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Canonisation reper of complex of lines of theree-dimensional flag

The paper studies the three-parameter geometric image of the line — a complex of line of three-dimensional
space of the flag. It identifies the main forms that depend linearly on three basic parameters differentials. The
expression of the main correlations that isotropic plane passing through the beam aligns flag center beam.
There was a lock, leading to full canonization frame line complex. We obtain the geometric characteristics
of the structure of the canonical frame line complex. A condition in which the complex is obtained isotropic
complex of lines. Write down the equations of the tangent bundle of linear systems. Obtain basic complex
quadratic forms of complex. Also derivation formula obtained canonical frame set of three-dimensional
space of the flag. Noted all ruled surfaces, which has a touch of the second order linear isotropic complex.
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Introduction

Flag spaces be projective n-space, the metric is determined by the absolute, consisting of a set of nested
m-planes, m = 0, 1,. . .,n -1, called a flag; flag spaces denote by F,,. Taking nonistropic line as an element

T:A+t617 (1)

where A and ey are vector functions of three parametric variables. Locally (1) defines the complex of lines.
Including the element into frame yields empirical forms

02 =w? 0 =w?, 0% =wd OF = Wi,

that linearly depend on three differentials du', du?, du® main parametric variables. Exclusion of the latter results
in the following relation
aw? + Bwi + ywi + xw? = 0. (2)

Consequently the main correlation [1] will take the following form
A+teg <> (R—A, (at —y)ea + (8 — xt)es,e1) = 0.

In this correlation of isotropic plane point that passes through the half-line (ray) is
C=A+ gel, (3)

this point in [2] is called flag center of the half-line. If we shall not analyze complexes with improper (nonintrinsic)
flag center, then we can write the main relation [2] in the following form

w? = fut 4w + xw?. (4)

The case of linear dependence of basic forms w?, w3, namely cylindrical complex [3] is excluded. By simple means

we get the following out of (4)
0B =nyms —xm', 0y =7, 6x = —m3. (5)

Fixation

y=0,x=0,7"=0,73 =0 (6)
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leads us to full canonization of the frame. Geometrically the equation v = 0 means the conjunction of the
beginning of the frame with the flag center of the half line. Let us clarify the direction of vector es. Cluster of
tangent linear complexes is given by the following equation

Ap23 + p31 — Bpoz2 = 0. (7)
Moreover, the linear complex having half-line (ray) (1) can be given in terms of
{a]Ax e} =0, (8)

which connects Plucker coordinates of the line (1), i.e. minors of the matrix made up of uniform coordinates
of its two points: proper point (1 : 0 : 0 : 0) and improper — (0 : 1 : 0 : 0), defined by vector e;. In order to

find tangent linear complex we have to differentiate equation (8) and make a request (take it as a rule) that

resulting relation will be applied towards every linear plane w? : w$ : w?. This gives us

{a[Ax e} =0; (®)
{a[dA x e1]} + {a[A x deq]|} = 0. (9)

Let’s take a note that basic values of external product [3] of two analytical points is

,0); (10)
1

And if the line has Plucker coordinates

P = (po1,Po2, P03, P12, P31, P23) , (11)

then
{@,p} = ag1p23 + aozps1 + aospi2 + a12p03 + a31P02 + a23pPo1 - (12)

As a result of dA = wie;, dey = wiej, (i =1,2,3;j = 2,3) and relations (10), (12), (8), (9) we obtain
ao3 = 0, —w2a03 + w3a02 + w%a31 + w:falg =0. (13)

Here as a result of (4)
(Baoz + az1) wi + (yaoz + a12) Wi + (xao2 — ags) w? = 0. (14)

because (14) has a place of all the linear planes w? : w} : w?, is carried out identically, then

az1 = —Pag2, 12 = —Yao2, @03 = XA02-

Assuming A\ = %, we can write the following equation {a@,p} =0 in an expanded way

Ap23 + P31 + XPi2 — YPo3 — Bpoz = 0

or in a canonical frame in terms of (7). Isotropic linear complex [4], i.e. complex that has absolute line can be
produced when A = 0.

In reality, absolute line is a part of linear complex if and only if ag; = 0, i.e. when absolute line’s Plucker
Coordinates (0, 0,0, 0, 0, pa3) satisfy the complex’s equation. Flag axis [2] of the isotropic linear complex is vector
eo, as improper point defined by this vector corresponds in nil-system of improper plane. This is the end of
geometrical characteristic of buildup of canonical frame. Let’s take a note that linear complexes w? : w} : w?

stangent to the linear plane are defined by equations

By

2= — 15
Bl’ ( )

where

2\2 2 3 2 1.3 2 3
By = (wi)” —w?w}, Bs=dfwi—w'w] —wwj
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are basic quadratic forms of the complex. In order to obtain equation (15) let’s differentiate equation (8) one
more time and add it to the latter ones. In similar manner, i.e. following the method to find cluster (7), we
come to the equation (15). Out of the equation (15) it is visible that isotropic linear complex has a tangency of
second order with all the linear complexes, which satisfy the equation By = 0.

Derivative formulas of canonical frame of the complex are given by

dA = (wi +mw? + qw?) er + w?es + Pwies;

de, = w%ez + w:{’eg, des = (52&)% — glwf + §2w2) e3,des = 0. (16)

And external differentials of basic forms can be written as
Dw? =0, Dw? = (glwf — §2w2) Aw?, Dw? = (mwf + §1w2) Awi. (17)
Basic system of external differential equations are given by
(4B + €10 — &w®) Awi = 0;
déy Aw? +dm Aw? 4+ dep Aw? = (—2771§1wf + (ms2 — (61)*)w?) A w?; (18)

dés Nwi —dsi Aws +dse Aw? = ((91)?) — mis2)w? — 2616w?) Aw?.

System (18) is standard [3]. The arbitrary rule of its solution is one function of three arguments. Full system
of invariants of the complex is made up of six coefficents of derivative formulas of canonical frame (16). From
first equation of system (18) we can get such form through covariant derivatives

dﬂ = ,Blwf — §1wi°’ + 52(4)2.

Invariants of complex of lines. Classification of complexes of lines

Tangent plane of cylinder of the complex is parallel to bivector {(A+t€1),€1}w§:w§:o,

i.e. hasan equation

and plane corresponding to the point A + te; in main correlation has an equation
(R - A,tez - 563, 61) =0.

or in coordinates a following equation

gmg +x3 = 0.

This is the reason why flag angle of ¢ between these planes according to the known formula [5; 302], is equal
to g, i.e.
B = pt.

This formula, which resembles Chasles’ formula [3; 178] gives us geometrical characteristic of invariant 8. by
the analogy with theory of the complexes of Euclid space let’s call this invariant curvature.

Theorem 1. Linear plane w? = w} = 0 is a cylinder with anisotropic generators.

Proof is evident from (16) when w? = 0,w$ = 0.

Theorem 2. Invariant submanifold w? = w$ = 0 is a central linear plane.

Proof. Derivative formulas of canonical frame of linear plane w? = w3 = 0 have a following form

dA _ d61 _ d€2 o d€3 _
E - 5161 +5€35 E = €2, ds - 52637 ds — Y,

coinciding with the accuracy of labeling of invariants with derivative formulas of the canonical frame of linear
plane in F3 [6; 53]

dA de de de
— = kie1 + koes, disl = eg, d752 = kaes, CTSB

=0.
ds
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This means coincidence of canonical frames of coordinate based submanifold w? = w$ = 0 and linear
complex, i.e. linear surface w? = w} = 0 is central.
Theorem 3. Linear suface w? = w? = 0 is a family of lines of istropical plane, enveloping curve .

Proof. Coordinate based linear surface w? = w} = 0 as it can be seen from its derivative formulas of canonical
frame
dA del d€2 deg 0
— =me;, — =e3, — =—gez, — =0.
ds e ds 8 ds oo ds

Resulting from (16) is comprised of all the lines, belonging to isotropic plane and enveloping the flat curve.

Invariants &1, 3,& correspond to invariants ki, ko, ks of central linear surface, 7; — radius of curvature [7]
of curve [,&; = nllim%, where ¢ is an angle between vectors e,, corresponding to near points of curve [, &
— flag curvature of highly isotropic director of cylinder w? = wj = 0 . Marked geometrical characteristics of
invariants of linear complex occur from analyzing its coordinated based submanifolds. Tangent plane of cylinder
is defined by bivector {e,de;}, i.e. bivector

{e1,wies +wies}. (20)

As known, the main cylindroid of the linear complex is a cylindroid which has its director plane coinciding
with tangent plane of the cylinder. Bivector (20) is parallel to plane (19) if and only if wi = 0. All cylindroids
passing through the given half-line (ray) are characterized by the following condition (el,del,d2el) =0 or
wi (wiw§ + dw?) — widw} = 0. From here and from equation w{ = 0, expressing parallellism of planes (19) and
(20), we obtain equation of main cylindroid of the linear complex in terms of

wi)’ =0, wg = §2w% + qw? = 0.
The main correlation to the point M = A + te; is related by the plane
(R— A, teg — Bes,e1) =0,
and Chasles correlation [1] to the said point is plane
(R— A, ey, (w2 + tw%) es + (wS + twi’) e3) =0.

These planes coincide when ¢t = oo and t = 2% Consequently, one point of tangency is improper. Second point
[2] called affine center of the complex half-line, has a radius-vector

+ gel.

Inflexional centers of half-line (ray) are defined by equation
Got' = 26t° + (B — 21 8) 1* + 2618t —m f* =0,
where 7 is covariant derivative from 3, for which the following holds
dB = Br? — &1 + G,

Nulling one by one invariants of the complex, we obtain the following classes: 1) § = 0 — special complex.
i.e. array of clusters of lines in the tangent planes of the surface, described by the beginning of the frame; 2)
& = 0 — central linear surface is a highly isotropic conoid because strictional line of this linear surface is a
highly isotropic line; 3) {3 = 0 — central linear surface is a nonisotrpic cylindroid. In this case the beginning of
the frame is a center of symmetry of four inflectional centers, affine center of the half-line (ray) coincides with
flag center; 4) ¢ = 0 — cylinder of the complex degenerates into a nonisotrpical plane; one inflecional center is
improper; 5) 71 = 0 — curve [ degenerates into a point, beginning of frame is an inflectional center; 6) ¢; =0 —
tangent to a line described by flag center on a cylinder has a direction of a line of second order.

Complex of class 5 = 0 is defined with the arbitrary rule of one function of two arguments, the remaining 5
classes of complexes are defined with the arbitrary rule of two functions of two arguments.
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A.T. Mycun

Ymenmemai »kaJjiayabl KEHICTITIH/ETT Ty3yJiep KellleHHIH, KAHOHIBIK,
perepin cajy

Makasa ymresmemzal »KaJjiaysibl KEHICTINiHIH Ty3ysiep KerneHi GOJIBIT TabbLIATHIH YIIIapaMeTPJHK Ty3y-
CBIBBIKTBI T€OMETPUSIIBIK, KECKIHI OKBIN 3epTTeyre apHaabl. Herisri mapamerpiepmain muddepenruasi-
JapblHa CBI3BIKTHI TOyesai 6ac dopmasap epekiesnenin kepcerijiren. Coyiie apKbLIbl ©TETIH H30TPOITHI
JKa3BIKTBIFBIHA COYJIEHIH, XKaJIayJTbl IEHTPIH COKECTIKKe KOATHIH 6aC KOPPEISIUHbIH OpHeri Tabbltran. Ty-
3YCBI3BIKTHI KOMILJIEKCTIH, PEIIePiH TOJBIK, KAHOHIAHIBIPATHIH OEKy MapTTapbl KopceTiireH. Ty3yChbI3bIKThI
KeIIeHHIH KaHOH/IBIK, PeIlepPi CAJIbIHYBIHBIH I'€OMETPUSJIbIK, CHIIATTAMACHI aJbIHFaH. VI30TPONTHI CHI3BIKTHIK
KOMILJTEKCTI KECKIHAEHTIH mapT Tabbuiran. 2KaHaCYIIBI CBI3BIKTHIK, KOMILJIEKCTED IIOFBIHBIH, TEHIEY1 allKbIH-
nanran. CoHfal-ak aBTOPMEH KeIlleHHIH Heri3ri KBaJapaTThiK, (hopMaiapbl aHBIKTAJIFAH, COJI CUSIKTDI YIIOJI-
MIeM/Ii 2KaJ1ayJsibl KEHICTIMNHIEr! TY3yChI3bIKThI KOMIIJIEKCTIH KAHOH/IBIK PEIEPIHIH JIePUBAIASIBIK (DOPMYJIa-
Jlapbl ajiblaFaH. M30TpOnThl KOMIIJIEKCIIEH EKIHI PeTTi KaHacyaa 60JAThIH OAPJIbIK, TY3YChI3BIKTHI 6eTTep
OesrizieHreH.

A.T. Mycun

Kanouuzaius periepa KOMILJIEKCA ITPSIMbBIX TPEeXMePHOTro (pJjiaroBoro
MIPOCTPAaHCTBA

Crarbs MOCBSIIEHA U3y YEHHIIO TPEXIAPAMETPHIECKOr0 JUHEHIaTOro reOMeTPUIECKOro 00pa3a — KOMILIEKCa,
MIPSIMBIX TPEXMEPHOTO (DJIATOBOTO MIPOCTPAHCTBA. BhifeIeHbI TiiaBHBIE (DOPMBI, 3aBUCSIINE JIMTHEIHO OT TPEX
nuddepeHImaIoB OCHOBHBIX MapaMeTpoB. 1loydyeno BrIpakeHne IriIaBHOM KOPPEIANH, KOTOpas U30TPOII-
Ha IJIOCKOCTH, IIPOXOAIIEH Yepes JIyd, U IPUBOIUT B COOTBeTCTBHUE (DIaroBblil 1ieHTp Jjyda. Ormedena duk-
calsi, IPUBOJSAINAs K IMOJHON KAaHOHW3AINU Perepa JIMHeHIaToro KoMmiiekca. [lomydena reomerpuaeckast
XapaKTEePUCTUKA CTPOEHUs] KAHOHIMYECKOTO perepa JuHeidaToro komisekca. HaiineHo yciosue, mpu KoTo-
POM TOJIyYaeTCs U3O0TPOIHBIN KOMILIEKC IPSMBIX. BBINMUCAHO ypaBHEHUE ITyYKa KacaTeJbHBIX JIMHEHHBIX
KOMILTEKCOB. [loyd4ennl OCHOBHBIE KBaIpaTUIHBIE (DOPMBI KOMILIEKCA. TaK:Ke MOJIyIeHbl JIEPUBAIIMOHHBIE
dopMyJIbI KAHOHUYECKOrO periepa KOMILJIEKCA IIPSIMBIX TpexXMepHOoro ¢JaroBoro npocrpancrsa. Ormede-
HBI BCe JIMHEeNYaThle TOBEPXHOCTHU, C KOTOPBIMU CONPUKACAETCS U30TPOIHBIN JIMHEHHBII KOMIIJIEKC BTOPOTO
opsAIKA.
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