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Convex fragmens of strongly minimal Jonsson sets

This article introduced and discussed the concepts of minimal Jonsson sets and respectively strongly minimal
Jonsson sets. On this basis, we introduce the concept of independence of special subsets of existentially
closed submodel of semantic model. The concept of independence leads to the concept of basis and then we
have the Jonsson analogue of the theorem on uncountable categoricity.
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This article is devoted to the study of the concept Jonsson sets and its application. Jonsson sets concept
defined in [1] and further results were obtained, which were presented in [2—4].

The concept of strongly minimality, as for the sets and for the theories played a decisive role in obtain-
ing results which describe the uncountable-categorical theories [5].

We will consider all theories with additional property, it is a property of convexity.

So all theory will be convex.

Recall that theory T will be convex, if for any model 2 of theory T and any collection {8B; : i € I} of
substructures of A which are models of T, the intersection N B; is a model of 7.

The Jonsson theory are a natural subclass of broad class of theories, as a class of inductive theories. As
is known, the main examples of the theories of algebras are examples of inductive theories, and they tend to
represent an example of incomplete theories.

In modern model theory an technical apparatus developed mainly for complete theories, so today ap-
pliances study of incomplete theories are noticeably poorer than for complete theories.

On the one hand the Jonsson conditions area natural algebraic requirements that arise in the study of a
wide class of algebras.

On the other hand natural examples of Jonsson theories are many, it is, for example, the theory of boolean
algebras, abelian groups, fields of fixed characteristics, polygons (S-Acts, where S is monoid), and etc.

All of these examples are important in an algebra and in the various areas of mathematics. As can be
seen, the list of the following scope of application of the technique developed for studying Jonsson theories
can be quite broad.

Thus, all of the above suggests that the study of model-theoretic properties of Jonsson theories is
atopicaltask.

Studying the inductive theories [6], it follows that Jonsson theory, as a subclass of inductive theories are
such a part where there are certain methods of investigation incomplete theories, namely the method of trans-
fer of properties of first-order theory of Jonsson center on the its Jonsson theory.

On this method and on research in the study of Jonsson theories and unrelated to the material in this ar-
ticle, we refer the reader to the following: [7-10].

As noted above, the basic technique associated with more subtle methods of studying the behavior of
model elements, is the prerogative of the art study complete theories.

Therefore, even just trying to find a generalization of standard concepts from the arsenal of complete
theories, we can come to a tautology or a concept that is not technically justified.

Therefore even been proposed Jonsson set.

Recall the basic definitions of [1], which are associated with these sets.

Suppose we are given an arbitrary language L.

The theory T is called Jonsson, if:

1) the theory T has infinite models;

2) the theory T of inductive;

3) the theory T has the joint embedding property ( JEP );

4) the theory T has the property of amalgam ( AP).
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Jonsson theory 7 be a perfect theory, if its semantic model saturated.

Let T be perfect Jonsson theory complete for existential sentences in the language L and its semantic
model is C.

We say that a set X be X-definable if it is definable by some existential formula.

a) The set X is said Jonsson in the theory T if it satisfies the following properties.

X is the X-definable subset of C;

dcl (X) is a support of some existentially closed submodel C.

b) The set X is said to be algebraically Jonsson in the theory T if it satisfies the following properties:

X is X-definable subset of C;

acl (X) is the support of some existentially closed submodel C.

From the definition of Jonsson sets can be seen that they work very simply in the sense of Morley rank
[1]. It turns out that the elements of the set-theoretic difference(wells) of the closure and a Jonsson set have
rank 0, i.e, they are algebraic. So, this is a case where we can work with the elements even in the case of in-
complete.

The second point the utility of such a definition Jonsson set is that we closinga given set immediately
obtain some existentially closed model. This in turn enables usfirst to determine Jonsson fragment from the
set, and in principle and in an arbitrary theory.

At this point quite well studied are perfect Jonsson theory. For them, was proved a criterion of perfect-
ness [7], which provide to carry out many model-theoretic facts about Jonsson theory and its center. There
are complete descriptions as the center of such theories and models of their classes.

If in the caseof study of complete theories we mainly deal with two objects, it is the theory itself and its
models, in the case of study of Jonsson theory we consider as models the class of existential closed models
of the theory, as well as some additional condition is the completness of the theory in logical sense. At least,
this theory must be existentially complete.

We give a definition of Jonsson fragment:

We say that all V3-consequences of an arbitrary theory create Jonsson fragment of this theory, if the
deductive closure of these V3-consequences will beJonsson theory.

Due to the fact that this is not always true, it would be interesting to be able to allocate in arbitrary theo-
ry this part that will Jonsson theory. Such a task the place to be if only because of the fact that morleyzation
of a theory it provides us, moreover, the resulting theory is perfect [6].

Another way is to use such a fact that any countable model of inductive theory necessarily
isomorphically embeds in some existentially closed model of this theory [6].

Next, consider all V3-consequences which are true in this model. Then in the case of Jonsson theory
is well known fact that V3-consequences whichtrue in this existentially closed model form aJonsson theory.

To study the behavior of the elements of wells in the case of Jonsson sets, we can always consider the
V3-consequences which true in the above closures ofJonsson set. In view of the above, in this case,
consideredset of sentences would be Jonsson theory.

Obtained in this case Jonsson theory will be called the Jonsson fragment of corresponding Jonsson set.
It is clear that we can carry out research on the relationship Jonsson fragments from the original theory,
which is a new formulation of the problem of study Jonsson theory.

The main objective of this article is the following problem:

In the frame of these newly introduced definitions, consider and try to describe strongly minimal
Jonsson sets.

This in turn will entail a number of new formulations of problems, such as refinement of Lachlan-
BaldwinTheorem in the framework of the newly introduced subjects.

Recall that Jonsson theory 7" has a semantic model C in enough large cardinality. If this model is satu-
rated, this theorycalled perfect Jonsson theory.

Semantic model of perfect Jonsson theory uniquely determined by their power.

Further, since we have to deal with perfect Jonsson theory, it is convenient to work within a large se-
mantic existentially closed model containing all other existentially closed models of considered perfect
Jonsson theory. We call this model of universal existential domain (UED).

It can also be characterized by the following conditions.

1. Each model of this theory is isomorphically embeddable in C.

2. Every isomorphism between two its submodels which are models of considered theory extends to an
automorphism model C.
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We will not consider all subsets of C, but only a Jonsson subset.

For any ¥ — definable subsets of a semantic model we have that the following result is yields.

Lemma 1. ¥ — definablesubset of the semantic model is definable over a set of parameters from A4 if
and only if it invariant under all automorphisms of model C, leaving in place each element of 4.

It follows that the definable closure dcl (4) of Jonsson set 4, i.e. the set of all elements definable over 4
is the set of elements that are invariant under all automorphisms of 4.

From Lemma 1 it follows that the element b is algebraic over A if and only if it has only a finite number
of conjugate elementsover A.

We define the Morleyrank for existentially definable subsets of the semantic model.

We want to assign to each ¥ — definable subset M of the semantic model ordinal number (or maybe 1 or o)
— its Morley rank, denoted by MR. First, we define the ratio MR(M ) > o by recursion on the ordinal o.

Let T be perfect Jonsson theory and C its UED.

Definition 1. MR(M) >0, if and only if M is not empty;

MR(M) >, if and only if MR(M)> o for all o <A (A is a limit ordinal);

MR(M) > (a+1), if and only if there exists in M an infinite family of (M l.) disjoint ¥ — definable

subsets such that MR(M,)>a atall .

Then the Morley rank of M is MR(M) = sup {oc / MR (M) > OL}

Moreover, we assume that MR(J) =—1 and MR(D) = o, if MR(M)) > a for all a (in the latter case we

say that M has no rank).
Note that ¥ — definable subset M has rank 1 if it is empty; rank O if it is finite; rank 1 if it is infinite,
but does not contain an infinite family of disjoint infinite ¥ — definable classes.

Lemma 2. We have the relation MR(M, UM, )=max(MR(M,),MR(M,)).
Definition 2. Morley degree MD(M ) of Jonsson subset M of the semantic model that has Morley rank

a, d is the maximum length of its decomposition M =M, U...U M , existentially definable disjoint subsets of

rank o.

In the case of rank 0 a degree of existentially definable subset M is a number of its elements. If existen-
tially definable subset has no rank, is not defined and its degree of Morley.

Let us consider Jonsson minimal sets. Further, under the structure of the model refers to the signature or
the language Lof Jonsson theory under consideration.

Let M a structure, and let D < M" infinite ¥ — definable subset. We say that D is minimal in M, if
for any £ — definable Y < D or Yis finite, or D\Y finite.If (p(U , 67) is the formula that determines the D,

then we can also say that ¢ (U , E) is minimal.

We say that D and ¢ be Jonsson strongly minimal, if ¢ is minimal in any existentially closed exten-
sion NV of M.

We say that a theory T Jonsson strongly minimal if¥M € E;, M is Jonsson strongly minimal.
The following properties of the algebraic closure true for any algebraically Jonssonset D.

i) acl(acl(A)) =acl(A4) 2 4;

i) If A< B, then acl(A) < acl(B);

iii) If a € acl(A), then a € acl(A4,) for some finite 4, = A.

More subtle property holds if D Jonsson strongly minimal.

Lemma on a replacement. Suppose that D is a subset of the semantic model of the theory and it Jonsson
strongly minimal, 4 < D and a,be D. If e acl(AU{b})\acl(A4), then b e acl(AU{a}).

Remark. Jonsson strongly minimal set is existentially definable subset of the semantic model of the theory
of rank 1 and degree 1 in the sense of Morley.

Definition 3. 1. Jonsson theory T Jonsson totally transcendental, if each existentially definable subset
of its semantic model has Morley rank.

2. A theory T is w-stable Jonsson, if the number of existential types is countable over every countable
subset 4 semantic model.
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Theorem 1. Jonsson theory T Jonsson totally transcendental, if and only if it Jonsson w-stable.

Lemma 3. Let a and b be arbitrary elements of the semantic model. If the element b is algebraic over 4
and a, where 4 is existentially definable subset of the semantic model, the MR(b/ A) < MR(a / A).

Corollary 1. Let M — some w-saturated existentially closed submodel of semantic model, and some ¢
is a L(M) formula of rank o and Morley degree d. Then ¢ can be decomposed to L(M) formulas

®,,...,¢, rank o and degree 1.

In any Jonsson strongly minimal set, we can define the concept of independence, which generalizes the
linear independence in vector spaces and algebraic independence of algebraically closed fields.

We fix M =T and D is Jonsson strongly minimal set in the M — existential closed submodel
ofsemantic model of 7, where T is Jonsson theory.

Definition 2. We say that A< D independent if a ¢ acl(A\{a}) forall ae A. If C = D, we say that 4

independent over C, if a & acl(CU (A \ {a})) forall a e A.

Definition 4. We say that 4 is a basis for Y < D, if 4 Y independent and acl(A) = acl(Y).

Obviously, that any maximal independent subset of Y is the basis for Y.

Let I(Er, Xy)denotes the number of countable existentially closed models of Jonssontheory T.

Using the technique of proofs for complete theories and concepts relevant to the changing techniques
for Jonsson sets, we can prove Jonsson analogues of the results to appropriate spectrum of countable models [6].

Corollary 1. If T is Jonssonstrongly minimal Jonsson theory, complete for existential sentences, then T
is k— categorical for k > Xiand I(E7, Xy) < N,.

Corollary 2. If T Jonsson theory complete for the existential sentence uncountably categoricaland there
is Jonsson strongly minimal £L-formula, then either TR,-categorical or I (E7, Xy) = K,.

Theorem 2. If T Jonsson theory complete for the existential sentence is uncountably categorical, but not
N,-categorical, then I(Er, Rg) = X,.

Definition 4. Jonsson stability (J-stability).Let T is a Jonsson theory, S”(X) is the set of all existential
complete n-type over X, in accordance with the 7, for any finite #.We shall say that Jonsson theory T be
J =2 stable if for any T-existentially closed model and for any its subset X

| X|<h=|$7(x0)| <

Theorem 3. If T Jonssonsuperstable, but not X,-categorical, then I(Er, Xg) = K.

Let us consider the stability for fragments of Jonsson sets.
Let X Jonssonset and M is existentially closed model, where dc/ (X) = M.

Consider the fragment of Jonsson set X as the theory Thys(M)=T,.
Lemma 2. Tn will be Jonsson theory.

Theorem 1. Let Ty as described above. If *Z®; then the following conditions are equivalent:

Ty is J — A — stable;

T" is A — stable, where T is the centerof T,

Theorem 2. Then the following conditions are equivalent:

(1) T,, — w -categorical; (2) T,, — o -categorical.

Definition 9. Let A,Be E, and 4Ac B. Then B is algebraically simpleextension 4 in E,, if for any
model C e E, so that if 4 isomorphically embedded in C, then B is isomorphically embedded in C.

Let X be algebraically Jonsson set, acl (X) = M, the formula that determines the set X is strongly mini-
mal existential formula.
Theorem 3. Then the following conditions are equivalent:

(1) T,, — ®, — categorical;
(2) Any countable model from £, has algebraically simple extension in £ .

All undefined in this article definitions, as well as more detailed information about Jonsson theories can
be found in [7].
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A.P.Euikeen

KaTTbl MUHHMAI/1bI HOHCOH/IBIK KUBIHAAPAbIH
aeHec ¢pparmeHTTepi

Maxanaza HOHCOHIBIK MHHHUMAJIIBl JKUBIHAAPIBIH KOHE KaTThl MHHMMAJIbl HOHCOHIBIK JKMBIHIAPIbIH
YFBIMZIApBl EHTI3UIreH koHe KapacThlppuiraH. OChbl HEri3[ie CEMaHTHKAJIBIK MOJIEIbIIH 3K3HCTEHINOHAIIBI
TYHBIK IIIKI MOJENBIH apHAWBI IMIKi >KUBIHIAAPHI YIIIH TOYEJNCI3AIK YFBIMBI €HTi3UImi. Byl y¥bIM apKeUTBI
0asuc yFbIMBIHA Keiyre OoyiaJbl JKOHE Opi Kapail CaHAIBIMCBI3 KaTerOPHSUIBIK TYpajibl TEOPEMaHbIH
HOHCOHIBIK OanamachiHa 1e 00IaMbI3.

A.P.Emkees

Boinykiibie (pparMeHTHI CHIbHO MUHUMAJIbHBIX
MOHCOHOBCKHX MHOKECTB

B cratee BBenmeHBI U PACCMOTPEHBI MOHATHA MHUHHUMAJIbHBIX WOHCOHOBCKAX MHOXKECTB M COOTBETCTBEHHO
CHJIbHO MUHUMAaJIHHBIX HOHCOHOBCKMX MHOXECTB. Ha 3T0i1 0OCHOBE BBE/ICHO TTOHITHE HE3aBUCHUMOCTH CIICIIH-
AJIBHBIX IMOJMHOKECTB 9K3UCTCHIHUAJIbHO SaMKHyTOﬁ noaMoaciin CEMaHTUYECKON MOZICIIN. Tlonstre He3aBU-
CUMOCTH IIPUBOJUT K ITIOHATUIO 6331/IC3, " 1aJIC€ Mbl UMCECM WOHCOHOBCKHUI aHAJIOT TEOPEMBI O HECUYETHOM Ka-
TETOPUYHOCTH.
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