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On multipliers in weighted Sobolev spaces. Part II

Let X, Y be Banach spaces whose elements are functions y: 2 — R. We say that a function z: 2 - R is a
pointwise multiplier on the pair (X,Y), if Tx = zz € Y and the operator T: X — Y is bounded. M (X — Y)
denotes the multiplier space on the pair (X,Y). We introduce the norm ||z; M(X = Y)| = ||T; X = Y|

in M(X - Y). Let 1 < p < co. Let m be an integer. W, ., denotes the weighted Sobolev space with

1/p

the finite norm |ju||wm = |lu; Wpto,wi | = Hwo/p|Vmu|||Lp + ||wy""ul|z, .. The aim of this work is to

Pwo,w1
obtain descriptions of multiplier spaces for the pair of weighted Sobolev spaces (Wéyp,v, Wilio,w,) in the
case 1 < g < p < oo.
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Let © be a domain (an open connected set) in the n-dimensional Euclidian space R™ with the

n

1/2
norm |z| = (Z x2> . We denote by L, (), 1 < p < oo, the space of all real valued measurable

%
i=1

functions f: @ — R with the finite norm |||, ) = [If; Lol = (fq |f (@) dx) . We denote by
Ly 10c(£2) the space of functions f defined a.e. in 2 such that f € L,(F) for any compact F' C §2. Here
L;rloc(Q) is the space of all a.e. positive functions of Ly, 1o¢(£2), Lioc(£2) = L1 10¢(£2), L;ZC(Q) Lfloc(ﬂ)
A function v of L;} () is called weight in €. Let o be a measure on §2. Below L, o(£2) is the space of all

1

real valued functions equipped with the finite weighted Lebesgue norm |[jul|z, () ( J ul? do( )) ’

(1 < p < o). If da(z) = v(z)dz, v € L} (Q), we write Ly ,(Q2). Note that L,(Q) = L, ,(Q), if
v =1. By C*, C§° we denote the space of all infinitely differentiable functions in R™ and the space of
functions of C'°° with compact support supp f in R", respectively. When the domain is not indicated
in the notation of a space or a norm then it is assumed to be R™. Throughout the paper we assume
that 0 < m <[ are integers.

Let 1 < p < oco. Let m be an integer, wy, w1 € Lfoc. We denote by W), ., the completion of the
set of u € Cg§° in the finite norm

lullwy, .

= [lus Wy o | = NV mulllz, 0y + [y,
1/2
where |V u| = < S | D%ul? . Here W%, = WL, o, With wo =1, w1 = w, W) =W, with
|o]=m

wo = 1, w1 = 1. By W}, we denote the space [1] {u: nu € W* forall ne€ C§°}. Here I" is the
family of all cubes @ in the form

h
Q= Qn=0Qn(r) ={y e R": |y; — x4 <gi=

By ¢ we denote constants depending only on the assigned numerical parameters, for example,
c=c(l,p,n), etc.

Let h(-) be a positive locally bounded function in R™. B denotes the family (basis) of cubes
Q(z) = Qpa)(7), € R™ \ e, where e is a set with measure 0. We use the following notation

B ={Q(x)} or B={Q(z)=Qnx)}

. 7”}’ )‘Q = Q)\h(m)‘
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Definition. Let p € Ll T We say that a weight p satisfies the slow variation condition with respect
to the basis of cubes B = {Q(x)}, if there exist b > 1 such that for a.a. =

b lp(x) < p(y) < bp(x), foraa. ye Q(x).

Let p satisfy the slow variation condition. We denote by W,"(p",p”) the space W, . with
wo = (PP, w1 = (p")P.

Theorem A [1]. Let 1 < p,q < oo, pl > n. Then

lv; M(Wy, — Wi < ¢ sup |1y W,™(Q1)].
{Q1}

Let us denote by B,y (0 < 7 < 1) the set of all finite or countable subfamilies {rQ’} C B, in
which the cubes 7Q7 = 7Q(27) are pairwise disjoint. Further, we take

— (r—q)/ra

Toy= swp 450 IG) (Tnft+ ) do
{Q7}CEB (o) {Qi} J

Theorem 1. Let 1 < g <p < oo, pl >n, —oco < i,s < oo. Let v € Wm . Assume that p satisfies
the slow variation condition with respect to the basis of cubes B = {Q(x ) Qh (@)}, h(z) = p(x)®.
Then the following statemens are true:

(a) IfT = T(l) < 00,
then v € M (Wé(p“, Pl — Wi (pt, p#~°™)) and the norm satisfies the following inequality

1y MW (0", o) = Wt (o, o= ™))I| < e T

(5) 10y € MO0, =) = W (%, =)
then oo > |[y; M (W) (p*, p#=) — W (p*, pH—*™)

Proof. (a) Let u € C§°, F = suppu. Let {(Q7,2Q7),j € J} be a Besicovitch double covering
extracted from the family {Q(z),z € F} (@7 = Q(27). Let {t;} ;e be a partition of unity corresponding
0 <¢; <1, ¢ =1 and sup|D¥;| < ch; o

)7
)

| > cT1/9)-

to the double covering, namely, ¥; € C§°,
jeJ
for all multiindexes o = (av,...,ay) of order |a| = )", |as| (2], Chapter 2). We have (yu)(z) =

= u(x) 3 Pi(@)y(x) = ulz) 20 v;(x), v =145, J € J,

jeJ jeJ

D(x) = D | Yy | (@) =Y D (yey) (x) = Y _ D™,

jeJ jeJ jeJ
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Moreover, there exist finite constants >, 32 > 0, such that
/ ( U(2)|Vim (W)|q+ﬂ(“_sm)q(9«“)\w|q) dr <
gZ/ >_ 7@ (IVmygu) @) + p~ ()| () (@)|7) dr <

keJ jedJ

<er Yy Z/ Vi (yju) (@)|* + p~ (@) (yju) (2)]7) da <

jed kes ' Q" mQ]

SC%Z/ H() (Vi (yju) (@)|7 + p~ " (@) | (yju) (2)]7) dor <

JjeJ

< o7 max Z / () (1 (yg10) ()9 + p~" ()| (750) (2)]) iz <
< 5% Z / Vo (350)(@)]7 + p=5™ ()| (00) (2)|%) v,
Jj€Jig

where the maximum coincides with the sum by the subfamily J;,.
Let U € C§° be the continuation of @(¢) = u(2? + h;€) from Q1 = Q1(0) to the cube 3@ such
that supp U C %Ql and

U W < es [|@; W(Qu)]] (1)

(see [3]). Let 4;(&) = v(27 + hj&)b; (27 4 h;€). Note that supp 7;(£) € Q1. Thus, by using (1), Theorem
A, we obtain

/Q (19I5 (@) + a7 @) ) dr < phn ™ /Q (Vo (@35)17 + |71%) d€ <
1
< ARGy MOWE — W[ @ Wa(Qu)|[ /7 <

q/p
< cpff'hy” mqsup/ (VAT + 13;]7) d§ x <h§~pn/ _ IVIUI”+hj"/ _ Iup)> <
1(¥)NQ1(0) QJ QI

x

q/p
< C/ (V517 + [75]7) d€ x By ™™ <h§p_"/ _p“pIVzUIp+h}"p“p/ _ |up) =
1(0) Q7 QI

q/p
_ Ch§l—n/p)q (/ | (‘Vm’)/ﬂq—i-h*mth\q) dw) % (/ . ( P(x )]Vlu‘p—i—pﬂ sp ( )‘u|P> m) .
Qi QJ

For each & € @7, we have

V(@) <e ) ID ()@l < Y Y IDP(@)|IDPyy(x)| <

|a|=m |a|=m 0<B<La
<e S N IDPA(a)n; T 5'<cZ|V,ﬂ )[Rk, 2)
|a|=m 0<B<La k=0

By (2) and embedding theorems of Sobolev spaces Wé(Ql) [4], we have

m q
/Q IVl < (Z BV Lq(Q’>H> <ec /Q IV 4+ h™™ ]y |9) dir. (3)

k=0
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Inequality (3) implies that
| (9w 19@) + s 194 -m0(2)) s <
QI

q/p

< chg-l_”/p)q </ (Vv T+ R |A]7) dx> X (/Q (pup@)yvlu\p+p<u—sl>p(x)\u|p> dx> .4

By (4) and the Holder inequality, we have

| (1@l + o=@ de <

< 0%1%2 Z </ s(l— n/p)Q( )(|Vm’y|q _i_pfsmq’,y‘q) dat) X

Jj€diy

q/p
X (/ (|p“Vlu|p + Ip(”_s“u!p) d:l:) < (5)
Qi

(p—q)/p

p/(p—9q)
] «

<c Z [/ 0° s(l—n/p)q e )(Wm’ﬂq+f)_smq|’ﬂ )
jedyy @
X [lus Wi (o, o= D17 < e T |us Wy (p, p~)|%.
Hence it follows the upper estimate of ||; M(Wé(p“, Pl = Wi (pt, P =) |-
(b) We take n € C°(Q1), 0 < n < 1,7 = 1in 3Q1. Assume that there exist ¢; € C5°(Q7),
pj(x) =n (”” xj) , such that ¢; = 1 in Q7. Here {Q7,j € A} C B, @/ = Q(27). Then

_ 11q —smgq
vz Wi (pH, p==m) || - P f%Qj (|Vm7|q+pj W|q) dx

>c
o3 Wh(pH, pr=st)||a AR

=c | g / [V [? d + 50 / [y[*d | = caf,
E¥eY] J
3@ Q

1— l—m—
where ag = ,oj( n/p)a f%Qj |V my|dde + Pj-( men/p)e f%Qj |v|? d.

_ a/(p—q) ©j _ )
Let u; = a; o7 Wi We take u = jeZA u;. Then

K ph—Sm
g ez o100 (RO i
log; Wh(pH, pr=s1)]]

In addition, ||u;; Wé(p“, P = ag/(p_q). So that,

s Wy, "I = D s Wy, o) P = 3 a7 <
JEA JEA
<e Yy W (oM, 0 9 = e flyus Wt (o, o)1 <
JEA
< el MOV (0", p=1) = Wi (o, o= ) s W, o) |
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for w = ) u;, which implies
JEA

llus Wy (o, 9 =IP™E < e s MW (0", p#71) = W (', pH =) 7 < o0
foru e C*nN Wé(p“,p“_‘(”l). Next, we show

by MW (o, p~*0) — Wm(ﬂ“ PN D = elfus Wi (o, o P =

_CZHUJ7 P p,u sl Hp_czam/(p (I)

JEA JEA

s(l n/p)q s(l-m-n/p)q q
_CZ[ /§ |V y|? d;v—l—,o] /Q1|7| dx

JEA

] p/(p—9q)

Thus, we have the following final estimate
ly; M(W(p#, o) = W (", p ™) = ¢ Tia 2).

The proof of Theorem 1 is complete.

Remark. Since a lattice of unit cubes is contained in {Qi(x),z € R"}, Theorem 1 implies the

two-sided estimate of ||v; M (W} — W) (1 < ¢ < p < oc), obtained in [1].

Theorem 2. Let 1 < q < p < oo, pl >n, —00 < u,s < oo. Let v € Willoer Let p satisfy the slow
variation condition with respect to the basis of cubes B = {Q(z) = Qp()(x ( )}, where h(z) = p(z)*.

Then
W(;n(pS(l*n/p),pS(l*m*n/p)) N

tioc C M(Wy(ph, p' =), W (p, ™).
And the following inequality holds:
Iy MWy (p, 0=, Wi (o, 9= )| < |l W (p* /), plimmn/o)y |,
Proof. Let u € C§°, F = supp u. By using (), we have the estimate

| (1@l + o= (@) de <

(p—q)/p

p/(p—q)
] «

<ed ) [/_p“ WP () (V|7 + p5" || dv
Jj€Jdiy @’
s Wh(p#, =19 < T jus Wh(p#, o).
Let us continue to estimate ()
(p9(@) [V ()t + =) [y} do <
F
e [ o) (Vanlt 4 om0 do
J
X s Wh(p#, =) 19 < s W (o7 /9), pmm=nly o W (8, =) 1,

which implies the statement of Theorem 2. The proof of the theorem is complete.
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A .MpipzarasimeBa

CanmakTbl Cob0JIeB KEHiCTIKTEepiHAeri MyJIbTUILINKATOPJIAP »KAMJIbI.

94

I1-6e/iMm

X, Y —y: Q - R byskiusmapsiHan TypaTeiH OaHax KeHicTtikTepi 6osicbia. Erep Tx = zx € Y xome
T: X — Y oneparopsl menenrex 6osca, ouga z: 2 — R dyukuuscet (X,Y) )KyObIHIAFBI HYKTEIK MYJIbTH-
mkarop gen atanaasl. M (X — Y) apkpuist (X, Y') »KyObIHaFbI MyJIbTHIUINKATOPIIAD KEHICTIriH Gesrimneii-
Mmiz. M(X — Y') MysnbTUIIMKATODJIAD KEHICTIriHae HOpMaHbl Kejecineil anbikraiiMbs: ||z; M(X — Y)|| =

=|T; X =Y|.1<p< oo, m— Gyrin can 6osceH. Wy, o, apKbLIbl caaMarTel CobojieB KeHiCTiriH
GeJIrisien, HOpMaHbI KeJeciell anbIKTaiMbI3: ||u||wm = |Ju; Wploowr Il = Hwé/P|Vmu|||Lp + Hw}/PuHLp)v.

P, wo,w1
ATaJIMBIII 2KYMBICTBIH MaKCaThl — caaMakThbl Cobo/eB KeHiCTIKTepiHin (WZZ) v
TUNJINKATOPJIAP KEHICTIKTEPIH cUIaTTay.

Wl wy ) ZKYOBI YITIH MyTh-

A .Mpip3zaranesa

O myapTHILUIMKATOPaX B BeCOBBLIX nmpocTtpaHcTBax CoboJieBa.
YHacts 11

IIycts X, Y — Ganmaxossel nmpocrpancrsa dyuknnit y: 3 — R. Oyuknusa z: 2 — R naswBaercsa Toded-
HpIM MysabrTuimkaropom B nape (X,Y), ecom Txz = zx € Y u oneparop T: X — Y orpanuuen. Ye-
pes M(X — Y) obosnadaeTrcss NpOCTPAHCTBO MynbrUmimkaTopoB B mape (X,Y). B M(X — Y) BBo-
qurcst Hopma ||z; M(X = Y)|| = ||T; X = Y|. Iyers 1 < p < oo, m — nenoe. Yepes Wy, ., 06o-
3HavYaeTcst BecoBoe Hpocrparcrso CobosieBa ¢ KOHedHOH HoOpMoit Buia ||ullwm = [Ju; Wyl =

P,wQ, w1
= ||wé/p|vmu|||1;p + Hw}/puHLPWU. Henb nanHO# pabOTEI 3aKII0YAETCS B OINMCAHUU IPOCTPAHCTB MYJIBTH-

ILIMKATOPOB /I Maphl BecoBbIX npocTpancts Cobosena (W; oo Witoowr )-
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