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Construction of the solution of the boundary value problem for
integro differential equation with a small parameter in highest

derivatives

The article is devoted to the study analytical formula of solution of boundary value problem with initial jump
for a linear integro-differential equation of n+m order with a small parameter in the highest derivatives. In
this paper singular perturbed homogeneous differential equation of n+m order are constructed fundamental
system of solutions. With the fundamental system of solutions are constructed Cauchy function and
boundary functions. Using Cauchy function and boundary functions are obtained explicit analytical formula
of solution of considered local boundary value problem for singular perturbed integro-differential equation
of high order.
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1 Statement of the problem

Consider the following integro differential equation with a small parameter in the highest derivatives

Lεy ≡
m∑
r=1

εrAn+r(t)
dn+ry

dtn+r
+

n∑
k=0

Ak(t)
dky

dtk
= F (t) +

1∫
0

l−m+1∑
j=0

Hj(t, x)y(j)(x, ε)dx (1)

with boundary conditions

hiy ≡
diy

dti

∣∣∣∣
t=0

= αi, i = 0, l − 1, hl+iy ≡
diy

dti

∣∣∣∣
t=1

= βi, i = 0, p− 1, (2)

where ε > 0 is a small parameter, αi, βi are known constants independent of ε, An+m(t) = 1, m+ n = l+ p.
Assume that following conditions hold:
I. Ai(t) ∈ Cn+m+1([0, 1]), i = 0, n+m, F (t) ∈ C([0, 1]) and functions Hj(t, x) j = 0, l −m+ 1 are defined

in the domain D = {0 ≤ t ≤ 1, 0 ≤ x ≤ 1} and sufficiently smooth.
II. An(t) 6= 0, 0 ≤ t ≤ 1;
III.The roots µ1 6= µ2 6= . . . 6= µm of "additional characteristic equation"µm + An+m−1(t)µm−1 + . . .+

+An+1(t)µ+An(t) = 0 satisfy the following inequalities Reµ1 < 0, Reµ2 < 0, . . . , Reµm < 0 and m < l.
Similarly boundary value problem for ordinary differential equation was considered in [1]. In the particular

case, similarly boundary value problem for singular perturbed integro-differential equation for this case m = 2
and l = 2 was considered in [2,3].

2 Construction of the fundamental system of solutions

We consider the following homogeneous singularly perturbed equation associated with (1):

Lεy ≡
m∑
r=1

εrAn+r(t)
dn+ry

dtn+r
+

n∑
k=0

Ak(t)
dky

dtk
= 0. (3)

The fundamental system of solutions of (3) in the interval 0 ≤ t ≤ 1 has the following asymptotic
representation as ε→ 0 [4]:

y
(q)
i (t, ε) = y

(q)
i0 (t) +O(ε), i = 1, n, q = 0, n+m− 1;
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y
(q)
n+r(t, ε) =

1

εq
exp

1

ε

t∫
0

µr(x)dx

 (µqr(t)yn+r,0(t) +O(ε)) , r = 1,m, q = 0, n+m− 1,

where functions yi0(t), i = 1, n are solutions of the problem
n∑
k=0

Ak(t)
dkyi0
dtk

= 0, y
(i−1)
j0 (0) = δij , i = 1, n, j = 1, n,

δij is a Kronecker symbol and functions yn+r,0(t), r = 1,m are solutions of the problem

pr(t) · y′n+r,0(t) + qr(t) · yn+r,0(t) = 0, yn+r,0(0) = 1, r = 1,m,

where functions pr(t), qr(t), r = 1,m are defined the following formula

pr(t) =

m∑
i=0

(n+ i)An+i(t)µ
n+i−1
r0 (t), r = 1,m;

qr(t) = µ′r0(t)

m∑
i=0

C2
n+iAn+i(t)µ

n+i−2
r0 (t) +An−1(t)µn−1

r0 (t), r = 1,m;

C2
n+i =

(n+ i)!

2!(n+ i− 2)!
, i = 0,m.

3 Construction of Cauchy function

Definition 1. Function K(t, s, ε) is called Cauchy function, if it is a solution of the problem

LεK(t, s, ε) = 0, t 6= s;

K(j)(s, s, ε) = 0, j = 0, n+m− 2, Kn+m−1(s, s, ε) = 1,

and Cauchy function can be represented as

K(t, s, ε) =
W (t, s, ε)

W (s, ε)
,

where W (s, ε) is the Wronskian of the fundamental system of solutions y1(s, ε), y2(s, ε), . . . , yn+m(s, ε) of (3),
W (t, s, ε) is the n + m-th order determinant obtained from the Wronskian W (s, ε) by replacing the n + m-th
row with y1(t, ε), y2(t, ε), . . . , yn+m(t, ε).

4 Construction of boundary functions

Definition 2. Functions Φi(t, ε), i = 1, n+m are called boundary functions for the boundary value problem
(1) and (2), if they satisfy the following problem

LεΦi(t, ε) = 0, i = 1, n+m;

hkΦi(t, ε) = δki, i = 1, n+m, k = 1, l + p,

where δki is a Kronecer symbol and boundary functions Φi(t, ε), i = 1, n+m can be represented in the form

Φi(t, ε) =
Ji(t, ε)

J(ε)
,

where

J(ε) =

∣∣∣∣∣∣∣∣
h1y1(t, ε) ... h1yn+m(t, ε)
h2y1(t, ε) ... h2yn+m(t, ε)

... ... ...
hl+py1(t, ε) ... hl+pyn+m(t, ε)

∣∣∣∣∣∣∣∣ .
Ji(t, ε) is the determinant obtained from J(ε) by replacing the i-th row by the fundamental system of

solutions y1(t, ε), y2(t, ε), . . . , yn+m(t, ε) of (3).
IV. J(ε) 6= 0.
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5 Analytical formula of solution

Denote by the right-hand side of equation (1)

z(t, ε) = F (t) +

1∫
0

l−m+1∑
j=0

Hj(t, x)y(j)(x, ε)dx. (4)

We seek the solution of differential equation Lεy = z(t, ε) in the form

y(t, ε) =

n+m∑
i=1

CiΦi(t, ε) +
1

εm

t∫
0

K(t, s, ε)z(s, ε)ds, (5)

where Φi(t, ε), i = 1, n+m are boundary functions, K(t, s, ε) is Cauchy function, Ci, i = 1, n+m are
unknown constants, z(t, ε) is an unknown function.

Substituting function (5) into equality (4), we obtain the following expression:

z(t, ε) = F (t) +

1∫
0

l−m+1∑
j=0

Hj(t, x)

n+m∑
i=1

CiΦ
(j)
i (x, ε)dx+

+

1∫
0

l−m+1∑
j=0

Hj(t, x)
1

εm

t∫
0

K(j)(t, s, ε)z(s, ε)dsdx. (6)

Replacing the order of sum and integral of equality (6), we obtain

z(t, ε) = F (t) +

n+m∑
i=1

Ci

1∫
0

l−m+1∑
j=0

Hj(t, x)Φ
(j)
i (x, ε)dx+

+

1∫
0

z(s, ε)ds
1

εm

1∫
s

l−m+1∑
j=0

Hj(t, x)K(j)(t, s, ε)dx. (7)

Introducing of additional symbols of (7), we obtain the following Fredholm integral equation of the second
kind:

z(t, ε) = f(t, ε) +

1∫
0

H(t, s, ε)z(s, ε)ds, (8)

where

f(t, ε) = F (t) +

n+m∑
i=1

Ci

1∫
0

l−m+1∑
j=0

Hj(t, x)Φ
(j)
i (x, ε)dx;

H(t, s, ε) =
1

εm

1∫
s

l−m+1∑
j=0

Hj(t, x)K(j)(x, s, ε)dx.

V. 1 is not an eigenvalue of the kernel H(t, s, ε).
In view of condition V integral equation (8) has an unique solution, that can be represented in the form

z(t, ε) = f(t, ε) +

1∫
0

R(t, s, ε)f(s, ε)ds, (9)

where R(t, s, ε) is a resolvent of the kernel H(t, s, ε).
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Substituting equality (9) into function (5), we obtain analytical formula of solution of boundary value
problem (1) and (2):

y(t, ε) =

n+m∑
i=1

CiQi(t, ε) + P (t, ε), (10)

where Ci, i = 1, n+m are unknown constants, functions Qi(t, ε), i = 1, n+m, P (t, ε) can be represented in
the form

Qi(t, ε) = Φi(t, ε) +
1

εm

t∫
0

K(t, s, ε)ϕi(s, ε)ds, i = 1, n+m; (11)

P (t, ε) =
1

εm

t∫
0

K(t, s, ε)F (s, ε)ds, (12)

where Φi(t, ε), i = 1, n+m are boundary functions, K(t, s, ε) is Cauchy function, functions ϕi(s, ε),
i = 1, n+m, F (s, ε) can be represented in the form

ϕi(s, ε) =

1∫
0

l−m+1∑
j=0

Hj(s, x, ε)Φ
(j)
i (x, ε)dx, i = 1, n+m;

Hj(s, x, ε) = Hj(s, x) +

1∫
0

R(s, p, ε)Hj(p, x)dp, j = 0, l −m+ 1;

F (s, ε) = F (s) +

1∫
0

R(s, p, ε)F (p)dp.

Using boundary conditions (2) into solution (10), we find constants Ci = αi−1, i = 1, l and for determining
constants Cl+i, i = 1, p , we need to solve the system of algebraic equation

Cl+1(1 + dl+1(1, ε)) + Cl+2dl+2(1, ε) + . . . + Cl+pdl+p(1, ε) = β0 − e(1, ε)−
l∑
i=1

αi−1di(1, ε)

. . . . . . . . . . . .

Cl+1d
(p−1)
l+1 1, ε) + Cl+2d

(p−1)
l+2 (1, ε) + . . . + Cl+p(1 + d

(p−1)
l+p (1, ε)) = βp−1 − ep−1(1, ε) −

−
l∑
i=1

αi−1d
(p−1)
i (1, ε),

(13)

where

d
(j)
i (1, ε) =

1

εm

1∫
0

K(j)(1, s, ε)ϕi(s, ε)ds, i = 1, l + p, j = 0, p− 1;

e(j)(1, ε) =
1

εm

1∫
0

K(j)(1, s, ε)F (s, ε)ds, j = 0, p− 1.

Let the main determinant ∆(ε) = ∆ +O(ε) of system (13).
VI. ∆ 6= 0.
Theorem. Let the conditions I-VI are valid. Then boundary value problem (1) and (2) on the interval [0, 1]

has an unique solution, expressed by the formula

y(t, ε) =

l∑
i=1

αi−1Qi(t, ε) +

p∑
i=1

Cl+iQl+i(t, ε) + P (t, ε), (14)

where Qi(t, ε), i = 1, n+m, P (t, ε) are defined by the formula (11),(12), Cl+i, i = 1, p are solutions of the
system (13).
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А.Е.Мирзакулова, Н.Атахан

Мақалада жоғарғы туындыларының алдында кiшi параметрi бар
интегралды дифференциалдық теңдеулер үшiн шекаралық есеп

шешiмiнiң аналитикалық формуласы
Мақала жоғарғы туындыларының алдында кiшi параметрi бар n + m реттi сызықты интегралды-
дифференциалдық теңдеулер үшiн бастапқы секiрiстi шекаралық есеп шешiмiнiң аналитикалық фор-
муласын зерттеуге арналған. Зерттеу жұмысында n+m реттi бiртектi дифференциалдық теңдеуiнiң
iргелi шешiмдер жүйесi алынған. Iргелi шешiмдер жүйесiнiң көмегiмен Коши функциясы және ше-
каралық функциялар құрылған. Мақалада Коши функциясы және шекаралық функцияларды қол-
данып, жоғарғы реттi сингулярлы ауыткыған интегралды-дифференциалдық теңдеу үшiн қарасты-
рылып отырған локалды шекаралық есеп шешiмiнiң аналитикалық формуласы берiлдi.

А.Е.Мирзакулова, Н.Атахан

Построение решения краевой задачи для интегро-
дифференциальных уравнений с малым параметром

при старших производных
В статье исследованы аналитические формулы решений краевой задачи с начальным скачком для
линейных интегро-дифференциальных уравнений n +m порядка с малым параметром при старших
производных. В работе построена фундаментальная система решений сингулярно возмущенного одно-
родного дифференциального уравнения n+m порядка. С помощью фундаментальных систем решений
построены функции Коши и граничные функции. Используя функции Коши и граничные функции,
получена явная аналитическая формула решений рассматриваемой локальной краевой задачи для
сингулярно возмущенного интегро-дифференциального уравнения высшего порядка.
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