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Some properties of Morly rank over Jonsson sets

This article introduced and discussed the concepts of minimal Jonsson sets and respectively strongly
minimal Jonsson sets. On this basis, it introduces the concept of the independence of special subsets
of existentially closed submodel of the semantic model. The notion of independence leads to the concept
of basis and then we have an analogue of the Jonsson theorem on uncountable categorical. The concept of
strongly minimal, as for sets and so for theories played a decisive role in obtaining results on the description
of uncountable - categorical theories. It is well known that Jonsson Theories are a natural subclass of
the broad class of theories, as a class of inductive theories. As is known, the basic examples theories of
algebra are examples of inductive theories, and they tend to represent an example of incomplete theories.
This modern apparatus of Model Theory developed mainly for complete theories, so nowadays technique
studying incomplete theories noticeable poorer than for complete theories. Thus, all of the above says that
the study of model-theoretic properties Jonsson theories is an actual problem. This article describes the
basic properties of the Morley rank over Jonsson subsets of semantic model for some Jonsson theory.

Key words: Jonsson theory, Jonsson set, fragment of Jonsson sets, lattice existential formulas of Jonsson
theory.

This article is devoted to the study of the concept Jonsson sets and its application. The concept of Jonsson
sets defined in [1] and further results were obtained, which were presented in [2—4].

The concept of strongly minimal, as for sets and so for theories played a decisive role in obtaining results
on the description of uncountable — categorical theories in [5].

It is well known that Jonsson Theories are a natural subclass of the broad class of theories, as a class of
inductive theories. As is known, the basic examples theories of algebra are examples of inductive theories, and
they tend to represent an example of incomplete theories. This modern apparatus of Model Theory developed
mainly for complete theories, so nowadays technique studying incomplete theories noticeable poorer than for
complete theories.

On the one hand Jonsson conditions — a natural algebraic demands that emerge in the study of a broad
class of algebras.

On the other hand natural examples Jonsson theories enough, for example, the theory of Boolean algebras,
Abelian groups, fields of fixed characteristics, polygons, and so on. These examples are important, as in algebra,
and in different areas of mathematics. As can be seen from the following is a list of the scope of the technique
developed for studying Jonsson theories can be quite broad.

Thus, all of the above says that the study of model-theoretic properties Jonsson theories is an actual problem.

From the experience of the study of inductive theory [6], it follows that Jonsson theory, as a subclass of
inductive theories are such a part in which there are certain methods of investigation incomplete theories, namely
the properties of the transfer method of the first order center of Jonsson theories itself Jonsson theories. This
method, and on research in the study Jonsson theories and unrelated to the material in this article, we refer
the reader to the following sources [7-10].

As noted above, the basic technique associated with more subtle methods of researches of behavior elements
of the model, refers to the prerogative of technology study complete theories. Therefore, even just trying to
find a generalization of the standard terms of arsenal full of theories, we may come across either a tautology
or a concept, which is technically not justified. Therefore, it was proposed and Jonsson set. Recall the basic
definitions of [1], which are connected with these sets.

Let there be given an arbitary language L.

The theory T is called Jonsson if it satisfies the following conditions:

1) Theory T has an infinite models;

2) Theory T is inductive;

3) Theory T admits JEP;
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4) Theory T admits AP.

Jonsson theory T is called a perfect theory, if the semantic model is saturated.

Let T' — Jonsson perfect theory is full for existential sentences in the language L and its semantic model is .

We say that the set X — 3-defined, if it is definitely some existential formula.

a) The set X is called Jonsson in the theory T if it satisfies the following properties:

e X is a — Y definability subset of C;

e dcl(X) is the universe of some existentially-closed submodels of C;

b) The set X is called algebraic Jonsson in the theory T, if it satisfies the following properties:

e X is a — definability subset of C;

e acl(X) is the universe of some existentially-closed submodels of C.

The definition sets Jonsson can see that they are arranged very simply in the sense of Morley rank [1].
It turns out that the elements of the set-theoretic difference (wells) closing and the set have rank 0; they are
algebraic. So, this is a case where we can work with the elements even in the case of incomplete.

The second useful moment of this definition of Jonsson set is that we are closing this set just get some
existentially closed model. This in turn gives us firstly to identify Jonsson fragment in the set under consideration
and in principle any theory.

At the moment, well enough studied are the perfect Jonsson theories. For them, was proved the criterion of
perfectly [7] that allowed to obtain many model-theoretic facts about Jonsson theory and its center. There is a
full description of how these theories center and classes of models.

If the case study of complete theories we are mainly dealing with two objects, it herself theory of its models
in the case study of Jonsson theory we as models consider the class of existentially closed models of the theory,
as well as an additional condition is a certain completeness of this theory in a logical sense.

At least, this theory must be existentially complete.

We give a definition Jonsson fragment. We say that all the V3 — investigation of any theory create Jonsson
fragment of this theory, if the deductive closure of these V3 — consequences are Jonsson theories.

Due to the fact that this is not always true, it would be interesting to be able to allocate in an arbitrary
theory a part that will Jonsson theory. This problem takes place if only because of the fact that any theory
morlization us it provides, moreover, the resulting theory is perfect [6].

Another way is the use of the fact that any countable model of inductive theory necessarily isomorphic to
invest in some existentially closed model of the theory [6]. Then we consider all V3 — sentences true in this
model.

Then in the case Jonsson theory is well known fact that V3 — sentences are true in the existentially
closed model form the Jonsson theories. Otherwise, at the moment apart from enriching the signature (in
case skolemization morlezation and [6]), we have no way to reach Jonsson theory.

To study the behavior of elements in case wells Jonsson sets, we can always see V3 - sentences is true in
the above closures Jonsson set. In By the above, in this case, that consideration of the set of suggestions will
Jonsson theory.

Obtained in this case will be called a theory Jonsson fragment corresponding Jonsson set. It is clear that we
can carry out research Jonsson fragments about the connection to the original theory that the new formulation
of the problem is the study of Jonsson’s theory.

The main objective of this article is the following problem:

Recall that Jonsson theory T has a semantic model of high power enough. If this model is saturated, this
Jonsson theory is called perfect. Semantic models of perfect Jonsson theory uniquely determined by their power.

Furthermore, since we are dealing with a perfect Jonsson theories, it is convenient for us to work within
a large semantic existentially closed model containing all other existentially closed model considered perfect
Jonsson theory. We call this model of universal existential area.

It can also be characterized by the following conditions.

1. Each model of this theory is isomorphic to put in €.

2. Every isomorphism between the two submodels extends to an automorphism of model €.

We will not consider all the subsets, and only a subset of the Jonsson.

For any ¥ — definable subsets of semantic model we have, the following result.

Lemma 1. ¥ — definable subset of the semantic model is definable over a set of parameters A semantic model
if and only if it is invariant under all automorphisms of the model €, leaving in place each element of A.

It follows that the definable closure dcl(A) of Jonsson sets A, i.e, the set of all elements, definable over A,
coincide with the set elements that are invariant relatively all automorphisms over A.
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From Lemma 1 it follows that the element b is algebraic over A if and only if it has only a finite number of
conjugates over A.

We define the rank of Morley for existentially definable subsets of the semantic model.

We want to assign to each ¥ — is definable subset D of the semantic model ordinal number (or, perhaps, -1
or o0) — its rank Morley, denoted by M R.

First, we define relation M R(ID) > « by recursion on the ordinal «.

Let T is perfect Jonsson theory, C-its semantic model. D is a definable subset of C.

Definition 1:

~MR(D) > 0 if and only if D is empty;

~-MR(D) > X if and only if MR(D) > « for all a < A ( A- the limiting ordinal);

~MR(D) > X if and only if D exists an infinite family (ID;) disjoint ¥ definable subsets, such that

MR[(D);] > A for all s.

Then Morley rank of class D is M R(D) = sup{a|MR(D) > a}.

Moreover, we assume that M R(0) = —1 and M R(D) = oo if 48 / for all « (in the latter case we say that D
has not rank).

Note that 3 — definable class has rank -1 if it is empty; rank 0 if it is finite; rank 1 if it is infinite, but does
not contain an infinite family of disjoint infinite ¥ — definable classes.

Lemma 2. The relation M R(D; UDs) = max(MR(D;), M R(Ds) is true.

Definition 2. The degree of Morley Md(ID) Jonsson subset D of semantic nodel having Morley rank « is the
maximum length d of its decomposition D = D; U ... UDy into disjoint existentially definable subsets of rank «.

In the case of rank 0 degree existentially definable subset D is a simply a number of its elements. If
existentially definable subset has not rank, it is not determined the degree of Morley.

Consider Jonsson minimal sets. Then under the structure of the model refers to the signature of model or
of the language L under consideration Jonsson theory.

Let M is the structure, and let D C M™ the infinite ¥ - defining subset. We say that D is minimal in M if
any for the 3 - defining Y C D either Y is finite or D/Y is finite. If ¢(7,@) is a formula that determines the D,
then we can also say that ¢(7,a) is minimal.

We say that D and ¢ are Jonsson strongly minimal, if ¢ is minimal any existentially closed extensions N of
M.

We say that theory T is Jonsson strongly minimal if VM € Er ; M is Jonsson strongly minimal. Consider
the example of the algebraic closure of a few Jonsson strongly minimal theories.

If K is an algebraically closed field and A C K , then acl(A) is algebraically closed subfield generated.

The following properties of the algebraic closure true for any algebraically Jonsson set D

If A C B, then acl(A) C acl(B).

If a € acl(A) then a € acl(Ap) for some finite Ay C A.

A more subtle property is true if D is Jonsson strongly minimal.

Lemma about a replacement. Suppose that D is a subset of the semantic model of the theory and it Jonsson
strongly minimal A C D and a,b € D. If a € acl(AU {b}) \ acl(A), then b € acl(AU{a}).

Remark. Jonsson strongly minimal set is existentially definable subset of the semantic model of the theory
of rank 1 and degree 1 in the sense of Morley.

Definition 3:

1. Jonsson Theories T is Jonsson totally transcendence, if every existentially definable subset of its semantic
model has Morley rank.

2. Theory T is Jonsson w-stable if the number of existential types is countable for every countable subset A
of semantic model.

Theorem. Jonsson theory T' is Jonsson totally transcendence, if and only if it is Jonsson w - stably.

Lemma 3. Let a and b are an arbitary elements of the semantic model. If the element b algebraically over A
and a, where A is existentially definable subset of the semantic model, then MR(b/A) < MR(a/A).

Corollary 1. Let M — some w-saturated existentially closed submodel semantic model, ¢ some L(M) —
formula rank « and degree d in Morley. Then we can expand ¢ on L(M) — formulae ¢, ..., o, of rank a and
degree 1.

Anyway Jonsson strongly minimal set, we can define the concept of independence, which generalizes linear
independence in vector spaces and algebraic independence of algebraically closed fields.
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We fix M and D is Jonsson strongly minimal set in M existentally closed under the model semantic model
of Jonsson theory T

Definition 4. We say that A C D independently if o ¢ acl(A{a}) for alla € A . If C C D we say that A
independently over C, if a ¢ acl(C U A{a}) for all a € A.

We show that the endless independent sets are sets of indistinguishable elements.

Lemma 4. Suppose T is Jonsson strongly minimal theory and ¢(v) is Jonsson strongly minimal formula
with parameters from A, where either A # ) or A C My where My E Er,.Mgp <1 M and My <1 N. If
a,...,a, € ¢(M) independent over A and by, ...,b, € ¢(IN) are independent over A, then complete existential
types tpM(@/A), tp™ (b/A) are equal.

Corollary 2. f M,N =T , and ¢(v) as indicated above, B is an infinite subset ¢(M) independent over A
and C is an infinite subset ¢(N') independent over A, then B and C are indistinguishable infinite sets of the
same type over A.

Therefore, power is the only way to distinguish independent subset D.

Definition 5. We say that A is the basis for Y C D if A C Y independent and when acl(A) = acl(Y).

It is obvious that any maximal independent subset of Y is a basis for Y. Just as in the vector spaces and
algebraically closed fields, any two bases have the same capacity.
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A .P. Emikeesn

ToHCOHABIK, >KUBIHAAPAbIH imingeri Mopim panriniy keil6ip
KacuerTepi

Maxkasiajia HOHCOHIBIK, *KUBIHIAP YFBIMbBI €HTI3IIreH KoHe KapacThipblLiraH. OChl HEri3le CeMaHTUKAJIBIK,
MO/IEJIB/IiH, SK3UCTEHIMOHAIIbI TYUDIK, iK1 MOJIEJIIHIH ToyeJICi3 apHAMbI 1IIKi »KUBIHIAPBI YFBIMBI €HT131/111.
ToyeJicizaik yreIMbI 6a3UC YFBIMBIHA AJIBII KeJIel YKoHe opi Kapaii 613 caHaJbIMCBI3 Y31/ i-Keciareniri Ty-
paJibl TEOPEMAHBIH MOHCOHJIBIK, aHAJOTIH KapacThIPABLIK. KaTTbhl MUHUMAJIIBl YFBIMbI CAHAJIBIMCHI3-Y31/11i-
KeCUITeHIIr TeopUusaIapAblH CUIATTAYBIHBIH HOTHXKECIH ajIy VIIH TeopusaIap CUAKTBI KUBIHJIAD YIIIH Jie
VIIKEH POJI ATKAPAbL. VIOHCOHIBIK TEOPUAIAp NHIYKTUBTI TEOPUAIAP KJIACH CUSAKTHI TEOPHSHBIH KEH Kila-
cbl OOJIATBIH KOiMri ki KyracThl kepcereTini Gesrisi. Bisre asrebpa TeOpHsICHIHBIE HETi3ri MbBICAJIAPHI
6enrini. Osap MHAYKTUBTI TeOpUsTAPILIH, MBICAIIAPHI 1a O0JTa ajIa bl XKOHE eperke OOMBIHINA 0JIAp TOJIBIK,
eMecC TeopusiIapablH, Mbicaaaapbl. COHBIMEH KaTap MOJIE/bIEP TEOPHUSICHIHBIH, Ka3ipri 3epTTey ammapaThbl
TOJIBIK, TEOPUsLJIap VIIiH JaMbIFaH, COHJIBIKTAH OYTIHI TaHIa TOJIBIK TeOpHUsiIapFa KaparaH/a, TOJIBIK eMec
TeopusIapAbl 3epPTTEY TEXHUKACHI AHAFYPJIBIM KeM JaMbIFaH. SIFHU, *KOFaphbl alTKaHIApAaH HOHCOHIIBIK
TEOPUSIHBIH, MOJIEJIb/Ii-TEOPETUKAJIBIK KACHETTEPIH OKY ©3eKTi Mocese OoJbIn TabbLIaabl. Makajaaga Kei-
Oip MOHCOHJIBIK TEOPUsIAP YIIH HOHCOHJIBIK IIMIKi >KUBIHIAP/IBIH CEMAaHTUKAJIBIK, MOETbaepi MeH Mopiun
PaHTiHIH Heri3ri KacueTTepi CUMATTAJIbI.

A .P. Emikeesn

HexkoTopsblie cBoiicTBa panra MopJu HaJd HTOHCOHOBCKUMU
MHOYKeCTBaMU

B craTbe BBeseHBI M pacCMOTPEHBI MOHATHS «HOHCOHOBCKHE MHOXKECTBA» U, COTBETCTBEHHO <«CHJIBHO MHU-
HUMaJIbHbIE HOHCOHOBCKHME MHOXKECTBa». Ha 3TOl OCHOBE BBEJEHO IOHSTHE HE3ABUCUMOCTU CIICIMAJIbLHBIX
IMOJIMHOYKECTB 9K3UCTEHITUAILHO 3aMKHYTOHN IOJMOJIEN ceMaHTu4IYecKoil moenu. [lonsarue HezaBucumMocTn
MPUBOJIAT K MOHATHUIO 6a3uca, U Jlajiee Mbl IMEEM HOHCOHOBCKUI aHAJIOI TEOPEMBI O HECUETHOMN KATErOpUU-
voctu. [loHATHE CHIBLHON MUHMMAJIHLHOCTH, KaK JIJIsSi MHOXKECTB, TaK U JJis TEOPHUil, CHIPAJIO PEIIAOILyI0
pOJIb TIpU TIOJIYYEHUU Pe3yJIbTaTa 00 ONMMCAHWHU HECYETHO-KATErOPUIHBIX TeOphil. XOPOIIO U3BECTHO, |UTO
HOHCOHOBCKHE TEOPUH TIPECTABJISIIOT COOOI €CTeCTBEHHBIN MOIKIACC TAKOTO MIUPOKOr0 KJIaCCa TEOPUil, Kak
KJIaCC MHIYKTUBHBIX Teopuil. Kak m3BEeCTHO, OCHOBHBIE MPUMEPHI TEOPHUil ajaredp SIBISIOTCS TPUMEpPAMU
WHIyKTUBHBIX TEOPHUil, U OHU, KaK IPABUJIO, IIPEJCTABJIAIOT IPUMED HENOJIHbIX Teopuit. IIpu sTom coBpe-
MEHHBIU alllapaT TeOPUU MoZeJsiell pa3BUBAJICS B OCHOBHOM JIJId IIOJIHBIX T€OPHUU, IO9TOMY Ha CErONHSIITHUN
JIeHb TEXHUKA, U3yJI€HUsI HETIOJTHBIX TeOpuil 3aMeTHO Oe/iHee, YeM [Tl OJTHBIX Teopuit. Takum o6pa3om, BCE
CKa3aHHOE BBIIIIe TOBOPUT O TOM, UTO U3yUYeHNE TeOPETUKO-MO/IEJIbHBIX CBOMCTB HOHCOHOBCKUX TEOPUil ABJIs-
eTCsl aKTyaJIbHOU 3a/iadeil. DTa CTaThbsl OMUCHIBAET OCHOBHBIE CBOMCTBa paHra Mop/u HaJ HOHCOHOBCKUMU
OOJIMHOX>KECTBAMU CEMAaHTUYECKOU MOJIEJIN JJisi HEKOTOPBIX MOHCOHOBCKUX TEOPUM.
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