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Quadratic Poisson algebras on k [z,y, z]and their automorphisms

One of the important directions in modern mathematics is applications of Poisson structures and to various
problems of mathematics and theoretical mechanics. These problems arise in dynamics of a rigid body,
the celestial mechanics, the theory of curls, cosmological models. Poisson algebras play a key role in the
Hamiltonian mechanics, symplectic geometry and also are central in the study of quantum groups. Note
that a development of the theory of Poisson structures in many respects was stimulated by the dynamics
of many-dimensional tops since the latter allows to make the abstract statements of many theorems more
vivid and substantial. Note also that some important examples of the Lie-Poisson brackets were already
known to Jacobi. In his examples the Poisson brackets appeared on a space of the first integrals of the
Hamilton equations. Until recently, an algebraic theory of Poisson structures was scarcely studied. At
present, Poisson algebras are investigated by the many mathematicians of Russia, France, the USA, Brazil,
Argentina, Bulgaria etc. This paper is devoted to the description of the automorphism group of Poisson
algebra P on polynomial algebra k [z, y, 2], such that {z,y} = 22, {y, 2} = 22, {2, 2} = y*. One interesting
Poisson relation between the homogeneous algebraically dependent elements is established and is proved
that the group of automorphisms Aut, P of algebra P is generated by automorphisms g, = (az, ay, az),
a€k*, 7= (y,2,x) and 6 = (z,ey,e°2), where € — a solution of an equation 2 4+ + 1 = 0.
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Introduction

One of the important directions in modern mathematics is applications of Poisson structures and to various
problems of mathematics and theoretical mechanics. These problems arise in dynamics of a rigid body, the
celestial mechanics, the theory of curls, cosmological models. Poisson algebras play a key role in the Hamiltonian
mechanics, symplectic geometry and also are central in the study of quantum groups. Note that a development
of the theory of Poisson structures in many respects was stimulated by the dynamics of many-dimensional tops
since the latter allows to make the abstract statements of many theorems more vivid and substantial.

Recall that a vector space B over a field k endowed with two bilinear operations x -y (a multiplication) and
{z,y} (a Poisson bracket) is called a Poisson algebra if B is a commutative associative algebra under z -y, B
is a Lie algebra under {x,y}, and B satisfies the following identity (the Leibniz identity)

{z-y 2y ={x,z} -y +z-{y 2}

It is well known [1—4], that the automorphisms of polynomial algebras k [z,y] and free associative algebras
k (x,y) in two variables are products of affine automorphisms

¢ = (o112 + a1y + B1, 0122 + axny + B2), 05,05 € k
and triangular automorphisms

w:(a11’+f(y)7042y+ﬁ2)70417042 ek*7f(y) ek[y]762 Gk,

i.e are tame.
It was proved that the known automorphism of Nagata [5, 6]

o= (z+ (*—y2)z, y+22®—y2)z+ (2% —y2)z, 2),
of polynomial algebras k [x,y, z] in three variables and Anick automorphism [7, 8]

0= (x+z(zz—zy), y-+(xz—2y)z,2),
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of free associative algebras k (z,y, z) in three variables over a field k of characteristic 0 are not tame, i.e are
wild.

In work [9] is proved that the automorphisms of two-generated free Poisson algebras k {x,y} over a field k
of characteristic 0 are time. Moreover [1, 4, 9], groups of automorphisms of algebras k [z, y], k (z,y), k{z,y} are
isomorphic, i.e.

Aut k[zq, 22] =2 Autk < xq1, 29 > Aut k{1, 22}

One of the main problems of affine algebraic geometry (see, for example [10]) is a description of automorphism
groups of polynomial algebras in n > 3 variables.

A classification of all homogeneous quadratic Poisson brackets in three variables is given in work [11]. Among
these algebras the most interesting is the Poisson algebra P on polynomial algebra k [z, y, 2], such that

{x,y} = 227 {y,z} = (E2, {va} = y2~

This paper is devoted to the description of the automorphism group of Poisson algebra P. In section 2
provided informations necessary, designations and definitions are. One interesting Poisson relation between the
homogeneous algebraically dependent elements is established. Further, in section 3 is proved that the group of
automorphisms Auty P of algebra P is generated by automorphisms ¢, = (az, ay, az),a € k*,7 = (y, 2, z) and
§ = (x,ey,e2z), where ¢ — a solution of an equation z2 + x + 1 = 0.

Results of this work in a short form are explained in [12].

Preliminary information

A vector space P over a field K endowed with two bilinear operations x - y (a multiplication) and {z,y}
(a Poisson bracket) is called a Poisson algebra if P is a commutative associative algebra under x -y, P is a Lie
algebra under {z,y}, and P satisfies the following identity

{z,y- 2y ={z,y}-2+y-{z, 2},

There are two important classes of Poisson algebras:

1) Symplectic algebras S,,. For each n the algebra S, is a polynomial algebra k[x1,y1,. .., Zn,ys]|, endowed
with the Poisson bracket defined by {x;,y;} = di;, {zi,z;} =0, {wi,y;} = 0, where §;; is the Kronecker
symbol and 1 <14,5 < n;

2) Symmetric Poisson algebras PS(L). Let L be a Lie algebra with a linear basis ey, e, ..., €, .... Then
PS(L) is the usual polynomial algebra Kle,eoa,...,ex,...] endowed with the Poisson bracket defined by
{ei,e;} = [ei, ;] for all 7, j, where [z, y] is the multiplication of the Lie algebra L.

Let is given a Poisson bracket {z,y} on polynomial algebra k[xi, s, ..., z,]. From Leibniz identity follows
that

V= ¥ (5o - 2ol ) e, 1)

1<i<j<n 81‘1 al‘j 81‘1 8l‘j

where f,g € k21,22, ..., 2.
For any elements f, g of rational function algebra k (21, za, ..., 2,,) we define an element { f, g} by a formula (1).
Lemma 1. For any f,g,h € k(x1,22,...,x,) the next equations are executed:
(a) {f, [} =0;
(b) {fg,h} ={f,h} g+ f{g. h};
©{f, 4} == {frgyh—g{f h});
(DS, 9} hy +{{g. 0}, [+ {{h, f}.,9} =0.

Proof. The statement (a) is trivial.
Let’s prove equation (b). Using a formula (1), we get

d(fg) Oh  Oh O(fg) B
( O aiffj_a%' Oz; >{xi’x1}—

{fo.ny = >

1<i<j<n

- of dg\ Oh Oh (Of | L dg o
— Z ((8;62.94‘]08%) 9z, 0z, <8xjg+ oz, {zi,z;} =

1<i<j<n
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of Oh  0h 3 dg Oh oh 0

Ox; Ox; Ox; Ox;
1<i<j<n 1<i<j<n v L

={f,htg+F{gn}.
For the proof of the statement (c) we use equation (b). We have

{f’%} :{f,g};lﬁfg{fa,ll} :{f,g}%ﬂi > <8f o) 8(,11)c’)f> {i,z;} =

1§i<jgn313] Ox; Ox;

af oh  9h 8
=the }77% 2 (a:iax] maj){x“x]} t }77 Q{f’h}*

1<i<j<n

1
= o h—g (1.h)).
Let’s prove the statement (d). For any a,b,c,d,p,q € k[z1,72,...,2,] we put f = ¢, g
consider added {{ © g E} in equation (d). Using statements (a), (b), (c) we get

e (s P ) I S ey A

{;{d,Z} z} {b2d({ca}b—a{cb}) } {b;;Q({d,a}b—a{d,b}),Z}—
= ({prtea-atemwba—p{m deav-ates .o -
{b; ({d,a}b—a{d,b}), }qup{ﬁ({d,a}bfa{d,b}),q}):

Pl ( Az {Pa {c,a}b—a{c,b}}b*dg — ({c,a} b —a{c,b}) {p, bzd} q) +

tyip (@ {e.a)b—a{e.}}pd — ({e.a} b~ afe.b)) {a.b7d)) +
+ﬁ ({p.c({d,a}b—a{d,b})} b d?q — c({d,a} b — a{d,b}) {», b2d2} q) -

o (@ e ({dabb— a{d, D} — c({d a} b= a {d, ) {a,¥})) =
b4dl4 ({p,{c,a}b—a{c,b}} b*d*q — d* ({c,a} b — a{c,b}) {p,b°d} q —
b {q, {e;a}b— a{e by} + pd® ({eab b — a {e, b)) {g,bPd} -
—{p,c({d,a}b—a{d,b})} b*d*q+ c({d,a} b — a{d,b}) {p,b*d*} q +
o {g,e({d,abb— a{d, b} — e ({d,a}b— a{d,b}) {g, b))

Making similar conversions with addeds {{ L } , %} and {{ ) 5 } , 5}, and summing them up, we get

A R P B SR LU S R

Corollary. The bracket {-,-} sets up the structure of Poisson algebra on rational function algebra

k (x17x27 71'77.)

Lemma 2. Let a,b,c be homogeneous algebraically dependent elements of polynomial algebra
k[x1,22, ..., Ty, ...] over a field k of characteristic 0. If {-,-} is a Poisson bracket on k [z1, Z3, ..., &y, ...], then

deg(a) a {b, c} + deg(b) b{c,a} + deg(c) c{a,b} = 0.
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Proof. Let’s consider a case when polynomials a, b and ¢ have identical degrees. Then there is a nontrivial
homogeneous polynomial F' (z,y, z) of degree p such that

F (a,b,c) =0.

If ¢ # 0 then having divided the last equation on ¢ we have

F(“,51)::0
C C

Since F'(X,Y,1) # 0 from here we get algebraic dependence of & and %
By [13], if f,g € k (z1, 22, ..., Zn, ...) are algebraically dependent then for all i < j we have

o1 09 09 0f _,
Ox; 0z;  Oz; 0w;

ie. {f,g} = 0. Therefore,

By Lemma 1 (c), we have
b 1
0= {Ccl’c} ] ({%,b}c—b{%,c}) =

- clz (012 ({a,b}c—a{c,b})c—;({a,c}c—a{c,c})b) - ClQ ({a,b}— “{Cc’b} - {“’Cc}b),

ie.
a{b,c} +b{c,a} +c{a,b} =0.
Now let deg (a) = p, deg (b) = q, deg (¢) = r. Then a9", bP", ¢P? are homogeneous algebraically dependent
elements of identical degree. Therefore,

a®” {bP", P} + 0P {1, a9} + P {a?", 0P} = 0.
Using Leibniz identity from here we get
pqr (pa {b,c} + gb{c,a} +rc{a,b})a? 1P 1P = 0.
Therefore,
pa{b,c} + qb{c,a} +rc{a,b} =0.

Lemma 3. Let p, q and r — pairwise coprime elements of k [z, y, z] and deg(p) = deg(q) = deg(r).
If p? + ¢* + r3 = 0, then p, ¢ and r are constants.

Proof. Turning on, if necessary, to algebraic closure of the field k, it is possible to consider what k is

algebraically closed. Let’s prove the statement of a lemma by induction on deg (p). If deg (p) = 0, then p, q,r € k*.
Let deg (p) > 0. Then
(—p)* = ¢ +1° = (g —mr) (g —72r) (g — 7)), (2)
where 71, 72,3 — roots of an equation 23 + 1 = 0. Note, that multipliers in the right part of this equation are
pairwise coprime, since p, ¢ and r are pairwise coprime, by lemma’s condition.
Since the left part of equation (2) is a full cube of a polynomial p from here we get

q—mr=ad
q—er=>=5 (3)
q—yr==2?

for some pairwise coprime polynomials a, b, ¢ € k [z, y, 2].
Let’s choose a, 3,7 € k such that a® = v3 — v, % = v — 73, 7> = 72 — 71. Then a; = aa, by = Bb, ¢; = ¢
satisfy an equation
at+b8 4+ =0
Obviously, deg (a1) = deg (b1) = deg (¢1) < deg (p). Therefore, according to the assumption of induction aq, by
and ¢; — constants. Then from the system of the equations (3) follows that p,¢ and r are also constants. This
contradiction finishes the proof.
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Main results

In this section we study automorphisms of Poisson algebra P on polynomial algebra k [z, y, z] such that

{z,y} =22, {y,z} =% {22} =y
Recall that Auty P denotes automorphism group of Poisson algebra P. The algebra P has automorphisms

Oy 1T YT, Y VY, 2z, Y€K

TIT =Y, Y2, 222

and
S:x—x, Y — ey, 2 — €z,

where € — root of an equation 22 + 2 + 1 = 0.
Theorem. Let k — any field of the characteristic 0 in which the quadratic equation z? +x + 1 = 0 is solvable.
Then the automorphism group Auty P of Poisson algebra P is generated by automorphisms ¢., 7 and 4.
Proof. Let 0 — any automorphism of algebra P such that

Therefore,
{a,b} =, {b,c} =a® {c,a}="0" (4)
Then we have
e (¢) < deg (a) + deg ()
2deg (a) < deg (b) + deg (c);
2deg (b) < deg (c) + deg (a).

Summing these inequalities up, we get deg (a) = deg (b) = deg (¢) .

Suppose that deg (a) > 2. Let’s consider the leading homogeneous parts @,b and ¢ of polynomials a,b
and c, respectively. Since o — automorphism of polynomial algebra k [z,y, 2] then the elements @,b and ¢ are
algebraically dependent and

(@b} =2, {bhe}=a> {ca}="0. (5)
By Lemma 2 we get
@B+ 4+ =0. (6)

If (E, b, E) = p, where p € k[z,y, 2], then there are the homogeneous polynomials a1,b1,¢1 €

€ k[z,y, z] such that
a=p-a;, b=p-by, c=p-c

and (a1,b1,c1) = 1. From equality (6) follows that
ad + b+ =0.

Therefore by Lemma 3 the elements a1,b; and ¢; are constants, that contradicts (5).
Thus o is affine automorphism, i.e.
T =1+ A
o. Yy— lQ + /\2;
zZ —r l3 + )\3 s

where [; — linear parts of automorphism o and \; € k, 1 <1 < 3. Let’s write

T =t =i+ any + a3z + A
o Y=ty = Q120 + ooy + 322 + Ag;
z = t3 = @137 + a3y + azzz + A3,

where
a1 12 (a3
J(o)=| az1 @ az | =A=(ay)
Q31 Q32 (33
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and det (A) # 0.
To find coefficients «;; (1 <14,j < 3) it is enough to substitute values t1,t2 and t3 in ratios (4) and to
compare coefficients at the corresponding degrees x,y and z. We have

{a112 + a1y + as1z + A\, @122 + a2y + agez + A2} =
2 2 2
= (192 — a12091) 27 + (12031 — aq132) Y + (21030 — assasy) 7 =

= (a13% + a3y + 33z + )\3)2 .

From here ay3 - as3 =0, a13-as3 =0, ags-azz =0 and A3 = 0. 3 cases are possible:
1) If gz # 0 then as3 = 0 and 13 =0, ie. t3 = assz.
Substituting value ¢3 in the second equation of ratios (4), we get

2 2 2
{12% + ooy + a2z + Ao, 332} = —a2a33y” + osazzr” = (1% + a1y +as12+ Ap)” .
From here 11 - g1 = O, Q11 - 31 = 0, Qo1 - (V31 = 0, Q31 — 0 and )\1 =0.

At a1 # 0 we have
t1 = 0112, ta = a2y + azez + Ao

The third equation of ratios (4) gives
{assz, ana} = (asey + azz + Xo)?,
wherefrom we get ags = 0 and Ao = 0. Therefore,

t1 = a1z, to = gy, t3 = @332,

2
where 11 - 33 = a3y, aq1 - a2 = o33 and agg - azz = af;. From here follows ag; = z—gg Then a3, — a3 = 0.

Therefore, aas = 33, (a2 = €3z OF (oo = €2aig3, where € — root of an equation 23 — 1 = 0. Thus, we have
01:T — (33T, Y —» 33y, Z —» A33%;
09 1T — 0533€2$, Y — Qi33€Y, 2 — (33Z2;
03 : L — (A33€T, Y — 0433€2y, Z — (33%.
2) If a3 # 0 then a3 = 0 and a3 = 0. Similar reasonings give
04 1T — (232, Y — (23T, Z — (23,
05 . T — (\23€Z, Y — a2362I, Z —r (23,
0 : T — 0523622’, Y — Q3€T, Z — (23Y.
3) If a3 # 0 then anz = 0 and agz = 0. In this case we have
07T — 13y, Y — 0132, Z —» (137,
08 : T — (\13€Y, Y — CV13€2Z, Z —r (137,
g9 : T — 041362y, Y — (\13€2, Z — (13T.
Thus, we got all possible automorphisms of algebra P. From here it is easy to conclude that
22 2 .
g1 = 41005337 0o =T 5 7—<)005337 03 =T 67—@&337
_ 2 =75 _ 52 .
04 =T Pagss 05 = TO0TPas3; 06 = TO TPas;s;

2
07 = TPoyss 08 = 0TPqa,s, 09 = 0"TPq,s-

Therefore the automorphism group of Poisson algebra is generated by automorphisms ¢,, 7 and §.
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Y.K. Typnicoekosa, I.'T. Azuena

klx,y, z] kKemMmyIesiikTep ajgredpachbiHaarbl KBaApaTThIK Ilyaccon

ajaredpaJjiapbl >kK9He 0JIapAblH, aBTOMOPQdU3IMAepi

Kaszipri 3amaHfbl MaTeMaTUKaHbIH ©36KTi OarbITTapbIHbIH 6ipi [lyaccoH KypBLIBIMIAPBIH MaTeMATHKA YKOHE
TEOPUSLIIBIK, MEXaHUKAHBIH 9P TYPJIi TpobyieMasiapbiHa KOJIIaHy OOJIbIN TabbLTaabl. Byt ecentep KaTThI IeHe-
Jiep JIMHAMUKACBIH/IA, acllaH MEXaHUKACBIHIA, KOCMOJIOTMSJIBIK, MOZe/bepe Ke3aeceai. [lyaccon anrebpa-
Jlapbl [aMUJIBTOH MeXaHUKACHIHIA, CUMILIEKTUKAJBIK I€OMETPHUSIA, COHBIMEH KATap KBAHTTBIK TOITAP/IbI
3eprTeysie MaHbI3ALI poJs aTkapasbl. Jlu—Ilyaccon »kakimamapbIHbIH Keibip MaHbBI3AbI MbICATIAPBI SIKOOM-
re Gesrisii GostraHbIH eckepre Kereitik. OHbIH MbIcasmapbiaga [lyaccon kakmmaigapbl ['aMUIbTOH TeHIEY-
JiepiHiH, GipiHII MHTEerpaJigapbl KeHicTirinme naiiga 6osran. CoHFbI yakbITKa feifin [lyaccoH KypbLIbIMIa-
PBIHBIH, aJIreOpaJIbIK, TEOPHUsICHI a3 3epTTesred. Kasipri yakosirra [lyaccon anrebpanapoia Peceit, @panrust,
AKIII, Bpasuiusi, Aprenruna, Bosrapus xkone T.0. ejiep/iy Kenreren MmareMaTukrepi 3eprreyie. Makamna
[z, v, 2] xenmymresikTep anrebpacsma {x,y} = 22, {y, 2z} = 22, {z,2} = y* Gomaremmait P Ilyaccon as-
reOpachIHbIH, aBTOMOPGU3MIEpPI TOOBIH CUIIATTayFa apHaJFaH. BipTekTi anrebpaJsiblk TOyes Il JIeEMEHTTED
apacblHa Oip IyacCOHIBIK, apaKaTbhIHAC TaralbIHIAJIbI, COHbIMEH Karap P anrebpacwiabiy, Auty P aBTo-
Mopdu3MIEp] TOGBI o = (o, ay, az), a € k*,7 = (y,2,x) xoue § = (z,ey,22) aBToMopdusMaepiHen
TYBIHIAATBIHDBL JIDJIEJIEH I, MYHIAFBL € — 2Z24+z+1=0 TeHeyiHiH TyOipi.
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Y.K. Typycoekona, [.'T. Asuesa

KBagparuunbie anre6psr Ilyaccona Ha k[x,y, 2] u ux aBromopdu3Mbl
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OfHUM U3 aKTyaJIbHBIX HAIPABJIEHUN B COBPEMEHHON MaTEMATUKE SBJISIIOTCS ITPUJIOXKEHUsSI ITyaCcCOHOBBIX
CTPYKTYP K PA3JIMYHBIM IPOOJIEMaM MATEMATHKHA U TEOPETUYECKON MEXAHUKU. DTU 33Ja9/d BOZHUKAIOT
B JIMHAMHKE TBEPJIOrO TeJsia, HEDECHON MeXaHWKe, TeOPUU BUXPEil, KOCMOJIOIMYECKUX MOAeJsix. Ajrebpbl
Tlyaccona urpaiorT KJIIOYEBYIO POJIb B TaMUJIBTOHOBONW MEXaHWKE, CUMILIEKTUYECKONH I'€OMETPUU U TaKKe
SABJIAIOTCS [EHTPAJIBHBIMA B M3YYEHUM KBAHTOBBIX rpymi. OTMeTHM, 9YTO cCaMO Pa3BUTHE TEOPUH IIyacCOHO-
BBIX CTPYKTYD BO MHOI'OM OBLIO CTUMYJIUPOBAHO JIMHAMHUKON MHOIOMEDHBIX BOJIYKOB, TaK KaK IOCJIEIHSIs
MMO3BOJISIET CAEIaTh abCTpaKkTHbIE (DOPMYJUPOBKU MHOIMX T€OPEM 00Jiee HATJISIAHBIMUA U COAEPKATEHbHBIMMA.
SameTuM TakKe, YTO HEKOTOPbIE BaKHbIe TpuMepbl ckobok JIu-Ilyaccona 6b1mu uzsecthsl emie Axobu. B ero
npumepax ckobku [lyaccoHa BO3HMKJIM HA IIPOCTPAHCTBE IEPBLIX UHTErPAJIOB ypaBHeHuil amunbrona. 1o
MOCJIETHETO BpeMeH! ajrebpanmdeckasi TEOpHsl IMyaCCOHOBBIX CTPYKTYpP Obliaa MaJio u3ydeHa. B HacTosiee
BpeMs ayirebpnl [lyaccona ucciemytorcss Muorumu Maremarukamu Poccun, @pannuu, CIIA, Bpasuinn,
Aprenrunsl, Boarapun u T.;1. Hacrositast pabora mocBsiieHa ONUCaHUIO IPYIIIBI aBTOMOPGMU3MOB aJIredphbl
Ilyaccoma P wa amrebpe muorounenos k[z,y,z] maxoii, uro {z,y} = 2%, {y, 2} = 2%, {z,2} = y*. Ycra-
HOBJICHO OHO MHTEPECHOE IIyACCOHOBO COOTHOIIEHHE MEXKJIy OJHOPOJHBIMHU ajare0panvdecKu 3aBUCAMbBIMU
3JIeMEHTaMU U JO0Ka3aHO, YTO rpymnna aroMopdusmoB Auty P anrebpsr P nmopoxgaercs aBToMOpdU3MaMu
Vo = (ax,ay, az),a € k*,7 = (y,2,z) u § = (x,ey,£2), rie € — Kopenb ypasHenus x> + z + 1 = 0.
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