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Construction of the solution of the boundary value problem for
integro differential equation with a small parameter in highest
derivatives

The article is devoted to the study analytical formula of solution of boundary value problem with initial jump
for a linear integro-differential equation of n+m order with a small parameter in the highest derivatives. In
this paper singular perturbed homogeneous differential equation of n+m order are constructed fundamental
system of solutions. With the fundamental system of solutions are constructed Cauchy function and
boundary functions. Using Cauchy function and boundary functions are obtained explicit analytical formula
of solution of considered local boundary value problem for singular perturbed integro-differential equation
of high order.
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1 Statement of the problem
Consider the following integro differential equation with a small parameter in the highest derivatives

1l m+1

m i, dnJr,ry n )
Ly= Zs An+r(t)W + Z A (t) dtk = Jr/ )y(J)(x,[-:)dx (1)
r=1 k= 0 ]:
with boundary conditions
diy diy [
hi = - = Q4, :?0,l4*17 h Y= —" = D4, :?0, 4’1, 2
V=G| T Y= | Bi, i=0,p (2)

where £ > 0 is a small parameter, «;, B; are known constants independent of &, A, 1, (t) =1, m+n=10+p.

Assume that following conditions hold:

L A;(t) € ™t +1([0,1]), i =0,n+m, F(t) € C([0,1]) and functions H;(t,x) j = 0,1 —m + 1 are defined
in the domain D = {0 <t <1, 0 <z < 1} and sufficiently smooth.

II. A, (t) #0, 0<t<1;

II1.The roots j1 # po # ... # pm of "additional characteristic equation"u™ + A, ppm_1 ()™t + ...+
+A,11(t)p + An(t) = 0 satisfy the following inequalities Rep; < 0, Reps <0, ..., Rep, < 0 and m <.

Similarly boundary value problem for ordinary differential equation was considered in [1]. In the particular
case, similarly boundary value problem for singular perturbed integro-differential equation for this case m = 2
and | = 2 was considered in [2,3].

2 Construction of the fundamental system of solutions

We consider the following homogeneous singularly perturbed equation associated with (1):

dn+r

Ley = Zs Anir(t) g + > Alt) 5 =0, 3)

The fundamental system of solutions of (3) in the interval 0 < ¢ < 1 has the following asymptotic
representation as ¢ — 0 [4]:

v (te)=yP(t)+0(e), i=T,n, ¢=0,n+m—T;
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t

yn+r(t75) = ;6.’1,‘]) E/MT(.’L')CLT (/’Lg‘(t)ynJrr,O(t) + 0(8)) , T'= 1,m, q= Ov” +m — 17
0

where functions y;0(t), i = 1,n are solutions of the problem

n

dkyio i—1 . .
ZAk(t) dtk =0, yJ(O )(0) = 6ij7 1=1,n, J = 1L,n,
k=0

d;; is a Kronecker symbol and functions y,,1,0(f), r = 1, m are solutions of the problem

pr(t) 'y:z+r,0(t) =+ QT(t) 'yn-&-r,O(t) =0, yn-&-T,O(O) =1, r=1,m,

where functions p,(t), ¢-(t),7 = 1,m are defined the following formula

pr(t) = (n+i)An (O (1), r=T,m;
=0
gr(t) = o (1) Y i Ay (g 2 (8) + Ana (Dpg M (1), 7 =T,m;
=0
s (n4i)! -
Cnti = iy L-0M

3 Construction of Cauchy function
Definition 1. Function K (t,s,€) is called Cauchy function, if it is a solution of the problem
L.K(t s,e)=0, t#s;
KU (s,5,6)=0, j=0,n+m—2, K" (s s,¢) =1,

and Cauchy function can be represented as

W(t,s,e)
K(t = —"
( ) 57 E:) W(S, 5‘) )
where W (s, ¢) is the Wronskian of the fundamental system of solutions yi(s,€),y2(s,€),. .., Yntm(s,€) of (3),

W (t,s,e) is the n + m-th order determinant obtained from the Wronskian W (s,e) by replacing the n + m-th
row with y1(¢,€),y2(t,€), - -+, Yntm(t, €).

4 Construction of boundary functions

Definition 2. Functions ®,(t,¢), i = 1,n + m are called boundary functions for the boundary value problem
(1) and (2), if they satisfy the following problem

L.®;(t,e) =0, i=1,n+m;
hp®;(t,e) =6k, t=1,n+m, k=1,1+p,

where d; is a Kronecer symbol and boundary functions ®,(¢,e), i = 1,n + m can be represented in the form

i) = 1,
where
hiyi(t,e) o Maypim(t.e)
() = haoy1(t,e) ... hoyntm(t,€)
hitpy (t,e) - PitpYntm (t, 5)

Ji(t,e) is the determinant obtained from J(¢) by replacing the i-th row by the fundamental system of

solutions hn (t7 5)7 Y2 (tv E)v e yn+m(t7 E) of (3)
IV. J(e) # 0.
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5 Analytical formula of solution
Denote by the right-hand side of equation (1)

l—m+1

z(t,e) = F(t) +/ Hj(t,z)yY (z,¢)dx. (4)
0

7=0
We seek the solution of differential equation L.y = z(t,¢) in the form

n+m 1 t
= Z Ci®;(t,e) + K(t,s,e)z(s,e)ds, (5)
= 0

where ®;(t,e), ¢ = 1,n+m are boundary functions, K(t,s,e) is Cauchy function, C;, i = 1,n+ m are
unknown constants, z(t, ) is an unknown function.
Substituting function (5) into equality (4), we obtain the following expression:

1l m-+1 n+m
z(t,s):F(t)+/ H;(t,x) Zcq)mx{—:)der
0 7=0 i=1
1l m-+1 t
+/ Z Hj(t,x) /K(J) (t,s,¢€)z(s,e)dsdz. (6)
o J=0

Replacing the order of sum and integral of equality (6), we obtain

n+m 1 l—m+1

o) = F() + > C, / S H(t2)09) (2, )+

i=1 o =0

/ 5€) ds/ll fl KOt 5, 2)da. 1)

0

Introducing of additional symbols of (7), we obtain the following Fredholm integral equation of the second
kind:

z(t,e) = +/Htss ,€)ds, (8)

0
where
n+m 1 l—m+1
Fte) = F(t) + ci/ H,(t, )09 (2, £)d
=1 0 7=0
l m-+1

H(t,s,¢) /ZHth(])(xse)d

V. 1is not an eigenvalue of the kernel H(t, s, €).
In view of condition V integral equation (8) has an unique solution, that can be represented in the form

1
2(t,€) )+ | R(t,s,¢)f(s,e)ds, 9)
vk

where R(t, s,€) is a resolvent of the kernel H (%, s, ¢).
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Substituting equality (9) into function (5), we obtain analytical formula of solution of boundary value
problem (1) and (2):
n+m
= > CiQi(t,e) + P(t,2), (10)
i=1
where C;, i =1,n+ m are unknown constants, functions Q;(¢,£), i =1,n+m, P(t,e) can be represented in
the form

t
1 -
Qi(t,e) = g—m/Ktsagolss)d, i=1,n+m; (11)
0
1 t
= K(t,s,e)F(s,e)ds, (12)
0

where ®;(t,e), i =1,n+m are boundary functions, K(t,s,¢) is Cauchy function, functions 3;(s,¢),
t=1,n+m, F(s,e) can be represented in the form

1
@@a:/‘ H,(s,2,6)09 (2,6)dx, i = T,nFm:
0

1
Hj(s,z,e) = H;j(s,x) + /R(s,p,e)Hj(p,x)dp, i=0l—m+1;
0

1
F(s,e )+ / R(s,p,e)F(p)dp.
0
Using boundary conditions (2) into solution (10), we find constants C; = «;—1, i = 1,1 and for determining

constants Cjy;, ©=1,p , we need to solve the system of algebraic equation

l
Cl+1(1+dl+1(1,6)) + CH_QdH_Q(l,E) + ... + Cl+pdl+p(17€) = BO 76(1,5) - Z Oéi_ldi(L&‘)
=1

Cl+1dl(i;1)1,5) + Cl“dl(i; (L,e) + ... + Cl+p(1+dl(gp1)(1 €)) = Bp—1—eP7I(1,e) —
l
~ > aiad? (1),
=1

(13)

where

d(1,¢) /K(” (1,5,€)@;(s,¢)ds, i=1,1+p, j=0,p—1;

el /K(])lse F(s,e)ds, j=0,p—1.

Let the main determinant A(g) = A 4+ O(e) of system (13).

VL A # 0.

Theorem. Let the conditions I-VI are valid. Then boundary value problem (1) and (2) on the interval [0, 1]
has an unique solution, expressed by the formula

Zaz 1Qi(t, e +ch+le+z(t e) + P(t,¢), (14)

=1 =

where Q;(t,e), i =1,n+m, P(t,e) are defined by the formula (11),(12), Cj44, i = 1,p are solutions of the
system (13).
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A.E.Mupsaxkymnosa, H. Ataxan

MakaJjiaga >KOoraprbl TYbIHABLJIAPBIHBIH, aJAbIHIA Killli mapaMeTpi 6ap
HMHTEerpaJiabl guddepeHnnanabiK TeHaeyJIep YIIiH IMeKapaJblK, ecell
IMENIiMiHIH, aHAJIUTUKAJIBIK (DOPMYJIACHI

Maxkasia »Koraprbl TYBIHIBLIAPBIHBIH AJIIbIHIA Kilml mapaMerpi 6ap n 4+ m perTi ChI3BIKTHI MHTETPAJIIbI-
nuddepeHnnaIbIK, TeHIeyIep YITiH 6acTalKbl CEKIpICTi MeKapaJIbIK ecell MIeIMiHIH aHAJUTUKAJIBIK (HPop-
MYJIACBIH 3epTTeyre apHAJFaH. 3ePTTeY KYMBICBIHIA N + M peTTi 6ipTekTi auddepeHnraiIbK TeHIeyiHIH
ipresi memtiMaep Kyiteci anbiaraH. Ipresi memntiMaep xkyiteciniy kemerimen Kommu dyHKImsACH XKoHe 11e-
KapaJblK dyHKImanap kKypblarad. Makanana Komum dyHKIuACH KoHe IIeKapasIbIK, PYHKIUSIAPIBI KOJI-
JIAHBII, YKOFAPFbI PETTI CUHTYJISIPJIBI AYBITKBIFAH WHTErpasIIbl-TiuddepeHIIAIbBIK, TEHIEY YIIMH KapacThl-
PBUIBIN OTBIPFAH JIOKAJIBI MIEKAPAJIBIK, €CEIl MIENTMIiHIH aHAJTUTHKAIBIK POPMYyIachl Oepisii.

A.E.Mupsakynosa, H.Ataxan

ITocTpoeHne pelnienunsi KpaeBoii 3aJja4un JIJisi HHTErpo-
anddepeHInaJIbHBIX YPAaBHEHNII C MAJIBbIM IIapaMeTpPOM
IIPU CTAPHIINX IIPOM3BOIHBIX

B crarpe uccnenoBanbl anamuTrdeckue pOPMYJIbI PEIIEHUN KPAEBOH 33/1a9M ¢ HAYAJIHHBIM CKAYKOM JIJTsT
JINHEAHBIX UHTErpo-auddepeHIaIbHbIX YPABHEHNN 1 + M HOPsIKa C MaJIbIM [IapaMETPOM IIPU CTaPIIUX
MpOou3BOAHBIX. B pabore mocTpoeHa (dpyHIaMeHTaIbHAS CUCTEMA PEIIEHU CHHTYJISIPHO BO3MYIIIEHHOTO O[HO-
pomaoro muddepeHnnaaIbHOro ypaBHeHus n+m mopsaaka. C moMoIbo QyHIAMEHTATbHBIX CHCTEM PEIIEHUT
nocrpoenbl dyukiuu Kommu u rpannyanbie dpyukiun. Mcenonb3ys dyukiun Komm u rpanunydnbie QyHKIUH,
MoJTyYeHa sIBHAsl aHAJUTHIECKast (DOPMyJIa peIleHnH pacCMaTPUBAEMOi JIOKAJBHOW KpaeBO# 3aJadd JIst
CHHTYJIIPHO BO3MYIIEHHOTO UHTErPO-AudDEPEHITNATHLHOTO YPABHEHHUS BBICIIIETO MOPSIIKA.
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