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On multipliers in weighted Sobolev spaces. Part I

Let X, Y be Banach spaces whose elements are functions y: 2 — R. We say that a function z: 2 - Ris a
pointwise multiplier on the pair (X,Y), if Tx = zz € Y and the operator T: X — Y is bounded. M (X — Y)
denotes the multiplier space on the pair (X,Y). We introduce the norm ||z; M(X = Y)|| = ||T; X = Y]
in M(X = Y). Let 1 < p < oco. Let m be an integer. W, .,, denotes the weighted Sobolev space with
= lu; Wy won | = lwo’®|Vimul|lz, + llwi/Pullz,.,. The aim of this work is to

obtain descriptions of multiplier spaces for the pair of weighted Sobolev spaces (WZZ, o0 Wit wr )-

the finite norm HUHW[,"’WO.WI

Key words: weighted Sobolev space, pointwise multiplier.

It is well known that multipliers have their own importance in the theory of function spaces,
and in the theory of differential and integral operators acting in these spaces. Applications of the
theory of pointwise multipliers in function spaces are relevant both for direct boundary value problems,
and for their inverse counterparts. The theory of pointwise multipliers acting on several function
spaces like Sobolev, Besov and Triebel-Lizorkin spaces have been developed by several mathematicians.
In particular, we mention the contribution of A.Devinatz, [.I.Hirschman, R.Strichartz, J.C.Polking,
J.Peetre, V. Maz’ya, T. Shaposhnikova, and more recently the contribution of W.Sickel, T.Runst,
J.Frank, and H.Koch. For the latest developments on pointwise multipliers of function spaces we refer
to the monographs [1, 2|, which is entirely devoted to this topic. Let us point out some specific directions
through the works [3-10].

Let © be a domain (an open connected set) in the n-dimensional Euclidian space R™ with the norm
n 1/2
lz| = | X 27 . We denote by L, (2), 1 < p < oo, the space of all real valued measurable functions
=1

f:Q —>ﬁ% with the finite norm

Il = I1fs Ly = </Q |f ()P daz)é.

(It is commonly supposed that f =0, if f(z) = 0 for a.a. x € Q). We denote by Ly, o.(€2) the space of
functions f defined a.e. in €2 such that f € L,(F') for any compact F' C €. Here L;l oc(§2) is the space

of all a.e. positive functions of Ly 10¢(£2), Lioc(£2) = L1,10¢(£2). By L;ZC(Q) is denoted the space of a.e.
positive functions of L;,.(€2). A function v of L;;C(Q) is called weight in €. Let a be a measure on ).

Below Ly, (2) is the space of all real valued functions having in € the finite weighted Lebesgue norm

1
P
lulz, . = / WP dat)|  (1<p<oo).
Q

If da(z) = v(z)dz, v € L} (), we write Ly, () instead of L, (). Note that L,(Q) = L, (), if
v=1.

By C*°, C§° we denote the space of all infinitely differentiable functions in R™ and the space of
functions of C'°° with compact support supp f in R", respectively. When the domain is not indicated
in the notation of a space or a norm then it is assumed to be R".

74 Becrnuk Kaparanmurckoro yHuBepcurera



On multipliers in ...

Let 1 < p < oo. Let m be an integer, wp, wi € thc. We denote by W), ., the completion of the
set of u € C§° in the finite norm

lullwy o, = 1w Wk ol = NVmulll, o, + lullz, .,
1/2
where |Vyu| = | 3 |DY? . Here W%, = W, o, With wo =1, w1 = w, W) =W, with

|a|=m
wo = 1, w1 = 1. Henceforth, x. is the characteristic function of a subset e in R", € is the closure of e.
By W]}, we denote the space [1] {u: nu € Wi for all n € C§°}. Here I" is the family of all cubes
@ in the form

Q:Qh:Qh(g}) :{yeRn ’yl_xz‘ < g;Z: 177”}7 AQ:Q)\h(x)

By ¢ we denote constants depending only on the assigned numerical parameters, for example,
c=c(l,p,n), etc.

Let h(-) be a positive locally bounded function in R™. B denotes the family (basis) of cubes
Q) = Qp)(7), € R™ \ e, where e is a set with measure 0. We use the following notation

B ={Qx)} or B={Q(x)=Qnx)}.

Definition. Let p € L?(_)c. We say that a weight p satisfies the slow variation condition with respect
to the basis of cubes B = {Q(x)}, if there exist b > 1 such that for a.a. =

b lp(x) < p(y) < bp(x), foraa. ye Q(x). (1)

Ezxamples.
Example 1. Let —oo < p < 00, h(xz) = (1 + |z|)™*, s > 0. It is easily seen that

nh(x

ol < YD oy € Q) = Qu ). 2

e L lyl _ 1+l +ly—al _.  vn

+ |y +lx+ly—=x n
< <14 “— f 11 . 3

If |z| < y/n, then
1 1

+ 1yl for ye Q(z). (4)

1+z] = 14++/n
If |z| > y/n, y € Q(z), then implies that (2)

vnoo |z _
-yl < L0 < By s 01y
2 2
and we have ) \| )
+ |y
>-, ye€ . 5
e Y Q(x) (5)

Inequalities (3)—(5) imply that

where b= (1 + y/n)#.
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Example 2. Let T' be a compact set in R”, which has no interior points. We set |z — y|oo =

= max |z; —y;| (x, y € R™). Let us show that the function o(z) = in% |z — y|oo satisfies the slow
<j<n c

variation condition with respect to the basis {(1 — 7)Qu () (®)}, 0 < 7 < 1. Since o is a continuous

function, then o(z) = Iynel?kv — Yl = 0 only for z € T'. Since mes,(I') = 0, then ¢ € L;’ . Let

h = o(z) > 0,0 < e < 1. Let us prove that I'NeQ(z) = 0. If y € T(NeQ(z) # 0, then 0 <
< o(x) < eo(x)/2, which is impossible. Thus, Q(z) = |J eQ(x) C R"\T. Hence, |z —z|s > o(x)/2,
0<e<1
|2 — Yloo > To(2)/2 for any z € T', y € (1 — 7)Q(x). Therefore o(y) = inlﬁ |z —y| > To(x)/2. Since
LS
12 — Yloo < |2 — Z|oo + | — Y|oo, then o(y) < (2 —7)o(x) for y € (1 — 7)Q(x). By taking 7 = 1/2, we
get,

1 1
So(0) Soly) < 20(2), i ye Q).
Let p satisfy the slow variation condition (1). We denote by W}"(p", p”) the space W, ., with

wo = pMP, w1 = p"P. Throughout the paper we assume that 0 < m < [ are integers.
Let us assume that

1/q 1/q
Ky palalosn) = 1Q(a)/n 17 ( / rvmq) T |Qa)|@-m/m=1/ ( / qu>
TQ(x) TQ(x)

for 0 <7 <1, Q(x) = Qunlx), h = p(x)*.
Theorem 1. Let 1 < p < g < 00, Ip > n, —00 < u,s < 0o. Let p, w satisfy the slow variation
condition with respect to the basis B = {Q(z) = Qpy)(z)}, where h(z) = p(x)°. Assume that
€ Wi, and
C = esssup w(z)9p(x) K1) p.q(2p,7) < 00,

xT

then
v € M(Wé(p“,p“ﬂl) — W —sma)-

qw,wp~

The norm satisfies the following estimates

co Crya < [l MWy(p", p"™*) = Wil psma)ll < 1 C,

where C/p = esssup w(:r)l/qp(x)*“K(l/g pa(lpsY).

We begin the proof of Theorem 1 by formulating some propositions which will be useful below.
Theorem A |2]. Let 0 < d,v < 1. Let h(-) be a positive function, which is bounded in the each
compact F' C R such that for all z € R”

h(y) = 6h(z), if ye Qx) = Q) (@)

Then the family of cubes {(1 —v)Q(z), € F} has a finite or countable subfamily {(1 — fy)@j,
je€J}, @ =Q(z) such that:

1) Fc UQ-7a;

jeJ
2) ZX(I -0 ( ) < 31 for any z € R™;
jeJ
3) > xqi(z) < 34 for any z € R";
jEJ

4) the family {(1 — 'y)@j, j € J} splits into no more than s, subfamilies of disjoint cubes;
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5) the family {Q7, j € J} splits into no more than 3z subfamilies of disjoint cubes,

where 51, 79, 31, 32 depend only on n, 4, 7.
Remark 1. Coverings {Q7, j € J}, {(1-7)Q’, j € J}, considered in a pair, will be called Besicovitch
double coverings. In the sequel to simplify the notation we use the following notation

~ Theorem B [2]. Let h(:) be a positive function satisfying the conditions of Theorem D. Let
{Q7,Q7};es be a Besicovitch double covering of the compact F C R™. Then there exist a family
of functions ¥ = {4;};c; of Cg°(R") such that

1) suppv; C Q7
2) 0< 1 <1, =1in QJ;
3) 2 vi=1

jeJ
4) Héax|Da¢j\ < c(hj)7lel for |a| <1, where ¢ depends only on a,n, d, .
]

Remark 2. The equality is true

Do) = D* [ u(@) 3 05(w) | = 3 D (upy) (2)
jed jed

for all functions u € C§°, x € F' = supp u.

For mappings f: X — R, g: X — R, the notation f(z) < g(z) means that there exists a constant
¢ > 0 such that f(z) < cg(z) for all z € X. The notation f(x) ~ g(z) means that f(z) < g(z) < f(z).
For values A > 0, B > 0, the notation A ~ B means that there exist constants 0 < ¢; < ¢ such that
B < A< ceB.

Theorem C' [1]. Let 1 < p < g < oo, pl > n. Then

lys MWy, = W[ ~ sup [|; W™ (Bi(2)) ]l

The extension theorem of E. Stein [3] implies the following proposition:
Proposition 1. Let 1 < p < oo, Q1 = Q1(0). There exists a bounded extension operator
S Wi(Q1) — W such that U = Su € CSO(Q%(O)) for all w € C™° N W™ (Q,).
Proposition 2. Let 1 < p < oo. Let 0 < k < m be integers. Then the following inequalities hold

|19 < e [ (9 4P (6)

h h

sup |u| < chmp_”/ (IVmul? +h7"P|ulP)  (mp > n) (7)
h Qn

for all uw € W;(Qp)-

Inequalities (6), (7) follow from embedding theorems for the class W™ (Q1) [4].

Lemma 1. Let 1 < p < g < 00, —00 < p,v < o0. Let v € W', v(y) = 0, if y ¢ Qn(z),
¥(&) = v(x + hE) (£ € R™). Assume, that weighted functions p, w; (i = 0,1) satisfy the following
conditions:

1) There exist 0 < ¢y < 1 < ¢1 such that

0<cop(z) <ply) <ciplz) foraa ye Qu()
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2) wo(y) < cowp(x) for a.a. y € Qp(x);
3) wi(y) < cswo(z)h™™1 for a.a. y € Qp(z);
4) p*V(y) < cqh! for a.a. y € Qp(x).

Then the following inequality holds

() /Q (T mwtoty) + sl ) dy <

q/p
< cwp(z)hl-n/Pla (/ (IVmy|7 + h|5]9) dy) X (/ (1" ViulP + [p"ul?) dy)
Qn(z) Qn(z)

for all u € C§° and ¥(§) = v(z + h) (£ € R™).
Proof. Let us do the following calculations:

[ (TmOwltenty) + ol ) dy <
Qn(x)

< wo(x)hmetm /
Q1(0

Let U € C§° be the continuation of @(£) = u(z + h¢) from @1 = Q1(0) to the cube 3@Q1 such that
suppU C %Ql and

)(!Vm(ﬁ’y)!q + |a]?) d€. (8)

1T Wyl < eslla Wy(Qu)]l- (9)
Inequality (9) implies that

/ (Vi (@9)|* + [a7|*)dE < /(\Vm(Uﬁ)!q +1U7]9)d¢ <

1
< 175 MWy — W) W (Qu) ][, (10)

By virtue of Theorem C, we have

15 M (W, = WM < sup [|; W' (Bi(@))l| <

1/q 1/q
<swp ( [ (Vorlt+50dg) < ([ (vaitrlamae) = ay
z Q1(0) N Bi1(z) Q1(0)
1/q
= pmn/e </ (IVim [T+ A7) dy) :
Qn(2)
Next, by using conditions 2)-4), we obtain
|3 Wy (@] <
q/p
<t ( [ gy gy [ ) ey ) < (12)
Qn(z) Qnr(x)
a/p
< p(z)rapl—n/rla / |pHVu|P dy + / |p"ulP dy .
Qnr () Qnr(2)
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Then by (8) and (10)—(12) it follows the statement of the lemma. The proof of Lemma 1 is complete.
Let us begin to prove Theorem 1.
Proof. Let u € C§°, F = suppu. Let {(Q’ L Q7 ),7 € J} be a Besicovitch double covering extracted
from the family {Q(z),z € F} (Q7 = Q(a7), Q7 = $@Q7) (see Theorem A). In Lemma 1 we denote by
wo = w, w; = wp_ . We have

/(!Vm(w)lqwo + [yulfw) dy Z/F(!Vm(w)lqwo + [yulfw) dy. (13)

By Theorem B v can be introduced in the form v = ) ~y1;. We denote by ~; = v1;. Let us consider
J
each summand on the right hand side of (13) separately.

q/2

[Vttt dy = [ | 32 1070 | wotw)dy <

la=m|

q

<</F > DD u)y) W()dy<<%1%21g;g§22/ > V()| %wo(y) dy < (14)

la=m| | Jj jeJ
q q
<A mex SO [ Sntlen)dy < #5Y [|[9n0u0 )
jeJ keJ; jeJ

In the same way we show that

| raltenty @«mmz/rwml (15)

jeJ

Then (14), (15) imply that

/(IV (WU)IQWO+IWUI‘1W1)dy<<%1%22/ (IVm(yjw)*wo(y) + lvjul?wi(y)) dy. (16)

jeJ

By Lemma 1, we have

/'uv ()% + yjulen) dy <
J

q/p

<www@w%MHW(/rmwm+mwﬂM/|mﬁ{/ﬂwmwwmmm
QI Q7 Q7

By virtue of Theorem B, we have

Vsl (y) <Y B V()
k=0

for each y € Q7. Thus, inequality (16) implies that

/ V5] dy < th(’“ " /Q,valqdy <
k=0 J

< [ (19wl + 17 ) dy = [ (Wl + o)1) (17)
o Q7
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Then (17) implies that
/qu () esp + [rgulieor) dy <

. q/p
< w(a)p(a)-ratsati=n/v) ( | wals 4 ptaty e [ w\q) [/ <pﬂvlurp+rp”urp>] Cas)
QJ QI QJ

We return to the estimate(16). Relation (18) implies that

/ (Vo ()| 90 + [yl %cn) dy <
F

(@) 1/q 1/q7] 4
s(l—n/p) q s(l—m—n/p) q
< essszp () p (x) </Q(x) Vi ) +p (x) (/Q(z) el ) X

a/p
X Z [/ (Ip"ViulP + |p"ulP) dy] .

JjeJ

Hence it follows the upper estimate of ||; M(Wé(p”, Pl — W, wp—sma)ll-

We take n € C3°(Q1),0<n<1,np=11in %Ql Let uo(y) =n (h~'(y — x)) . Then

féQ(z) (Vi (yuo) [%wo + [yuo|%w:) dy

l l
||77 (W ( M ? ) — ngw7wp_5m‘I)H >>

>
1/p
[fQ(x) (lpViuo|P + |pr=stug ) dy}

1/q [(fl |Vm’7|q> 1/q + psma(g) (f%Q(x) |’Y\q> l/q]

> /p
ph(@) =) | o (Vanl? + InlP) de]

Hence it follows the lower estimate [|v; (Wl (pH, p"=5) — W o emq)
complete.
Theorem 2. Let 1 <p<qg< oo, lp>n, —o0o < pu,s < oo. Let v € Willoer Let p satisfy the slow

variation condition in the basis B = {Q(x) = Qp(y)(z)}, where h(z) = p(z)°. If

||. The proof of Theorem 1 is

K, = ess sgp K(1)7p,q($‘07 v) < 00,
then
v € M(Wh(ph, p=) = Wi (o, p~™)).
Here the norm satisfies the following inequalities

co K 12) < s MOWH ) = Wi (o, o= ™)]| < 1 K,

where K|, (1/9) = ess sgp K(1/2)p.q4(T]ps7)-

The statement of Theorem 2 is a simple consequence of Theorem 1. We formulate it as theorem
because here there is the scale of spaces M(W]l,(p“, Pl — Wt (pt, p=m)).

Remark 3. We can set p(x) = 1. In this case, Theorem 2 leads to the well-known description of the
space M (W} — W™ [1].
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Corollary 1. Let 1 < p < ¢ < o0, Ip >n, u >0, s >0, B = {Q(z) = Qp(v)}, where

h(z) = (1 + [z|)7%. If v € W]}, and
1/q
A T
Qz)eB 3Q(x)

1/q
(L [a])o /) (/ W) <o,
5Q(z)

2

then
v € MWH(L+|=)¥, (1 + |z|)# ) — W ((1+ |z)*, (1 + [z])*~*™)).

Here the norm satisfies the following relation
lys MW ((L+ [, (L4 |27 = W (L + [z)¥, (1 + |z)P~™)]| ~ K.

Theorem 3. Let 1 < p < q < oo, Ip > n, —oco < p,v < co. Let p(-) satisfy the slow variation
condition with respect to the basis of cubes B = {Q(z) = Qp(y)(7)} and a.e.

px) < p(x)"h()". (19)
Assume that v € Lfl‘fg. If

(z

1/q
C = esssup h(z) P p(z)~H (/ |y|4 da) < 00,
x )

then v € M(Wé(p“,p”) — Lga).
Theorem 3 is proved by arguments similar to those that were carried out in the proof of Theorem 1.
But instead of Lemma 1 we use the local estimate

. a/p
[t < enf =y [ i ([ v o)
] ]

J

which follows from condition (19) and inequality (7).
Let I" be a compact manifold in R™ with dimension < n — 1. Let a be a measure on I', (") < co.
Let Lq (") be the space of all continuous functions in I' with the norm

1/q
6 Loa(D) = ( / |u|qda) < o0,
T

Below we consider the manifold I satisfying the condition: there exist B > 0, 0 < 8 < n such that

sup [{y € R": |y —z| < R, o(y) < e}| < Be’R" P (20)
zel

foralle >0, R > 0.
Surfaces with Lipschitz condition satisfy the condition (20). Thus, the following estimate takes
place

ag(QNT) =H, 5(QNT) <cBIQ|'" /", QeI
for the Hausdorff measure ag = H,,—s ( [2], §1.10).
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Corollary 2. Let 1 < p < q < 00, Ilp > n, mqg > n, 0 < < n. Let T satisfy the condition (20),
ap(I') < co. Assume that v € W, and

1/q
C = sup g (z)™ "/P=Hla (/V (V[T + [77419) dy) < o0.
Q(x)

T

Then v € M(W}(",1) = Lg,a,(T)). Here 6(-) = 5 min(1, o(-)), Q(z) = Qu(x), h = 5(x).

10
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JI.KycannoBa, A.Mpbip3araimeBa

CanmakTbl Cob0JIeB KEHiCTIKTEpiHAeri MyJIbTUILINKATOPJIAP »KAMJIbI.

82

I-0emim

X, Y —y: Q - R byskiusmapeiHan TypaTbiH OaHax KeHicTikTepi 6osicbia. Erep Tx = zx € Y xome
T: X — Y oneparopsl menenret 6osca, ouga z: 2 — R dyukuumscet (X, Y) )KyObIHIaFbl HYKTEIK MYJIbTH-
mkarop gen atanaasl. M (X — Y) apkpuist (X, Y') »KyObIHIaFbI MyJIbTHIUINKATOPIIAD KEHICTIriH Gesrimneii-
Mmiz. M(X — Y') MysnbTUIIMKATODJIAD KEHICTIriHAe HOpMAaHBL Kejecineil anbKTaiiMbs: ||z; M(X — Y)|| =
=T X =Y][.1< p < oo, m — 6yrin can Gomco. Wy, o, apkbuibl cammaxThl Coboses Kemicririn
= 1 Wi o | = g [Vmal 2, + [y -

p,wo,w1
”/ o
q,w0,wW1

GeJIrizerr, HOpMaHbl KeJlecizieil aHbIK TaiMbI3: H“"Wﬁwo,wl
ATaJIMBIII 2KYMBICTBIH MaKCaTBl — caaMakThl Cobo/eB KeHICTIKTepiHig (Wl ) >KyOBI YIITIH MyJIb-

p,p,v
TUIJIMKATOPJIAP KEHICTIKTEPIH cumaTTay.
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JI.Kycannosa, A.Mpip3arajiesa

O MyabTHILIMKATOPaX B BeCcOBBIX npoctpaHcTBax CoboJieBa.
Yactp 1

IIycres X, Y — GanmaxoBbl mpoctpancTtBa Gy y: ) — R. Oyskmua z: 2 — R naswpBaerca Todued-
HBIM MynbTHIIEKaTopoM B nape (X,Y), eciim Tx = zx € Y u oneparop T: X — Y orpannuen. Yepes
M(X — Y) obosHauaeTcss MPOCTPAHCTBO MyJbTUIIHKAaTOpoB B mape (X,Y). B M(X — Y) BBomuTcsa
HopMa, ||z; M(X = Y)|| = |T; X = Y| . Iyers 1 < p < oo. Ilyere m — menoe. Yepes Wy, w, 000-

3HadaeTcss BecoBoe mpocTpaHcTso CobosieBa ¢ KOHEYHOH HOpPMOI BHIA HuHW;nwo o = lu; Weloown | =

= ||w(1)/ PIVmul|lz, + ||wi/ PullL, . Lens mannoii paGoThl 3aK/IOYAECTCS B ONUCAHMM NMPOCTPAHCTE MyJIBTH-

IINKATOPOB JIJIsl ITapbl BecoBbIxX npocrpancts CobosieBa (WZZ, oo Wareoo w1 )-
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