2K.M. Kagupbaesa, A.B. Tneymecosa

OO0 o/HOM aJjiropuTMe HAXOXKJAEHUS penieHus JBYXTOYEeYHOUN KpaeBoii
3aJIa9M JIJId HArpy KeHHbIX AnddepeHImaIbHbIX ypaBHEHTIA
C UMIYJIbCHBIM BO3/eiiCTBIEM

HccnenoBana snnHelHAs AByXTO4YeYHAsI KpaeBas 3aJada JJIs CUCTEMbl HarPy2KeHHbIX AuddepeHnaabHbIX
YPpaBHEHUI C UMITYJIbCHBIM BO3/eiicTBreM. J[J1s1 pereHnst paccMaTpuBaeMoil 3aJauu ObIJI TPUMEHEH MeTO/T
napamerpusaiuu. CyTbh MeTO/a apaMeTPU3AIUU 3aKJ/II0UaeTCs B TOM, YTO OTPE30K, IJI€ PACCMaTpPUBAETCs
Harpy»keHHoe nuddepeHnnaabHOe ypaBHEHNEe, pa30UBaeTCs Ha YaCTU TOYKAMU HArPY?KEHHS, ¥ UCXOTHAs
3aJa4a CBOOUTCS K SKBUBAJICHTHOI KpaeBoOi 3a/1ade ¢ mapaMeTpoM. Pererne kpaeBoil 3a7a4u ¢ mapamMeTpoM
OIpeesIeTC s KaK Ipeies TOC/IeI0BATEeIbHOCTI CUCTEM ap napamerpa u yukuun. [lapamerpsr HaxX0asaT-
Csl U3 CHCTEMBI JIMHEIHBIX ajareOpandecKux ypaBHEHU, OIpeesisieMbIX 10 MaTPULIAM CUCTEMBI HArpy2KeH-
HBIX U depeHnnaabHbIX YPaBHEHN, KPAEBOTO YCJIOBUSI W YCJIOBUsI UMITYJILCHOTO BozmeiicTsust. [Ipemo-
2KEH aJITOPUTM HAXOXK/IEHUd PelleHUus JJUHEHHO! JIBYXTOYE€YHOU KPAaeBOU 3a/1a4u JIJI CUCTEM HaI'PYKEHHBIX
nuddepeHINAIBHBIX YPABHEHNN C UMILYJIbCHBIM BO3JEHCTBHEM. YCTAHOBJIEHBI YCJIOBUS CXOAUMOCTH IIPEJIJIO-
KEHHOTO aJITOPUTMAa, OOECIIEINBAOIINE CYIIECTBOBAHNE U €INHCTBEHHOCTDb PEIIEHUs MCCIeAyeMO 3aa4n.
Ilosygensr mocTaTo4YHbIE YCIOBUS OJHO3HAYHON PAa3PEIIMMOCTH 333891 B TEPMHUHAX MUCXOIHBIX JAHHBIX.

Kmouesvie crosa: KpaeBas 3aa9a, METOT TAPAMETPU3AIINH, HATPYKeHHOe TuddepeHnnaabHoe ypaBHeHHeE,
UMITYJIbCHBIN 9P ]DEKT, aaropuTm.
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